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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 85 ]. This is test number [ 170 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 85) %0.(0)
Mathematica | % 98.82 (84 ) | % 1.18 (1)

Maple % 100. ( 85) %0.(0)

Maxima % 23.53 (20) | % 76.47 (65)
Fricas % 78.82 (67) | % 21.18 (18)
Sympy % 16.47 (14 ) | % 83.53 (71)
Giac % 51.76 (44 ) | % 48.24 (41)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 70.59 0. 28.24 1.18
Maple 28.24 50.59 21.18 0.
Maxima 8.24 10.59 4.71 76.47
Fricas 16.47 61.18 1.18 21.18
Sympy 3.53 12.94 0. 83.53
Giac 28.24 17.65 5.88 48.24




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

FriCAS Giac/Xcas Maxima
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.13 83.32 1. 49, 1.
Mathematica 0.15 74.51 1.08 52. 1.
Maple 0.06 125.71 2.18 96. 1.96
Maxima 1.42 51.95 2.91 31. 2.13
Fricas 2.65 2554.55 35.45 1192. 28.25
Sympy 5.6 139.71 4.08 80. 3.55
Giac 1.35 84.64 2.09 53.5 2.14
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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detailed summary tables of results

CAS
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2.1.3 Maple

A grade: { 2/} [T} [I1} 19} 43} {44} 45} (47} 48 49} |50} 5T} [64} [654 76 [77) [78, [79) 180} 82} 83} B4} 8 }

B grade: {1} 4, 5}[6} [7,/8 12} L3} L4} 15} 16} 17} 18} 20} 21} [22} [23) [24} [25} [26} 27} [28} 29} B0} BT} 32}
33,84, 35}[36} 37,38} [39} |40} 41} [42}[46} 52, [53} [58} 59} [63} [74]

C gradie: {350} 5760} 61} 52 ) 626,57 689, 704 72, 2,73 75,81}

F grade: { }

2.1.4 Maxima

A grades (HBEDABANERTY
B grade: { [2}[4}[5}[35[36}[38}[39} [0} [63] }
C grade: {}

¢ eades (370300 TO T T3 08 5 I T 1
3163838 1 30 5 0 6L 5365
727374 757 78 19,5162 63. 61

21.5 FriCAS

A grade: {12 T5) 25,3 125} 19, 3 5 B0, B B3

B grade: ([1)P)6)77,8)0)10) [T 12) 13,17 16} 1718} 19) 20,21, 22} 23,21
152} 53,4 55 56, 57 55 59, 0, 58, 59,00} 61 63 63 70, 73 73 73, 78 75, 10, 72, 75, 19,63

C grade: {}
F grade: { [41}[42)[45} 46} [47} [50} [°1} b2} [55}[56} [ 7 [64} [65} [66} (67 [68, (69} 82 }

EE
B
S
BN
S
B
Sy
S
Eg
Sz
=

E

E
Bz
=

2.1.6 Sympy

A grade: {|§|,}
B grade: {1263 56,57 55 5 )58 5L 3

C grade: { }

F ade (155051030 015060715020, 03 132 05 7 0 9
@L [‘ﬂ@ @
(69 [70} (71} 72, [73} [74} 75 [76} [77, (78} 79} 180} 811 [82, B3} 84} [B5] }
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2.1.7 Giac

A grade: (12,81, 5[5} 16) 25 27 29 BT 83 57 590, 65 6 5 60, 72 74 75, 76,81
B grade: {[T3 17 [7) 5,2} 25) 57 55,56, 88} () [0\ G, 63, 71}
C grade: {138 36280}

F grade:  6)7)P)P) 0V T 210201 22 220 26 50 (2 T 42 5, 7 0L ) P2, 55
57,158 59,60, 61163, 67, 70, 73, 77,75, 70, 52, 53,64, 63

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — ,
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 19 78 34 41 153 35
normalized size | 1 1. 0.95 3.9 1.7 2.05 7.65 1.75
time (sec) N/A 0.046 0.004 0.024 1.072  1.732 3.668 1.285
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 7 7 7 8 23 16 17 16
normalized size | 1 1. 1. 1.14 3.29 2.29 243  2.29
time (sec) N/A 0.044 0.003 0.01 1.08 1.608 1918 1.229
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Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 6 6 6 11 8 8 3 8
normalized size | 1 1. 1. 1.83 1.33 1.33 0.5 1.33
time (sec) N/A 0.039 0 0.013 1.069  1.834 1.017 1.345
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 22 37 82 317 0 28
normalized size | 1 1. 1.16 1.95 4.32 16.68 0. 1.47
time (sec) N/A 0.048 0.004 0.025 1.08 1.787 0. 1.271
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 32 53 182 694 0 36
normalized size | 1 1. 1.1 1.83 6.28 23.93 0. 1.24
time (sec) N/A 0.051 0.004 0.028 1.085  1.804 0. 1.281
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 148 395 0 6149 0 0
normalized size | 1 1. 1.9 5.06 0. 78.83 0. 0.
time (sec) N/A 0.105 0.235 0.033 0. 2.25 0. 0.
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 54 54 120 214 0 2957 0 0
normalized size | 1 1. 2.22 3.96 0. 54.76 0. 0.
time (sec) N/A 0.087 0.174 0.025 0. 2.071 0. 0.
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Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 83 97 0 1305 0 0
normalized size | 1 1. 2.31 2.69 0. 36.25 0 0
time (sec) N/A 0.065 0.176 0.017 0. 2. 0 0
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 17 0 910 87 0
normalized size | 1 1. 1. 0.68 0. 36.4 3.48 0.
time (sec) N/A 0.036 0.022 0.007 0. 1.912 1.597 0.
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 99 52 0 1085 0 0
normalized size | 1 1. 2.36 1.24 0. 25.83 0 0
time (sec) N/A 0.062 0.135 0.023 0. 2.087 0 0
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 61 61 154 94 0 3981 0 0
normalized size | 1 1. 2.52 1.54 0. 65.26 0 0
time (sec) N/A 0.104 0.278 0.029 0. 2.521 0 0
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 94 94 219 184 0 13990 0 0
normalized size | 1 1. 2.33 1.96 0. 148.83 0. 0.
time (sec) N/A 0.172 0.584 0.035 0. 3.136 0. 0.
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Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 76 563 0 3571 0 224
normalized size | 1 1. 0.86 6.4 0. 40.58 0. 2.55
time (sec) N/A 0.168 0.162 0.059 0. 2.068 0. 1.31
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 59 59 52 342 0 1667 0 139
normalized size | 1 1. 0.88 58 0. 28.25 0. 2.36
time (sec) N/A 0.116 0.093 0.04 0. 2.024 0. 1.216
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 36 183 0 845 0 70
normalized size | 1 1. 0.92 4.69 0. 21.67 0. 1.79
time (sec) N/A 0.067 0.057 0.03 0. 1.981 0. 1.275
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 78 0 828 0 53
normalized size | 1 1. 1. 2.69 0. 28.55 0. 1.83
time (sec) N/A 0.022 0.063 0.023 0. 1.984 0. 1.233
Problem 17 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 59 59 59 180 0 4686 0 144
normalized size | 1 1. 1. 3.05 0. 79.42 0. 2.44
time (sec) N/A 0.086 0.199 0.042 0. 2.228 0. 1.403
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Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 92 310 0 12037 0 255
normalized size | 1 1. 1.03 3.48 0. 135.25 0. 2.87
time (sec) N/A 0.108 0.354 0.047 0. 2.455 0. 1.419
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B A F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 98 98 77 80 0 1143 85 0
normalized size | 1 1. 0.79 0.82 0. 11.66  0.87 0.
time (sec) N/A 0.117 0.086 0.012 0. 1.863  2.893 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 86 317 0 6260 0 0
normalized size | 1 1. 1.1 4.06 0. 80.26 0. 0.
time (sec) N/A 0.09 0.274 0.046 0. 2.124 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 88 88 76 323 0 3320 0 203
normalized size | 1 1. 0.86 3.67 0. 37.73 2.31
time (sec) N/A 0.21 0.215 0.037 0. 2.074 0 1.2
Problem 22, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 61 177 0 3143 0 0
normalized size | 1 1. 1.09 3.16 0. 56.12 0 0
time (sec) N/A 0.073 0.161 0.036 0. 2.031 0 0




24

Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 59 59 52 188 0 1638 0 128
normalized size | 1 1. 0.88 3.19 0. 27.76 0. 217
time (sec) N/A 0.106 0.127 0.036 0. 2.09 0. 1.31
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 38 96 0 1443 0 0
normalized size | 1 1. 1. 2.53 0. 37.97 0. 0.
time (sec) N/A 0.059 0.029 0.033 0. 1.984 0. 0.
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 36 107 0 880 0 68
normalized size | 1 1. 0.92 2.74 0. 22.56 0. 1.74
time (sec) N/A 0.07 0.08 0.026 0. 1.998 0. 1.228
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 66 0 988 0 0
normalized size | 1 1. 1. 2.28 0. 34.07 0. 0.
time (sec) N/A 0.032 0.011 0.021 0. 1.976 0. 0.
Problem 27 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 78 0 828 0 53
normalized size | 1 1. 1. 2.69 0. 28.55 0. 1.83
time (sec) N/A 0.022 0.05 0. 0. 1.915 0. 1.211
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Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 45 83 0 1096 0 0
normalized size | 1 1. 1.1 2.02 0. 26.73 0. 0.
time (sec) N/A 0.054 0.095 0.039 0. 2.296 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 38 38 38 99 0 1277 0 78
normalized size | 1 1. 1. 2.61 0. 33.61 0. 2.05
time (sec) N/A 0.079 0.077 0.042 0. 2.219 0. 1.344
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 59 59 58 131 0 2944 0 0
normalized size | 1 1. 0.98 2.22 0. 49.9 0. 0.
time (sec) N/A 0.091 0.165 0.045 0. 2.524 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 55 55 55 139 0 3634 0 117
normalized size | 1 1. 1. 2.53 0. 66.07 0. 2.13
time (sec) N/A 0.099 0.143 0.046 0. 2.406 0. 1.387
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 90 90 86 274 0 8682 0 0
normalized size | 1 1. 0.96 3.04 0. 96.47 0. 0.
time (sec) N/A 0.138 0.291 0.048 0. 2.708 0. 0.
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Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 65 65 68 230 0 3090 0 140
normalized size | 1 1. 1.05 3.54 0. 47.54 0. 215
time (sec) N/A 0.057 0.214 0.036 0. 2.388 0. 1.229
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 107 107 106 468 0 11926 0 308
normalized size | 1 1. 0.99 4.37 0. 111.46 0. 2.88
time (sec) N/A 0.123 0.588 0.047 0. 2.821 0. 1.592
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B B B B B
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 15 15 0 86 46 215 60 46
normalized size | 1 1. 0. 5.73 3.07 14.33 4. 3.07
time (sec) N/A 0.012 0.022 0.012  1.569 2124 0951 1.231
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 35 35 35 113 80 728 211 80
normalized size | 1 1. 1. 3.23 2.29 20.8 6.03  2.29
time (sec) N/A 0.025 0.128 0.014  1.702 212  6.585 1.359
Problem 37 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 51 51 51 129 112 1935 428 96
normalized size | 1 1. 1. 2.53 2.2 3794 839 1.88
time (sec) N/A 0.051 0.171 0.015 1.718 2149 35.844 1.298
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Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 2 2 2 16 14 69 14 14
normalized size | 1 1. 1. 8. 7. 34.5 7. 7.
time (sec) N/A 0.016 0.003 0.011 1.021  2.024 0.584 1.252
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 11 11 17 32 66 286 34 24
normalized size | 1 1. 1.55 291 6. 26. 3.09 218
time (sec) N/A 0.018 0.003 0.016 1109 1986 2135 1.282
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 27 48 150 626 54 32
normalized size | 1 1. 1.42 2.53 7.89 3295 2.84 1.68
time (sec) N/A 0.02 0.004 0.016 1.093 2. 785  1.322
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 53 114 0 0 0 0
normalized size | 1 1. 1.08 2.33 0. 0. 0. 0.
time (sec) N/A 0.031 0.076 0.191 0. 0. 0. 0.
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 17 17 18 58 0 0 0 0
normalized size | 1 1. 1.06 3.41 0. 0. 0. 0.
time (sec) N/A 0.009 0.022 0.236 0. 0. 0. 0.
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Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 15 15 4 0 42
normalized size | 1 1. 1. 1.15 1.15 0.31 0. 3.23
time (sec) N/A 0.022 0.005 0.073 1.641 2.2 0. 1.213
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 11 11 11 14 15 12 0 42
normalized size | 1 1. 1. 1.27 1.36 1.09 0. 3.82
time (sec) N/A 0.018 0.006 0.085 1.706  1.996 0. 1.248
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 40 62 0 0 0 0
normalized size | 1 1. 1.03 1.59 0. 0. 0. 0.
time (sec) N/A 0.021 0.039 0.211 0. 0. 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 133 133 135 321 0 0 0 0
normalized size | 1 1. 1.02 241 0. 0. 0. 0.
time (sec) N/A 0.154 0.455 0.178 0. 0. 0. 0.
Problem 47 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 55 55 51 99 0 0 0 0
normalized size | 1 1. 0.93 1.8 0. 0. 0. 0.
time (sec) N/A 0.061 0.05 0.237 0. 0. 0. 0.
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Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F(-1) C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 33 33 25 21 31 4 0 89
normalized size | 1 1. 0.76 0.64 0.94 0.12 0. 2.7
time (sec) N/A 0.028 0.031 0.101 2113  2.256 0. 1.257
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 23 21 31 73 0 89
normalized size | 1 1. 0.79 0.72 1.07 2.52 0. 3.07
time (sec) N/A 0.026 0.022 0.107  1.733  2.065 0. 1.275
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 78 96 0 0 0 0
normalized size | 1 1. 0.77 0.95 0. 0. 0. 0.
time (sec) N/A 0.092 0.07 0.27 0. 0. 0. 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 49 49 53 66 0 0 0 0
normalized size | 1 1. 1.08 1.35 0. 0. 0. 0.
time (sec) N/A 0.03 0.07 0.122 0. 0. 0. 0.
Problem 52, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 17 17 18 45 0 0 0 0
normalized size | 1 1. 1.06 2.65 0. 0. 0. 0.
time (sec) N/A 0.009 0.034 0.204 0. 0. 0. 0.
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Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 17 17 20 34 26 4 0 54
normalized size | 1 1. 1.18 2. 1.53 0.24 0. 3.18
time (sec) N/A 0.022 0.007 0.068  1.668  2.211 0. 1.212
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 18 16 23 78 0 53
normalized size | 1 1. 1.2 1.07 1.53 5.2 0. 3.53
time (sec) N/A 0.019 0.008 0.076  1.629  2.038 0. 1.297
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 40 61 0 0 0 0
normalized size | 1 1. 1.03 1.56 0. 0. 0. 0.
time (sec) N/A 0.02 0.044 0.224 0. 0. 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 288 288 105 100 0 0 0 0
normalized size | 1 1. 0.36 0.35 0. 0. 0. 0.
time (sec) N/A 0.478 0.105 0.292 0. 0. 0. 0.
Problem 57 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 288 288 105 94 0 0 0 0
normalized size | 1 1. 0.36 0.33 0. 0. 0. 0.
time (sec) N/A 0.233 0.086 0.268 0. 0. 0. 0.
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Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B B F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 91 91 133 216 0 1922 330 0
normalized size | 1 1. 1.46 2.37 0. 2112  3.63 0.
time (sec) N/A 0.13 0.846 0.016 0. 2498  4.353 0.
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B B F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 95 95 147 212 0 1924 405 0
normalized size | 1 1. 1.55 2.23 0. 20.25  4.26 0.
time (sec) N/A 0.121 0.548 0.016 0. 2503  5.28 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 361 485 121 121 0 1728 0 0
normalized size | 1 1.34 0.34 0.34 0. 4.79 0. 0.
time (sec) N/A 1.037 0.229 0.023 0. 2.679 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 101 101 109 127 0 1706 0 0
normalized size | 1 1. 1.08 1.26 0. 16.89 0. 0.
time (sec) N/A 0.125 0.191 0.023 0. 2.704 0. 0.
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 176 176 45 37 0 1875 0 293
normalized size | 1 1. 0.26 0.21 0. 10.65 0. 1.66
time (sec) N/A 0.155 0.071 0.018 0. 2.474 0. 1.349
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Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 24 100 61 382 75 58
normalized size | 1 1. 0.96 4. 2.44 15.28 3. 2.32
time (sec) N/A 0.017 0.1 0.017 1682 2164 371 1.241
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-2) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 494 494 139 156 0 0 0 0
normalized size | 1 1. 0.28 0.32 0. 0. 0. 0.
time (sec) N/A 0.904 0.288 0.023 0. 0. 0. 0.
Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 171 171 132 177 0 0 0 1
normalized size | 1 1. 0.77 1.04 0. 0. 0. 0.01
time (sec) N/A 0.226 0.214 0.026 0. 0. 0. 1.475
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 245 245 158 233 0 0 0 1
normalized size | 1 1. 0.64 0.95 0. 0. 0. 0.
time (sec) N/A 0.487 0.26 0.03 0. 0. 0. 2.157
Problem 67 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-2) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 494 494 139 150 0 0 0 0
normalized size | 1 1. 0.28 0.3 0. 0. 0. 0.
time (sec) N/A 0.625 0.272 0.023 0. 0. 0. 0.
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Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F@1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 175 175 132 183 0 0 0 1
normalized size | 1 1. 0.75 1.05 0. 0. 0. 0.01
time (sec) N/A 0.231 0.173 0.027 0. 0. 0. 1.607
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 213 213 158 239 0 0 0 1
normalized size | 1 1. 0.74 1.12 0. 0. 0. 0.
time (sec) N/A 0.235 0.207 0.032 0. 0. 0. 2.188
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 223 223 445 62 0 10944 0 0
normalized size | 1 1. 2. 0.28 0. 49.08 0. 0.
time (sec) N/A 0.562 0.1 0.015 0. 4.288 0. 0.
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 83 83 68 208 0 506 0 189
normalized size | 1 1. 0.82 2.51 0. 6.1 0. 2.28
time (sec) N/A 0.105 0.437 0.023 0. 2.424 0. 1.311
Problem 72, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 129 129 127 47 0 11980 0 1
normalized size | 1 1. 0.98 0.36 0. 92.87 0. 0.01
time (sec) N/A 0.185 0.129 0.029 0. 4.024 0. 1.375
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Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 205 205 445 64 0 10949 0 0
normalized size | 1 1. 217 0.31 0. 53.41 0. 0.
time (sec) N/A 0.463 0.095 0.019 0. 4.314 0. 0.
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 71 71 111 426 0 2302 0 14
normalized size | 1 1. 1.56 6. 0. 32.42 0. 0.2
time (sec) N/A 0.122 0.219 0.023 0. 2.541 0. 1.202
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 69 69 64 136 0 2198 0 61
normalized size | 1 1. 0.93 1.97 0. 31.86 0. 0.88
time (sec) N/A 0.077 0.434 0.032 0. 3.067 0. 1.543
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 14 31 165 0 31
normalized size | 1 1. 1. 0.93 2.07 11. 0. 2.07
time (sec) N/A 0.033 0.008 0.02 1.108  2.572 0. 1.231
Problem 77 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 39 42 0 1192 0 0
normalized size | 1 1. 1. 1.08 0. 30.56 0. 0.
time (sec) N/A 0.069 0.025 0.016 0. 4.667 0. 0.
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Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 26 31 0 809 0 0
normalized size | 1 1. 1. 1.19 0. 31.12 0. 0.
time (sec) N/A 0.064 0.016 0.02 0. 2.622 0. 0.
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 13 13 13 12 0 224 0 0
normalized size | 1 1. 1. 0.92 0. 17.23 0. 0.
time (sec) N/A 0.041 0.01 0.017 0. 2.333 0. 0.
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 13 13 21 12 9 4 0 51
normalized size | 1 1. 1.62 0.92 0.69 0.31 0. 3.92
time (sec) N/A 0.061 0.013 0.075 1.617  2.214 0. 1.32
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-1) C F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 153 153 145 150 0 2763 0 258
normalized size | 1 1. 0.95 0.98 0. 18.06 0. 1.69
time (sec) N/A 0.235 1.35 0.043 0. 13.749 0. 1.285
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F(-2) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 28 28 28 21 0 0 0 0
normalized size | 1 1. 1. 0.75 0. 0. 0. 0.
time (sec) N/A 0.075 0.02 0.026 0. 0. 0. 0.
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Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 45 34 0 5227 0 0
normalized size | 1 1. 1. 0.76 0. 116.16 0. 0.
time (sec) N/A 0.082 0.02 0.017 0. 11.121 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 29 24 0 390 0 0
normalized size | 1 1. 1. 0.83 0. 13.45 0. 0.
time (sec) N/A 0.087 0.022 0.028 0. 2.239 0. 0.
Problem 85 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 45 38 0 552 0 0
normalized size | 1 1. 0.96 0.81 0. 11.74 0. 0.
time (sec) N/A 0.089 0.02 0.014 0. 2.278 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules

integrand size

integral was to solve. In this test, problem number [62] had the largest ratio of [ 0.75 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized - d
. . . . mtegran ber of rul
# | grade steps unique antiderivative N SR &I
leaf size integrand leaf size
used rules leaf size
1 A 3 3 1. 16 0.188

Continued on next page

is given. The larger this ratio is, the harder the




Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand —
# | grade steps unique antldem./atlve leaf size mtogrand leaf size
used rules leaf size

2 A 2 2 1. 16 0.125
3 A 2 2 1. 16 0.125
4 A 3 2 1. 16 0.125
5 A 3 2 1. 16 0.125
6 A 4 3 1. 15 0.2
7 A 4 3 1. 15 0.2
8 A 3 3 1. 15 0.2
9 A 2 2 1. 13 0.154
10 A 4 4 1. 13 0.308
11 A 5 5 1. 15 0.333
12 A 6 6 1. 15 0.4
13 A 6 6 1. 15 0.4
14 A 5 5 1. 15 0.333
15 A 4 4 1. 15 0.267
16 A 2 2 1. 10 0.2
17 A 4 3 1. 15 0.2
18 A 4 3 1. 15 0.2
19 A 7 7 1. 13 0.538
20 A 4 3 1. 15 0.2
21 A 6 6 1. 15 0.4
22 A 4 3 1. 15 0.2
23 A 5 5 1. 15 0.333
24 A 3 3 1. 15 0.2
25 A 3 3 1. 15 0.2
26 A 2 2 1. 13 0.154
27 A 2 2 1. 10 0.2
28 A 4 4 1. 13 0.308
29 A 3 3 1. 15 0.2
30 A 5 5 1. 15 0.333
31 A 4 3 1. 15 0.2
32 A 6 6 1. 15 0.4
33 A 4 4 1. 10 0.4

Continued on next page
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Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand —
# | grade steps unique antldem./atlve leaf size togrand leaf size
used rules leaf size

34 A 5 5 1. 10 0.5
35 A 2 2 1. 8 0.25
36 A 4 4 1. 8 0.5
37 A 5 5 1. 8 0.625
38 A 3 3 1. 10 0.3
39 A 3 2 1. 10 0.2
40 A 3 2 1. 10 0.2
41 A 2 2 1. 12 0.167
42 A 1 1 1. 10 0.1
43 A 3 3 1. 12 0.25
44 A 3 3 1. 10 0.3
45 A 2 2 1. 12 0.167
46 A 6 6 1. 12 0.5
47, A 4 4 1. 10 0.4
48 A 4 4 1. 12 0.333
49 A 4 4 1. 10 0.4
50 A 6 6 1. 12 0.5
51 A 2 2 1. 12 0.167
52 A 1 1 1. 10 0.1
53 A 3 3 1. 12 0.25
54 A 3 3 1. 10 0.3
55 A 2 2 1. 12 0.167
56 A 8 3 1. 10 0.3
57 A 8 3 1. 11 0.273
58 A 7 5 1. 8 0.625
59 A 7 5 1. 10 0.5
60 A 10 6 1.34 10 0.6
61 A 4 3 1. 11 0.273
62 A 10 6 1. 8 0.75
63 A 3 3 1. 10 0.3
64 A 12 3 1. 10 0.3
65 A 7 3 1. 10 0.3

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;2?22? %
used rules leaf size

66 A 9 3 1. 10 0.3
67 A 12 3 1. 11 0.273
68 A 7 3 1. 11 0.273
69 A 9 3 1. 11 0.273
70 A 11 5 1. 8 0.625
71 A 7 3 1. 8 0.375
72 A 9 3 1. 8 0.375
73 A 11 5 1. 10 0.5
74 A 8 6 1. 10 0.6
75 A 10 6 1. 10 0.6
76 A 4 4 1. 11 0.364
77 A 4 4 1. 15 0.267
78 A 3 3 1. 15 0.2
79 A 3 3 1. 13 0.231
80 A 4 4 1. 15 0.267
81 A 11 10 1. 15 0.667
82 A 4 4 1. 15 0.267
83 A 5 5 1. 15 0.333
34 A 4 4 1. 15 0.267
85 A 5 5 1. 15 0.333
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Chapter 3

Listing of integrals

31 | _dnh) g

a-a coshz(x)
Optimal. Leaf size=20

x sinh(x) cosh(x)
2a 2a

[Out] x/(2*a) - (Cosh[x]*Sinh[x])/(2%*a)

Rubi [A] time = 0.0460336, antiderivative size = 20, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 16, = =

0.188, Rules used = {3175, 2635, 8}

integrand size

x  sinh(x) cosh(x)
2a 2a
Antiderivative was successfully verified.

[In] Int[Sinh([x]~4/(a - a*Cosh[x]"2),x]
[Out] x/(2*a) - (Cosh[x]*Sinh[x])/(2*a)

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTriglu*xcos[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p

41
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}, x] && EqQ[a + b, 0] && IntegerQ[p]

Rule 2635

Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
I*(b*Sin[c + d*x])"(n - 1))/(d*n), x] + Dist[(b"2*x(n - 1))/n, Int[(b*Sin[c
+ d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[2*n

]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

f sinh?(x) e [ sinh?(x) dx

a-a coshz(x) a
_ cosh(x) sinh(x) N f 1dx
B 2a 2a
x  cosh(x)sinh(x)
" 2a 2a

Mathematica [A] time = 0.0041697, size = 19, normalized size = 0.95

1 . x
2 sinh(2x) — 5

a
Antiderivative was successfully verified.

[In] Integrate[Sinh[x]~4/(a - a*Cosh[x]~2),x]

[Out] -((-x/2 + Sinh[2x*x]/4)/a)

Maple [B] time = 0.024, size = 78, normalized size = 3.9

1 X | X 11 X 1 X 2 1
T (tanh (E) + 1) ~ 5 (tanh (E) + 1) + oy In (tanh (E) + 1) ~ 5 (tanh (5) - 1) ~ 5 (tanh(

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sinh(x)~4/(a-a*cosh(x)~2),x)

[Out] 1/2/a/(tanh(1/2*x)+1)"2-1/2/a/(tanh(1/2*x)+1)+1/2/a*x1ln(tanh(1/2*x)+1)-1/2/a
/(tanh(1/2*x)-1)"2-1/2/a/(tanh(1/2*x)-1)-1/2/a*1n(tanh(1/2*x)-1)

Maxima [A] time = 1.07239, size = 34, normalized size = 1.7

X 6(2 X) e(_z X)

— - +
2a 8a 8a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~4/(a-a*cosh(x)~2),x, algorithm="maxima"

[Out] 1/2*%x/a - 1/8%e~(2xx)/a + 1/8%e”(-2%x)/a

Fricas [A] time = 1.73236, size = 41, normalized size = 2.05

cosh (x) sinh (x) — x
2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~4/(a-a*cosh(x)~2),x, algorithm="fricas")

[Out] -1/2*(cosh(x)*sinh(x) - x)/a

Sympy [B] time = 3.66779, size = 153, normalized size = 7.65

xtanh® (g) 2x tanh? (g) X
2atanh? (g) — 4atanh? (g) +2a B 2atanh? (g) — 4atanh? (g) +2a ’ 2atanh? (g) — 4atanh? (g) +2a B 2a tanh

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)**4/(a-a*xcosh(x)**2),x)
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[Out] x*tanh(x/2)**4/(2*axtanh(x/2)**4 - 4d*xaxtanh(x/2)**2 + 2*a) - 2*x*xtanh(x/2)*
*2/ (2xa*xtanh(x/2) **4 - 4xaxtanh(x/2)**2 + 2*a) + x/(2*axtanh(x/2)**4 - 4xax
tanh(x/2)**2 + 2%a) - 2¥tanh(x/2)**3/(2*axtanh(x/2)**4 - 4*xaxtanh(x/2)**2 +

2%a) - 2xtanh(x/2)/(2*axtanh(x/2)**4 — 4xaxtanh(x/2)**2 + 2%*a)

Giac [A] time = 1.28488, size = 35, normalized size = 1.75

(2 e@¥ — 1)e(‘2x) —4x+e@Y
8a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~4/(a-a*cosh(x)~2),x, algorithm="giac")

[Out] -1/8%((2%e”(2*x) — 1)*e”(-2%x) - 4*x + e~ (2*x))/a
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32 | sl g

a—1zcosh2(x)
Optimal. Leaf size=7

~ cosh(x)

a

[Out] -(Cosh[x]/a)

Rubi [A] time = 0.0439769, antiderivative size = 7, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 2, integrand size = 16, number of rules _

integrand size
0.125, Rules used = {3175, 2638}

cosh(x)
a

Antiderivative was successfully verified.

[In] Int[Sinh([x]~3/(a - a*Cosh[x]"2),x]
[Out] -(Cosh[x]/a)

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTriglu*cos[e + f*x]~(2xp)], x], x] /; FreeQ[{a, b, e, f, p
}, x] &% EqQl[a + b, 0] &% IntegerQ[p]

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rubi steps

f sinh’(x) f sinh(x) dx

— i =T

a —acosh”(x) a
cosh(x)

a
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Mathematica [A] time = 0.0027154, size = 7, normalized size = 1.

cosh(x)
a

Antiderivative was successfully verified.

[In] Integrate[Sinh[x]~3/(a - a*Cosh[x]~2),x]

[Out] -(Cosh[x]/a)

Maple [A] time = 0.01, size = 8, normalized size = 1.1

cosh (x)
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(x)~3/(a-a*cosh(x)~2),x)

[Out] -cosh(x)/a

Maxima [B] time = 1.07952, size = 23, normalized size = 3.29
e(—x) X
20 2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~3/(a-a*cosh(x)~2),x, algorithm="maxima")

[Out] -1/2%e"(-x)/a - 1/2*e"x/a

Fricas [A] time = 1.60763, size = 16, normalized size = 2.29

_ cosh (x)

a

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(sinh(x)~3/(a-a*cosh(x)~2),x, algorithm="fricas")

[Out] -cosh(x)/a

47

Sympy [B] time = 1.9182, size = 17, normalized size = 2.43

2 tanh? (g)

atanh? (g) -a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)**3/(a-a*xcosh(x)**2),x)

[Out] 2*tanh(x/2)**2/(a*xtanh(x/2)**2 - a)

Giac [A] time = 1.22879, size = 16, normalized size = 2.29

e 4 px
2a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~3/(a-a*cosh(x)~2),x, algorithm="giac")

[Out] -1/2%(e”(-x) + e"x)/a
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33 | sl g

a—1zcosh2(x)

Optimal. Leaf size=6

[Out] -(x/a)

Rubi [A] time = 0.039005, antiderivative size = 6, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 16, e -

integrand size
0.125, Rules used = {3175, 8}

Antiderivative was successfully verified.

[In] Int[Sinh[x]"2/(a - a*Cosh[x]"2),x]

[Out] -(x/a)

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> Dist[

a"p, Int[ActivateTriglu*xcosl[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, £, p
}, x] &% EqQ[a + b, 0] &% IntegerQ[p]

Rule 8

Int[a_, x_Symbol] :> Simpla*x, x] /; FreeQla, x]

Rubi steps

f sinb’() [1dx

a-a coshz(x) a



Mathematica [A] time = 0.0003662, size = 6, normalized size = 1.

X

a

Antiderivative was successfully verified.

[In] Integrate[Sinh([x]~2/(a - a*Cosh[x]~2),x]

[Out] -(x/a)

49

Maple [C] time = 0.013, size = 11, normalized size = 1.8

5 Artanh (tanh (x/2))
a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(x)~2/(a-a*cosh(x)~2),x)

[Out] -2/a*arctanh(tanh(1/2%x))

Maxima [A] time = 1.06931, size = 8, normalized size = 1.33

X
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~2/(a-a*cosh(x)~2),x, algorithm="maxima"

[Out] -x/a

Fricas [A] time = 1.83426, size = 8, normalized size = 1.33

X

a

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(sinh(x)~2/(a-a*cosh(x)~2),x, algorithm="fricas")

[Out] -x/a

50

Sympy [A] time = 1.01685, size = 3, normalized size = 0.5

X
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)**2/(a-a*xcosh(x)**2),x)

[Out] -x/a

Giac [A] time = 1.34469, size = 8, normalized size = 1.33

X

a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~2/(a-a*cosh(x)~2),x, algorithm="giac")

[Out] -x/a
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34 [0 g

a-a COShZ(x)

Optimal. Leaf size=19

coth® (x) coth(x)
3a a

[Out] -(Coth[x]/a) + Coth[x]~3/(3*a)

Rubi [A] time = 0.0478624, antiderivative size = 19, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 2, integrand size = 16, number of rules _

integrand size
0.125, Rules used = {3175, 3767}

coth® (x) coth(x)
3a a

Antiderivative was successfully verified.

[In] Int[Csch[x]"2/(a - a*Cosh[x]"2),x]
[Out] -(Coth[x]/a) + Coth[x]~3/(3*a)

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcosl[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] && EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps
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f cschz(x) = f csch4(x) dx
a-a coshz(x) a
i Subst (f (1 + xz) dx, x, —i coth(x))
a
_coth(x) N coth3(x)
a 3a

Mathematica [A] time = 0.0039976, size = 22, normalized size = 1.16

ZCo;h(x) - % coth(x)cschz(x)

a

Antiderivative was successfully verified.

[In] Integrate[Csch[x]~2/(a - a*Cosh[x]~2),x]

[Out] -(((2*Coth[x])/3 - (Coth[x]*Csch[x]~2)/3)/a)

Maple [B] time = 0.025, size = 37, normalized size = 2.

o (3 (tant (3) - v 7203 cant 2 + 3 s () )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csch(x)~2/(a-a*xcosh(x)~2),x)

[Out] 1/8/ax(1/3xtanh(1/2%*x) " 3-3*tanh(1/2*x)-3/tanh(1/2*x)+1/3/tanh(1/2*x)"3)

Maxima [B] time = 1.07968, size = 82, normalized size = 4.32

4e2%) s 4
3ae(-2%) — 3 ge(-4%) 4 ge(-6%) — g 3 (3 ae(=2%) _ 3 ge(-4%) 4 gp(-6x) _ g)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csch(x)~2/(a-a*cosh(x)~2),x, algorithm="maxima")

[Out] -4*xe”(-2%x)/(3*axe”(-2*x) - 3*axe” (-4*xx) + axe” (-6*xx) - a) + 4/3/(3*xaxe” (-2

*x) - 3%axe” (-4*x) + axe”(-6%xx) - a)

Fricas [B] time = 1.78691, size = 317, normalized size = 16.68
8 (cosh (x) + 2 sinh (x))
3 (a cosh (x)5 + 5a cosh (x) sinh (x)4 + asinh (x)5 —3acosh (x)3 + (10 a cosh (x)2 -3 a) sinh (x)3 + (10 a cosh (x)3 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~2/(a-a*cosh(x)~2),x, algorithm="fricas")

[Out] 8/3*(cosh(x) + 2*sinh(x))/(a*xcosh(x)~5 + 5*a*cosh(x)*sinh(x)~4 + a*sinh(x)~
5 - 3xa*cosh(x)~3 + (10*a*cosh(x)~2 - 3*a)*sinh(x)~3 + (10*a*cosh(x)~3 - 9%
axcosh(x))*sinh(x) "2 + 2xaxcosh(x) + (b*axcosh(x)~4 - 9*a*cosh(x)”2 + 4xa)x*

sinh(x))

Sympy [F] time = 0., size = 0, normalized size = 0.

2
f csckzl (x) dx
cosh” (x)-1
a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)**2/(a-a*xcosh(x)**2) ,x)

[Out] -Integral(csch(x)**2/(cosh(x)**2 - 1), x)/a

Giac [A] time = 1.27094, size = 28, normalized size = 1.47
4(3629 -1)
3
3 a(e(2 Y) — 1)

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate(csch(x)~2/(a-a*cosh(x)~2),x, algorithm="giac")

[Out] 4/3*%(3*xe”(2%x) - 1)/(ax(e”~(2%x) - 1)73)

54
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35 | _ench’®) .

a-a coshz(x)

Optimal. Leaf size=29

coth5(x) ~ ZCothg(x) N coth(x)
5a 3a a

[Out] Coth[x]/a - (2*Coth[x]~3)/(3*a) + Coth[x]~5/(5%*a)

Rubi [A] time = 0.0508984, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 16, e .

integrand size
0.125, Rules used = {3175, 3767}

cothS(x) ~ Zcoth3(x) N coth(x)
5a 3a a

Antiderivative was successfully verified.

[In] Int[Csch[x]~4/(a - a*Cosh[x]"2),x]
[Out] Coth[x]/a - (2*Coth[x]~3)/(3*a) + Coth[x]~5/(5%*a)

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> Dist[
a"p, Int[ActivateTriglu*xcosl[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, £, p
}, x] &% EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rubi steps
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f csch4(x) . f csché(x) dx
a-a coshz(x) a

i Subst (f (1 +2x% + x4) dx, x, —i coth(x))

a
coth(x) B 2coth3(x) N cothS(x)
a 3a 5a

Mathematica [A] time = 0.0037742, size = 32, normalized size = 1.1

_80<>1t5h(x) ~ L coth@pesch*(x) + & coth(x)esch?(¥)

a
Antiderivative was successfully verified.

[In] Integrate[Csch[x]~4/(a - a*Cosh[x]~2),x]

[Out] -(((-8%Coth[x])/15 + (4*Coth[x]*Csch[x]~2)/15 - (Coth[x]*Csch[x]~4)/5)/a)

Maple [B] time = 0.028, size = 53, normalized size = 1.8

% (% (tanh (’Z—C))S - g (tanh (’—26))3 +10 tanh (x/2) + 10 (tanh (x/2))"! - g (tanh (g))_3 + % (tanh (g))S)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csch(x)~4/(a-a*xcosh(x)~2),x)

[Out] 1/32/a*x(1/5%tanh(1/2%x) " 5-5/3%tanh(1/2*x) ~3+10*tanh(1/2*x)+10/tanh(1/2*x)-5
/3/tanh(1/2%x)~3+1/5/tanh(1/2*x)"5)

Maxima [B] time = 1.08527, size = 182, normalized size = 6.28
166729 3249

3 (5 ae(-2%) —10 ge(-4%) + 10 ae(-6%) — 5 ge(-8%) 4 ge(-10%) _ a) 3 (5 ae(=2%) —10 ae(-4%) + 10 ae(-6%) — 5 ge(-8%) 4 ge(-10x

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csch(x)~4/(a-a*cosh(x)~2),x, algorithm="maxima")

[Out] 16/3*%e” (-2*x)/(5*axe”(-2*x) - 10*a*xe” (-4*x) + 10*axe”(-6%x) - B*a*e” (-8*x)
+ axe”(-10*x) - a) - 32/3*e”(-4#*x)/(5xaxe”™ (-2*x) — 10xaxe”(-4*x) + 10*axe™(
-6xx) - b¥axe”(-8*x) + axe”(-10*x) - a) - 16/15/(5*xa*xe” (-2*x) - 10*axe” (-4x*

x) + 10xa*xe” (-6%x) - bkaxe” (-8%xx) + axe”(-10*x) - a)

Fricas [B] time = 1.80449, size = 694, normalized size = 23.93

15 (a cosh (x)8 + 8 a cosh (x) sinh (x)7 + asinh (x)8 —5acosh (x)° + (28 a cosh (x)2 -5 a) sinh (x)6 +2 (28 a cosh (x):
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~4/(a-a*cosh(x)~2),x, algorithm="fricas")

[Out] 16/15%(11*cosh(x)”~2 + 18*cosh(x)*sinh(x) + 11*sinh(x)~2 - 5)/(a*cosh(x)"8 +
8*a*cosh(x)*sinh(x)~7 + a*sinh(x)~8 - b*a*cosh(x)~"6 + (28*a*cosh(x)"2 - b*
a)*sinh(x) "6 + 2*x(28*a*cosh(x)~3 - 15*a*cosh(x))*sinh(x)~5 + 10*a*cosh(x)"4

+ 5x(14*a*xcosh(x)~4 - 15*xa*cosh(x)”2 + 2*a)*sinh(x)~4 + 4x(14*a*xcosh(x)”5
- 25%a*cosh(x)~3 + 10*axcosh(x))*sinh(x)~3 - 1l*a*cosh(x)~2 + (28*a*cosh(x)
"6 - Tb*a*cosh(x)~"4 + 60*xaxcosh(x)”2 - 11*a)*sinh(x)~2 + 2x(4*a*cosh(x)”7 -
15*%a*cosh(x) "5 + 20*a*cosh(x)~3 - 9*a*cosh(x))*sinh(x) + 5%*a)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)**4/(a-a*xcosh(x)**2),x)

[Out] Timed out

Giac [A] time = 1.28108, size = 36, normalized size = 1.24
16 (1049 - 5629 +1)

15 a(e(zx) - 1)5




Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~4/(a-a*cosh(x)~2),x, algorithm="giac")

[Out] 16/15%(10%e”(4*x) - 5xe”(2xx) + 1)/(ax(e”(2*x) - 1)75)

58



59

36 f sinh’ (x)

a+b coshz(x)
Optimal. Leaf size=78
b cosh(x)

34—l
(az + 3ab + 3b2) cosh(x)  (a +3b) cosh’(x) _ (a +b)” tan ( Va ) N cosh’(x)
B3 32 \/Eb7/2 5b

[Out] -(((a + b)~3*ArcTan[(Sqrt[b]l*Cosh([x])/Sqrtl[al])/(Sqrtlal*b~(7/2))) + ((a~2
+ 3%axb + 3*b~2)*Cosh[x])/b~3 - ((a + 3*b)*Cosh[x]~3)/(3*b~2) + Coshl[x]~5/(
5%b)

Rubi [A] time = 0.105302, antiderivative size = 78, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e -

0.2, Rules used = {3190, 390, 205}

integrand size

3 -1 \/Ecosh(x)
(az + 3ab + 3b2) cosh(x)  (a +3b) cosh’(x) _ (@ + b)” tan ( Vi ) N cosh®(x)

Iz 362 Jab’2 5b

Antiderivative was successfully verified.

[In] Int[Sinh[x]"7/(a + b*Cosh[x]"2),x]

[Out] -(((a + b)~3*ArcTan[(Sqrt[b]*Cosh[x])/Sqrtlal]l)/(Sqrtlal*b~(7/2))) + ((a~2
+ 3*axb + 3*xb~2)*Cosh[x])/b~3 - ((a + 3*b)*Cosh[x]~3)/(3*%b"2) + Cosh[x]~5/(
5%b)

Rule 3190

Int[cos[(e_.) + (f_)*(x )] " (m_.)*((a_) + (b_.)*sin[(e_.) + (f_)*(x_)I"2)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Su
bst[Int[(1 - £f£72%x72)"((m - 1)/2)*(a + b*xff~2*x"2)"p, x], x, Sinl[e + f*x]/
ff], x]] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 390

Int[((a_) + (b_)*(x_)" (0 )) " (p_)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]

:> Int[PolynomialDivide[(a + b*x"n)"p, (¢ + d*x"n)~(-q), x], x] /; FreeQ[{a
, b, c, d}, x] && NeQ[b*c - a*d, 0] && IGtQ[n, 0] && IGtQ[p, 0] && ILtQl[q,

0] && GeQlp, -q]
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Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

a+b coshz(x) a + bx?

s 1.7 —x? ’
f S - Subst [ f 1-2) dx,x,cosh(x)]

2 2 2 .4 3 2 2 13
— _ Subst f a + 3ab + 3b +(u+3b)x _x_+a + 3a°b + 3ab“ + b dx, x, cosh(x)
v b b b3(a+bx2)

1
((12 + 3ab + 3b2) COSh(X) (a + 3b) COSha(X) COSh5(X) (El + b)3 SubSt (f m dx/ X, COSh(:

B3 32 5b b3
3 -1 Vb cosh(x)
) (a +b)° tan (T) . (az + 3ab + 3b2) cosh(x)  (a + 3b) Cosh3(x) N cosh5(x)
a \ab’? b3 3b? 5b

Mathematica [C] time = 0.235471, size = 148, normalized size = 1.9

Vb-iva+btanh(3) Vb+ivVa+btanh(3)

_1 _1
(8a2 +22ab + 19b2) cosh(x) (42 +9b) cosh(3x) (a+b)° tan (T) ) (a +b)® tan ( 7

8h3 482 \ab72 \ab’l2

Antiderivative was successfully verified.

[In] Integrate[Sinh([x]~7/(a + b*Cosh[x]~2),x]

[Out] -(((a + b)~3*ArcTan[(Sqrt[b] - I*Sqrtla + bl*Tanh[x/2])/Sqrtlal]l)/(Sqrtl[alx*
b~(7/2))) - ((a + b)~3*ArcTan[(Sqrt[b] + I*Sqrtla + b]*Tanh[x/2])/Sqrtlal]l)
/(Sqrt[al*b~(7/2)) + ((8*a~2 + 22xaxb + 19*b~2)*Cosh([x])/(8*b~3) - ((4*a +

9%b) *Cosh [3xx]) /(48%b~2) + Cosh[5*x]/(80%b)

Maple [B] time = 0.033, size = 395, normalized size = 5.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sinh(x)~7/(at+b*cosh(x)~2),x)

[Out] 1/5/b/(tanh(1/2*x)+1)"5-1/2/b/(tanh(1/2*x)+1)"4+1/2/b"2/(tanh(1/2*x)+1) " 2*a
+7/8/b/ (tanh(1/2*x)+1)"2-1/4/b/(tanh(1/2*x)+1)~3-1/3/b"2/(tanh (1/2*x)+1) ~3%
a+1/b~3/(tanh(1/2*x)+1)*a~2+5/2/b~2/(tanh(1/2*x)+1)*a+15/8/b/ (tanh (1/2*x)+1
)-1/b"3/(axb) ~(1/2) *arctan(1/4*(2* (a+b) *tanh (1/2*x) ~2-2*a+2xb) /(a*xb) ~(1/2))
*a”"3-3/b"2/ (axb) " (1/2) *arctan(1/4* (2*x (a+b) *tanh (1/2*x) ~2-2*a+2x*b) /(axb) ~(1/
2))*a~2-3/b/(axb) " (1/2)*arctan(1/4* (2* (a+b) *tanh (1/2*x) ~2-2*a+2xb) / (a*xb) ~ (1
/2))*a-1/(axb) " (1/2)*arctan(1/4* (2% (a+b) *tanh (1/2*x) ~2-2*a+2*b) / (a*b) ~(1/2)
)-1/5/b/(tanh(1/2*x)-1)"5-1/2/b/(tanh(1/2*x)-1)"4+1/2/b~2/ (tanh(1/2*x)-1)"2
*xa+7/8/b/(tanh(1/2*x)-1)"2+1/4/b/(tanh(1/2*x)-1)"3+1/3/b"2/(tanh(1/2*x)-1)"
3*a-1/b~3/(tanh(1/2%x)-1)*a~2-5/2/b"2/(tanh(1/2%*x)-1)*a-15/8/b/ (tanh (1/2%*x)
-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

(3 p2e(10%) 4 32 _ 5 (4 ab+9 bz)e<8x> +30 (8 % +22ab +19 bz)e(6x) +30 (8 2 +22ab+19 bz)e<4x) -5 (4 ab+9 bz)e
480 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~7/(atb*cosh(x)~2),x, algorithm="maxima"

[Out] 1/480*%(3*b~2*xe~(10*x) + 3*b~2 - Bk (4*axb + 9*b~2)*e~(8*x) + 30*(8*%a”2 + 22x%
axb + 19*%b72)*e” (6*xx) + 30%(8*a~2 + 22*a*xb + 19*b~2)*e”~(4xx) - 5*(4*a*xb + 9

*xb~2) *e” (2xx) ) *e” (-5*x) /b3 - 1/128*integrate(2566%((a”3 + 3*a~2*b + 3*axb”2

+ b73)*e”(3*x) - (a3 + 3*a”"2xb + 3*axb”2 + b"3)*e"x)/(b"4*xe” (4%x) + b~4 +

2% (2*%a*xb”™3 + b"4)*e”(2%x)), X)

Fricas [B] time = 2.24972, size = 6149, normalized size = 78.83

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~7/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/480*(3*a*b~3*cosh(x)~10 + 30*a*b~3*cosh(x)*sinh(x)”9 + 3*a*xb”~3*sinh(x)"1
0 - 5x(4*xa”2*xb"2 + 9*axb~3)*cosh(x)”8 + 5x(27*xaxb~3*xcosh(x)"2 - 4*xa~2*xb"2 -
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9*a*b~3)*sinh(x) "8 + 40%(9*a*xb~3*cosh(x)~3 - (4*a~2*xb~2 + 9*axb~3)*cosh(x)
)xsinh(x)77 + 30*%(8*%a”3*b + 22*a~2xb~2 + 19*a*b~3)*cosh(x)~6 + 10*(63*a*xb~3
*cosh(x) ™4 + 24*a”3*b + 66*xa~2%b~2 + 57*a*b”™3 - 14*x(4*a~2*xb~2 + 9*a*xb~3)*co
sh(x)"2)*sinh(x) "6 + 4*x(189*axb~3*cosh(x)"5 — 70*x(4*xa~2*b~2 + 9*xaxb~3)*cosh
(x)73 + 45%(8*a”3*b + 22*a”~2*b"2 + 19*a*b~3)*cosh(x))*sinh(x)~5 + 30*(8*a~3
*b + 22%a”2*b"2 + 19*ax*b~3)*cosh(x)”4 + 10*(63*a*b~3*cosh(x)~6 - 35%(4*xa~2%
b~2 + 9*axb~3)*cosh(x) "4 + 24*a”3*b + 66*xa~2*xb"2 + 57*axb”3 + 45%(8*a”~3*b +
22*%a~2%b"2 + 19*%axb~3)*cosh(x)~2)*sinh(x) "4 + 3*a*xb~3 + 40*(9*axb~3*cosh(x
)77 = T*(4*a"2%b"2 + 9*axb~3)*cosh(x)”5 + 15%(8*a”3*b + 22*a~2*xb~2 + 19*axb
~3)*cosh(x) "3 + 3*%(8*a~3%b + 22*a~2*b~2 + 19*%a*xb”3)*cosh(x))*sinh(x)~3 - 5%
(4%a~2*b~2 + 9*a*b”~3)*cosh(x)”2 + 5%(27*a*xb”3*cosh(x)~8 - 28x(4*a~2%b"2 + 9
*a*xb~3)*cosh(x) "6 + 90*(8*a~3xb + 22%a”2%b~2 + 19*a*b”~3)*cosh(x)~4 - 4*a~2%
b~2 - 9*%axb”3 + 36*%(8*xa~3*b + 22*%a"2*%b"2 + 19*a*xb~3)*cosh(x) "2)*sinh(x)"2 -
240*%((a”3 + 3*a"2*b + 3*a*xb”2 + b~3)*cosh(x)”5 + 5x(a~3 + 3*a~2%b + 3*a*b”
2 + b~3)*cosh(x) "4*xsinh(x) + 10*(a”3 + 3*a”2xb + 3*a*xb”2 + b~3)*cosh(x) ~3*s
inh(x)"2 + 10%(a”3 + 3*a"2*b + 3*a*b~2 + b~3)*cosh(x) "2*sinh(x)~3 + 5*(a”3

+ 3*%a”2*b + 3*a*xb”2 + b~3)*cosh(x)*sinh(x)”"4 + (a~3 + 3*a"2%b + 3*a*b”™2 + b
~3)*sinh(x)~5)*sqrt (-a*b)*log((b*cosh(x) "4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh
(x)74 - 2%(2*a - b)*cosh(x)"2 + 2x(3*bxcosh(x)~2 - 2*a + b)*sinh(x)"2 + 4x(
bxcosh(x)~3 - (2%a - b)*cosh(x))*sinh(x) + 4*(cosh(x)~3 + 3*cosh(x)*sinh(x)
“2 + sinh(x)~3 + (3*cosh(x)~2 + 1)*sinh(x) + cosh(x))*sqrt(-axb) + b)/(b*co
sh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2*x(2*a + b)*cosh(x)~2 + 2x*(
3*bxcosh(x) "2 + 2%a + b)*sinh(x) "2 + 4*(b*cosh(x)~3 + (2*a + b)*cosh(x))*si
nh(x) + b)) + 10%(3*a*xb~3*cosh(x)”9 - 4*x(4*a"2*xb~2 + 9*xaxb”3)*cosh(x)”7 + 1
8% (8*a~3*b + 22*a~2xb~2 + 19*ax*b”3)*cosh(x)”5 + 12x(8*a~3*b + 22*a”2*b"2 +

19%a*xb”~3)*cosh(x) "3 - (4*a”2xb~2 + 9*axb”~3)*cosh(x))*sinh(x))/(a*xb~4*xcosh(x
)75 + Bxaxb~4*xcosh(x) “4*sinh(x) + 10*axb~4*cosh(x) ~3*sinh(x)~2 + 10*a*b~4x*c
osh(x) "2*sinh(x) "3 + b5*axb~4xcosh(x)*sinh(x)~4 + a*b”4xsinh(x)"5), 1/480%*(3
*axb~3*cosh(x)~10 + 30*a*xb~3*cosh(x)*sinh(x)”~9 + 3*axb”3*sinh(x)~10 - 5*(4*
a~2%b"2 + 9*xaxb”~3)*cosh(x) "8 + 5+x(27*a*b”3*cosh(x)"2 — 4*a~2%¥b~2 - 9*ax*b”3)
*sinh(x) "8 + 40*%(9*a*b”~3*cosh(x)~3 - (4*a”2*xb~2 + 9xa*xb”3)*cosh(x))*sinh(x)
7 + 30%(8%a~3%b + 22*%a”2*b"2 + 19*ax*b~3)*cosh(x)”6 + 10*(63*a*b~3*cosh(x)”
4 + 24*%a”~3xb + 66*a”2%b”2 + B57*xa*xb”3 - 14x(4*a"2%b"2 + 9*ax*b”3)*cosh(x)~2)*
sinh(x) "6 + 4% (189*a*b~3*cosh(x)~5 - 70*(4*a~2%¥b"2 + 9*a*xb~3)*cosh(x)”"3 + 4
5% (8*a~3*b + 22*a”"2*b"2 + 19*axb~3)*cosh(x))*sinh(x)”5 + 30*(8*a~3*b + 22*a
~2%b"2 + 19*axb”~3)*cosh(x) "4 + 10*(63*a*b”3*cosh(x)”"6 — 35x(4*xa~2%b~2 + 9*a
*b~3)*cosh(x) "4 + 24*a”3*b + 66*xa”2*b~2 + 57*xaxb”3 + 45%(8*a”3*b + 22*a~2x*b
2 + 19*a*b”3)*cosh(x)"2)*sinh(x) "4 + 3*a*b”3 + 40*(9*a*xb~3*xcosh(x)~7 - 7*(
4xa~2%b"2 + 9*axb~3)*cosh(x)”~5 + 15%(8*a”3%b + 22%a”2*b~2 + 19*a*b”3)*cosh(
X) 73 + 3%(8*a~3%b + 22*%a”2*b”2 + 19*%a*xb~3)*cosh(x))*sinh(x) "3 - 5*x(4*xa~2xb~
2 + 9*a*xb”3)*cosh(x)”"2 + 5x(27*a*b~3*cosh(x) ™8 - 28*(4*a”~2*xb~2 + 9*axb~3)*c
osh(x)"6 + 90*(8*a”~3*b + 22*a~2%b~2 + 19*a*b”3)*cosh(x) "4 - 4*a~2*%b"2 - 9*a
*b~3 + 36*(8*a”3*b + 22*%a"2xb~2 + 19*axb~3)*cosh(x)"2)*sinh(x)~2 - 480*((a”
3 + 3*%a”"2*%b + 3*axb”2 + b~3)*cosh(x)”5 + 5x(a”3 + 3*a"2%b + 3*a*b”2 + b~3)*
cosh(x) “4*sinh(x) + 10%(a”3 + 3*a~2%b + 3*axb™2 + b~3)*cosh(x) "3*sinh(x) "2
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+ 10x (2”3 + 3*a"2*b + 3*a*xb”2 + b~3)*cosh(x) " 2*sinh(x)~3 + 5%x(a”3 + 3*a™2%b
+ 3*xa*xb”2 + b~3)*cosh(x)*sinh(x)”4 + (a”3 + 3*a"2xb + 3*a*b”2 + b~3)*sinh(
x)"6)*sqrt (axb)*arctan(1/2*sqrt (a*b) *(cosh(x) + sinh(x))/a) + 480%((a"3 + 3
*a"2*%b + 3*axb”2 + b~3)*cosh(x)”5 + 5x(a”3 + 3*a"2xb + 3*axb”2 + b~3)*cosh(
x) "4*xsinh(x) + 10*%(a”3 + 3*a”2*b + 3*a*b~2 + b~3)*cosh(x) "3*sinh(x)~2 + 10%
(a”3 + 3*a"2*b + 3*a*b”2 + b~3)*cosh(x) "2*sinh(x)~3 + 5*(a~3 + 3%a~2%b + 3%
a*b”2 + b~3)*cosh(x)*sinh(x)"4 + (a~3 + 3*a”2*b + 3*a*b”™2 + b~3)*sinh(x)~5)
xsqrt (axb)*arctan(1/2*(b*cosh(x) "3 + 3*b*cosh(x)*sinh(x)~2 + b*sinh(x)~3 +

(4*a + b)*cosh(x) + (3*b*cosh(x)~2 + 4*a + b)*sinh(x))*sqrt(a*b)/(a*xb)) + 1
0% (3*xa*xb~3*cosh(x)”9 - 4% (4*xa~2*b~2 + 9*a*b”3)*cosh(x)”7 + 18x(8*a”3*b + 22
*a"2%b"2 + 19*%a*b”3)*cosh(x)~5 + 12%(8*a~3*b + 22*a~2*b"2 + 19*axb~3)*cosh(
x)73 - (4*a”2%b"2 + 9*ax*b~3)*cosh(x))*sinh(x))/(a*b~4*cosh(x)~5 + 5*xaxb 4*c
osh(x) "4*sinh(x) + 10*a*b~4x*cosh(x) "3*sinh(x)~2 + 10*axb~4*cosh(x) "2*sinh(x
)"3 + 5xaxb~4*cosh(x)*sinh(x)~4 + a*b~4*sinh(x)~5)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)**7/(at+b*cosh(x)**2),x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~7/(at+b*cosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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37 f sinh(x)

a+b coshz(x)

Optimal. Leaf size=54

_1 (b cosh(x)
_(a + 2b) cosh(x) (a+ D) tan™! ( Va ) N COSh3(X)

b2 + \/E b5/2 3b

[Out] ((a + b)~2*ArcTan[(Sqrt[b]*Cosh[x])/Sqrtlal]l)/(Sqrtlal*b~(5/2)) - ((a + 2%b
)*Cosh[x])/b"2 + Cosh[x]~3/(3*b)

Rubi [A] time = 0.0868472, antiderivative size = 54, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e -

0.2, Rules used = {3190, 390, 205}

integrand size

_1 (Vb cosh(x)
_(a+20b) cosh(x) (a+b)* tan™! ( Va ) N cosh3(x)

b2 + \/EbS/Z 3b

Antiderivative was successfully verified.

[In] Int[Sinh[x]~5/(a + b*Cosh[x]"2),x]

[Out] ((a + b) 2xArcTan[(Sqrt[bl*Cosh[x])/Sqrtlall)/(Sqrtlal*b~(5/2)) - ((a + 2%b
)*Cosh[x])/b"2 + Cosh[x]~3/(3xb)

Rule 3190

Int[cos[(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Su
bst[Int[(1 - f£72%x72)"((m - 1)/2)*(a + b*ff72*x~2)"p, x], x, Sin[e + fx*x]/
ff], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 390

Int[((a_) + (b_)*xx_D)"(m_)) " (p_)*x((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)7p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, c, d¥, x] && NeQ[b*c - a*d, 0] & IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,
0] && GeQlp, -ql

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

sinh’(x) (1 - xz)z
f ———— = dx = Subst f . dx, x, cosh(x)

a+b coshz(x) + bx?

2b x> a®+2ab+b?
= Subst f —% + Iy Fremry dx, x, cosh(x)
b b p2 (a + bxz)

1
(a + 2b) cosh(x) cosh?’(x) (a + b)* Subst (f a+bx2
= iz T T P

_ \/1_7 cosh(x)
) (a + b)*>tan 1( N7 ) (a4 2b) cosh(x) N cosh3(x)

- \abs2 b? 3b

dx, x, cosh(x))

Mathematica [C] time = 0.174367, size = 120, normalized size = 2.22

Vb—iVa+btan X +iva+b tan L
12(a+b)? tan_l[%th(z) 12(a+b)2 tan_l[\/g+h(z)
_ 3/2
3\/5(401 + 7b) cosh(x) + 7 + 7 + b°= cosh(3x)
12652

Antiderivative was successfully verified.

[In] Integrate[Sinh([x]~5/(a + b*Cosh([x]~2),x]

[Out] ((12x(a + b)"2xArcTan[(Sqrt[b] - IxSqrtl[a + bl*Tanh[x/2])/Sqrt[all)/Sqrt[a]
+ (12x(a + b)"2xArcTan[(Sqrt[b] + I*Sqrtl[a + bl*Tanh[x/2])/Sqrtl[all)/Sqrtl
al - 3*Sqrt[b]*(4*a + 7*b)*Cosh[x] + b~ (3/2)*Cosh[3*x])/(12*b~(5/2))

Maple [B] time = 0.025, size = 214, normalized size = 4.

1 X 21 x 2 g x 13 x 1 g2 1 ,
35 (tanh (E) + 1) ~ 73 (tanh (5) + 1) R (tanh (E) + 1) ~3% (tanh (E) + 1) + 0 arctan (4_1 (2 (a+b

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sinh(x)~5/(at+b*cosh(x)~2),x)

[Out] 1/3/b/(tanh(1/2*x)+1)~3-1/2/b/(tanh(1/2*x)+1)"2-1/b"2/(tanh(1/2*x)+1)*a-3/2
/b/ (tanh(1/2*x)+1)+1/b"2/ (a*b) ~(1/2) *arctan(1/4* (2* (a+b) *tanh (1/2*x) ~2-2*a+

2%b) / (a*xb) ~(1/2))*a"~2+2/b/ (a*xb) ~(1/2) *arctan(1/4* (2* (a+b) *tanh (1/2*x) "2-2*a

+2%b) /(axb) ~(1/2))*a+1/(axb) ~(1/2) *arctan(1/4*(2x (a+b)*tanh (1/2*x) ~2-2*a+2x*
b)/(a*b)~(1/2))-1/3/b/(tanh(1/2%x)-1)"3-1/2/b/(tanh(1/2*x)-1)"2+1/b~2/ (tanh
(1/2%x)-1)*a+3/2/b/(tanh(1/2*x)-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

(be(6") ~3(@4a+7b)e*M -3 (4a+7b)e? + b)e(‘3x) 1 64 ((az +2ab + bz)e(3") - (az +2ab + bz)ex)
24 b2 " 32 f b3ex) + p3 +2 (2 ab? + b3)e(2x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~5/(atb*cosh(x)~2),x, algorithm="maxima"

[Out] 1/24%(bxe”(6%*x) - 3*(4*a + 7*xb)*e~(4xx) - 3x(4*xa + T*b)*e~ (2%x) + b)*xe”(-3x*
x)/b”2 + 1/32*integrate(64*((a”2 + 2*axb + b~2)*e” (3*x) - (a”2 + 2%a*xb + b~
2)*xe”x)/ (b~ 3%e~(4%x) + b~3 + 2% (2%a*xb~2 + b~3)*e~(2*x)), Xx)

Fricas [B] time = 2.07122, size = 2957, normalized size = 54.76

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~5/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/24*(a*xb"2*cosh(x)~6 + 6*a*b”2*cosh(x)*sinh(x)~5 + a*b”2*sinh(x)”6 - 3*(4
*a"2*%b + T*axb~2)*cosh(x) "4 + 3*(5*axb~2*cosh(x)~2 - 4*a”2%b - 7*a*b~2)*sin
h(x)~4 + 4x(5*a*b~2xcosh(x)~3 - 3*(4*a”2%b + 7*a*b~2)*cosh(x))*sinh(x)~3 +

axb”2 - 3*(4*a”2*b + 7T*xaxb~2)*xcosh(x)”2 + 3*(5xaxb™2*cosh(x)~4 - 4*a~2%b -
Txa*xb™2 — 6x(4*xa”~2xb + T*a*xb~2)*cosh(x) "2)*sinh(x)"2 - 12%((a”2 + 2*a*xb + b
~2)*cosh(x)”3 + 3*(a”"2 + 2xaxb + b~2)*cosh(x) " 2*sinh(x) + 3*(a”2 + 2*axb +
b~2)*cosh(x)*sinh(x) "2 + (a2 + 2*axb + b~2)*sinh(x) ~3)*sqrt(-a*b)*log((b*c
osh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 - 2*x(2%¥a - b)*cosh(x)~2 + 2%
(3*b*cosh(x)~2 - 2*a + b)*sinh(x)~2 + 4*(b*cosh(x)~3 - (2*a - b)*cosh(x))*s
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inh(x) - 4*(cosh(x)~3 + 3*cosh(x)*sinh(x)~2 + sinh(x)~3 + (3*cosh(x)"2 + 1)
*sinh(x) + cosh(x))*sqrt(-axb) + b)/(b*cosh(x)~4 + 4xbxcosh(x)*sinh(x)~3 +

b*sinh(x)~4 + 2% (2*a + b)*cosh(x)~2 + 2*x(3*bxcosh(x)~2 + 2*a + b)*sinh(x)~2
+ 4*x(bxcosh(x)~3 + (2*a + b)*cosh(x))*sinh(x) + b)) + 6*(a*b”2*cosh(x)”5 -
2% (4*a~2*%b + 7*xaxb~2)*cosh(x)"3 - (4*a”2*b + 7*a*xb~2)*cosh(x))*sinh(x))/(a
*b~3*cosh(x) "3 + 3*a*xb”~3*cosh(x) “2*sinh(x) + 3*a*b~3*cosh(x)*sinh(x)~2 + ax
b~3*sinh(x)~3), 1/24*(a*b”2*cosh(x)”6 + 6*axb " 2*xcosh(x)*sinh(x)”5 + a*xb™2xs
inh(x)76 - 3*(4*a”2*b + 7*xa*xb~2)*cosh(x)~4 + 3*(5*xa*xb™2*cosh(x)~2 - 4*a~2xb
- T*a*xb”"2)*sinh(x) "4 + 4x(5*axb~2*cosh(x)”3 - 3*(4*a~2xb + T*axb~2)*cosh(x
))*sinh(x) "3 + a*b™2 - 3*x(4*a”~2xb + Txaxb~2)*cosh(x) 2 + 3*(5*xaxb~2*cosh(x)
4 - 4%a"2%b - T*xaxb”2 - 6x(4xa”2%b + T*axb”2)*cosh(x)"2)*sinh(x)~2 + 24x*((
a~2 + 2*axb + b72)*cosh(x)"3 + 3*x(a”2 + 2*a*b + b~2)*cosh(x) "2*sinh(x) + 3%
(a2 + 2*axb + b~2)*cosh(x)*sinh(x)"2 + (a”2 + 2%a*b + b~2)*sinh(x)~3)*sqrt
(axb) *arctan(1/2xsqrt(axb)*(cosh(x) + sinh(x))/a) - 24*((a”2 + 2*a*xb + b~2)
*cosh(x) "3 + 3*(a”"2 + 2*xaxb + b~2)*cosh(x) "2*sinh(x) + 3*(a”2 + 2*a*b + b~2
)*cosh(x)*sinh(x)~"2 + (a”2 + 2*a*b + b~2)*sinh(x)~3)*sqrt(a*xb)*arctan(1/2*(
b*cosh(x)~3 + 3*b*cosh(x)*sinh(x)~2 + b*sinh(x)~3 + (4*%a + b)*cosh(x) + (3%
bxcosh(x)~"2 + 4%a + b)*sinh(x))*sqrt(axb)/(a*b)) + 6*(axb~2*cosh(x)~5 - 2%(
4xa”2*xb + Txaxb~2)*cosh(x)”3 - (4*a”2xb + 7*xaxb~2)*cosh(x))*sinh(x))/(a*xb”3
*cosh(x) "3 + 3*axb~3*cosh(x) "2*sinh(x) + 3*a*b~3*cosh(x)*sinh(x)~2 + a*b™3*
sinh(x)"3)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)**5/(atb*xcosh(x)**2) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~5/(a+b*cosh(x)~2),x, algorithm="giac")



[Out] Exception raised: TypeError
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38 f sinh3(x)

a+b coshz(x)

Optimal. Leaf size=36

Vb cosh(x) )

cosh(x) ) (a+b)tan™ ( 7

b \/E p3/2

[Out] -(((a + b)*ArcTan[(Sqrt[b]*Cosh[x])/Sqrtlal]l)/(Sqrt[al*b~(3/2))) + Coshl[x]/
b

Rubi [A] time = 0.0646584, antiderivative size = 36, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e -

0.2, Rules used = {3190, 388, 205}

integrand size

_1 (b cosh(x)
cosh() @+ D)tan” (Mee)

b \/E p3/2

Antiderivative was successfully verified.

[In] Int[Sinh[x]~3/(a + b*Cosh[x]"2),x]

[Out] -(((a + b)*ArcTan[(Sqrt[b]*Cosh[x])/Sqrtl[all)/(Sqrt[al*b~(3/2))) + Cosh[x]/
b

Rule 3190

Int[cos[(e_.) + (f£_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Su
bst[Int[(1 - f£72%x72)"((m - 1)/2)*(a + b*ff72*x~2)"p, x], x, Sin[e + fx*x]/
ff], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 388

Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

R 1 - x2
[ = —subst ( J oo Cosh<x>)
a + b cosh”(x) a+bx

(a + b) Subst ( f ;W dx, x, cosh(x))

_ cosh(x) B
b b

-1 Vb cosh(x)
@+ ( N )  coslio)
- \ab3? b

Mathematica [C] time = 0.175573, size = 83, normalized size = 2.31

_ \/E—i\/a+btanh(f) _ \/E+i\/a+b tanh()—()
1 2 1 2
cosh(v) . (a+Db) (tan (—\/E ) + tan ( 7

b \ab32

Antiderivative was successfully verified.

[In] Integrate[Sinh[x]~3/(a + b*Cosh[x]~2),x]

[Out] -(((a + b)*(ArcTan[(Sqrt[b] - IxSqrtl[a + b]*Tanh[x/2])/Sqrtl[al] + ArcTan[(S
qrt[b] + IxSqrtl[a + bl*Tanh[x/2])/Sqrtlall))/(Sqrtlal*b~(3/2))) + Cosh[x]/b

Maple [B] time = 0.017, size = 97, normalized size = 2.7

—g arctan (}L (2 (a + b) (tanh (x/ZZ))2 -2a+2 b) L) L — arctan (le (2 (a + b) (tanh (x/2))2 -2a+2 b) \/%) \/—15

Vab) Nab

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(x)~3/(a+b*cosh(x)~2),x)

[Out] -1/b/(axb)”(1/2)*arctan(1/4*(2*x(a+b)*tanh(1/2*x) ~2-2*a+2*b)/(axb)~(1/2))*a-
1/(axb) " (1/2)*arctan(1/4* (2 (a+b)*tanh(1/2*x) "2-2*a+2*b)/(axb) ~(1/2))-1/b/(
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tanh(1/2*x)-1)+1/b/(tanh(1/2*x)+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

(6(2") +1 e( ») f 16 (a +0)eBY — (a + b)e* )
X
b2ed) + B2 + 2 (2ab + b2)e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~3/(atb*cosh(x)~2),x, algorithm="maxima"

[Out] 1/2*%(e”(2xx) + 1)*e~(-x)/b - 1/8*integrate(16*((a + b)*e~(3*x) - (a + b)*e”
x)/(b™2%e” (4%x) + b~2 + 2% (2*xa*xb + b~2)*e” (2*x)), x)

Fricas [B] time = 2.00023, size = 1305, normalized size = 36.25

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~3/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2*(a*xb*cosh(x)~2 + 2*ax*bxcosh(x)*sinh(x) + axb*sinh(x)~2 - sqrt(-a*b)*((
a + b)*cosh(x) + (a + b)*sinh(x))*log((b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)~3
+ b*sinh(x)~4 - 2*x(2*xa - b)*cosh(x)~2 + 2*x(3*b*cosh(x)~2 - 2%a + b)*sinh(x)
~2 + 4x(b*cosh(x)~"3 - (2*a - b)*cosh(x))*sinh(x) + 4*(cosh(x)~3 + 3*cosh(x)
*sinh(x) "2 + sinh(x)~3 + (3*cosh(x)~2 + 1)*sinh(x) + cosh(x))*sqrt(-axb) +
b)/(b*xcosh(x)~4 + 4*b*cosh(x)*sinh(x)~3 + bxsinh(x)~4 + 2%(2*a + b)*cosh(x)
"2 + 2%(3*b*cosh(x)”"2 + 2*a + b)*sinh(x) "2 + 4*x(b*cosh(x)~3 + (2*a + b)*cos
h(x))*sinh(x) + b)) + axb)/(axb"2*cosh(x) + a*b~2*sinh(x)), 1/2*(a*b*cosh(x
)72 + 2*axb*cosh(x)*sinh(x) + axb*sinh(x)~2 - 2*sqrt(a*b)*((a + b)*cosh(x)
+ (a + b)*sinh(x))*arctan(1/2*sqrt(a*b)*(cosh(x) + sinh(x))/a) + 2*sqrt(axb
)*x((a + b)*cosh(x) + (a + b)*sinh(x))*arctan(1/2*(b*cosh(x)~3 + 3*b*cosh(x)
*sinh(x) "2 + b*sinh(x)~3 + (4*a + b)*cosh(x) + (3*b*cosh(x)~2 + 4*a + b)*si
nh(x))*sqrt(axb)/(a*xb)) + axb)/(axb™2*cosh(x) + a*xb”™2xsinh(x))]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)**3/(atb*cosh(x)**2),x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~3/(atb*cosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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39 [y

a+b coshz(x)

Optimal. Leaf size=25

tan_l ( \/Ecosh(x))

\/E
Vavb

[Out] ArcTan[(Sqrt[b]l*Cosh[x])/Sqrtlall/(Sqrt[al*Sqrt[b])

Rubi [A] time = 0.0357397, antiderivative size = 25, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 13, T S

integrand size
0.154, Rules used = {3190, 205}

_1 (Vb cosh(x)
tan ! (25)
an \/_

a

Vavb

Antiderivative was successfully verified.

[In] Int[Sinh[x]/(a + b*Cosh[x]~2),x]
[Out] ArcTan[(Sqrt[b]l*Cosh([x])/Sqrtlall/(Sqrt[al*Sqrt[b]l)

Rule 3190

Int[cos[(e_.) + (f£_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Dist[ff/f, Su
bst[Int[(1 - £f£72%x72)"((m - 1)/2)*(a + bxff72*x"2)"p, x], x, Sinl[e + f*xx]/
£ff], x11 /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps



sinh(x) ( 1 )
———~>dx = Subst ———dx, x, cosh(x
f a+b coshz(x) f a+ bx? ®

-1 \/Ecosh(x)
! (£522)

Vavb

Mathematica [A] time = 0.0218683, size = 25, normalized size = 1.

tan

-1 (\/E C\C}fh(x))

Vavb

Antiderivative was successfully verified.

[In] Integrate[Sinh([x]/(a + b*Cosh[x]~2),x]

[Out] ArcTan[(Sqrt[b]l*Cosh([x])/Sqrtlall/(Sqrt[al*Sqrt[b]l)
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Maple [A] time = 0.007, size = 17, normalized size = 0.7

1

arctan (b cosh (x) \/L_b) \/_—b
a a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(x)/(a+b*cosh(x)~2),x)

[Out] 1/(axb)~(1/2)*arctan(cosh(x)*b/(a*xb)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f sinh (x) i

b cosh (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sinh(x)/(at+b*cosh(x)~2),x, algorithm="maxima")

[Out] integrate(sinh(x)/(b*cosh(x)”2 + a), x)

Fricas [B] time = 1.91175, size = 910, normalized size = 36.4

\/— 1 b cosh(x) +4 b cosh(x) smh(x) +b smh(x) -2(2a-b) cosh(x) +2 (3 b cosh(x) -2 a+b) smh(x) +4 (b Cosh(x) —(2a-b) cosh(x)) sinh(x)—4
ab 08 b Cosh(x) +4 b cosh(x) smh(x) +b smh(x) +2(2a+Db) cosh(x) +2 (3 b Cosh(x) +2 a+b) smh(x)
2ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)/(at+b*cosh(x)~2),x, algorithm="fricas")

[Out] [-1/2*sqrt(-a*b)*log((b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)"4 - 2
*(2%¥a - b)*cosh(x)~"2 + 2x(3*b*cosh(x)”2 - 2*a + b)*sinh(x)"2 + 4*(b*cosh(x)

~3 - (2*%a - b)*cosh(x))*sinh(x) - 4*(cosh(x)”3 + 3*cosh(x)*sinh(x)~2 + sinh

(x)73 + (3*cosh(x)72 + 1)*sinh(x) + cosh(x))*sqrt(-a*b) + b)/(bxcosh(x)"4 +
4xbxcosh(x)*sinh(x)~3 + b*sinh(x) "4 + 2*x(2*a + b)*cosh(x)~2 + 2*(3*b*cosh(

X)7"2 + 2*a + b)*sinh(x) "2 + 4*(b*cosh(x)~3 + (2*a + b)*cosh(x))*sinh(x) + b
))/(axb), (sqrt(axb)*arctan(l/2*sqrt(a*b)*(cosh(x) + sinh(x))/a) - sqrt(a*b
Y*xarctan(1/2*(b*cosh(x) "3 + 3*b*cosh(x)*sinh(x)”2 + b*sinh(x)~3 + (4*a + b)
xcosh(x) + (3*b*cosh(x)72 + 4xa + b)*sinh(x))*sqrt(a*xb)/(a*b)))/(axb)]

Sympy [A] time = 1.59651, size = 87, normalized size = 3.48

o fora=0Ab=0
" bceosh (x) fora =0
coh ) for b =0
a
ilog (—ix/ﬁ\/g+cosh (x)) ilog (i\/E\/EH:osh (x))
- + otherwise
2yabyT 2yaby[T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)/(a+b*cosh(x)**2),x)
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[Out] Piecewise((zoo/cosh(x), Eq(a, 0) & Eq(b, 0)), (-1/(b*cosh(x)), Eq(a, 0)), (
cosh(x)/a, Eq(b, 0)), (-Ixlog(-Ixsqrt(a)*sqrt(1/b) + cosh(x))/(2*sqrt(a)*b*
sqrt(1/b)) + Ixlog(Ixsqrt(a)*sqrt(1/b) + cosh(x))/(2*sqrt(a)*b*sqrt(1/b)),

True))

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)/(a+bxcosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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310 f csch(x)

a+b cosh? (x)

Optimal. Leaf size=42

1 { Vbcosh(x)
Vo tan™ (T) _ tanh™ (cosh(x))
\/E(ﬂ + b) a+b

[Out] -((Sqrt[b]*ArcTan[(Sqrt[b]l*Cosh[x])/Sqrtlal]l)/(Sqrt[al*(a + b))) - ArcTanh[
Cosh[x]]/(a + b)

Rubi [A] time = 0.0622791, antiderivative size = 42, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 13, e o e

0.308, Rules used = {3190, 391, 206, 205}

1 {Vbcosh(x)
Vbtan™ (T) _ tanh_l(COSh(x))
\/E(ﬂ + b) a+b

integrand size

Antiderivative was successfully verified.

[In] Int[Csch[x]/(a + b*Cosh[x]~2),x]

[Out] -((Sqrt[b]*ArcTan[(Sqrt[b]*Cosh([x])/Sqrt[all)/(Sqrtlal*(a + b))) - ArcTanh[
Cosh[x]]/(a + Db)

Rule 3190

Int[cos[(e_.) + (£_D)*(x_)] " (m_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1"2)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Su
bst[Int[(1 - £f£72%x72)"((m - 1)/2)*(a + b*xff~2*x"2)"p, x], x, Sinl[e + f*xx]/
ff], x11 /; FreeQl[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 391

Int[1/(((a_) + (b_.)*(x_)"(n_))*((c_) + (d_.)*(x_)"(n_))), x_Symbol] :> Dis
t[b/(bxc - axd), Int[1/(a + b*x"n), x], x] - Dist[d/(bxc - axd), Int[1/(c +
d*x"n), x], x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, O]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

_osch) Lo 1
f a + bcosh?(x) He= o Subst (f (1 - x2) (a + bxz) ax, %, COSh(x)]

Subst ( f ﬁ dx, x, Cosh(x)) b Subst ( f a:W dx, x, cosh(x))

a+b a+b
-1 \/Zcosh(x)
) _\/Etan (T) ~ tanh_l(cosh(X))
\/E(ﬂ + b) a+b

Mathematica [C] time = 0.135437, size = 99, normalized size = 2.36

Vb-iva+btanh(3 Vb+iVa+btanh(3 x
—Vbtan! (+T(2)) — Vbtan™! (%(2)) ++/alog (tanh (5))
Va(a +1)

Antiderivative was successfully verified.

[In] Integratel[Csch[x]/(a + b*Cosh[x]~2),x]

[Out] (-(Sqrt[bl*ArcTan[(Sqrt[b] - I*Sqrtl[a + bl*Tanh([x/2])/Sqrtl[al]l) - Sqrt[bl*A
rcTan[(Sqrt[b] + I*Sqrtl[a + bl*Tanh([x/2])/Sqrtl[al]l + Sqrt[al*Log[Tanh[x/2]]
)/ (Sqrtlal*(a + b))

Maple [A] time = 0.023, size = 52, normalized size = 1.2

1

Wl

S

p _1'_ 5 In (tanh (;—C)) - f_ 5 arctan (411 (2 (a + b) (tanh (x/2))2 —-2a+ Zb)



79

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csch(x)/(a+b*cosh(x)"2),x)

[Out] 1/(a+b)*1n(tanh(1/2%x))-b/(a+b)/(a*xb)~(1/2)*arctan(1/4*(2*x(a+b)*tanh(1/2*x)
~2-2xa+2%b) / (axb) ~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

log (e* +1) .\ log (e* —1) ) f be®Y) — pe* p
_ - X
a+b a+b ab+b2+(ab+b2)e(4x)+2(2a2+3ab+bz)e(2")

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)/(atbxcosh(x)~2),x, algorithm="maxima"

[Out] -log(e”x + 1)/(a + b) + log(e™x - 1)/(a + b) - 2xintegrate((b*e~(3%x) - bxe
“x)/(axb + b72 + (a*xb + b72)*e” (4*x) + 2%(2%a”2 + 3xaxb + b72)*e”(2%x)), x)

Fricas [B] time = 2.08679, size = 1085, normalized size = 25.83

\/7 b cosh(x)4 +4 b cosh(x) sinh(x)3+b sinh(x)4—2 (2a-b) cosh(x)2+2 (3 b cosh(x)z—Z a+b) sinh(x)2+4 (b cosh(x)s—(Z a-b) cosh(x)) sinh(x)—4 (a |
a b cosh(x)* +4 b cosh(v) sinh(x)’ +bsinh(x)* +2 (2 a+b) cosh(x)*+2 (3b cosh(x)*+2 a+b) sinh(x)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2*(sqrt(-b/a)*log((b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)"4 - 2
*x(2xa - b)*cosh(x)~2 + 2*%(3*bxcosh(x)”2 - 2*a + b)*sinh(x)~2 + 4*(b*cosh(x)
"3 - (2*%a - b)*cosh(x))*sinh(x) - 4x*(a*cosh(x)~3 + 3*a*cosh(x)*sinh(x)"2 +
a*sinh(x) "3 + axcosh(x) + (3*a*cosh(x)”2 + a)*sinh(x))*sqrt(-b/a) + b)/(bxc
osh(x) "4 + 4*bxcosh(x)*sinh(x)~3 + bxsinh(x)~4 + 2x(2%a + b)*cosh(x)"2 + 2%
(3*b*cosh(x) "2 + 2*a + b)*sinh(x)”"2 + 4x(bxcosh(x)~3 + (2*a + b)*cosh(x))*s
inh(x) + b)) - 2xlog(cosh(x) + sinh(x) + 1) + 2*log(cosh(x) + sinh(x) - 1))
/(a + b), -(sqrt(b/a)*arctan(l/2*sqrt(b/a)*(cosh(x) + sinh(x))) - sqrt(b/a)



80

xarctan(1/2*(b*cosh(x)~3 + 3*b*cosh(x)*sinh(x)~2 + b*sinh(x)~3 + (4*%a + b)*
cosh(x) + (3*b*cosh(x)~2 + 4%a + b)*sinh(x))*sqrt(b/a)/b) + log(cosh(x) + s
inh(x) + 1) - log(cosh(x) + sinh(x) - 1))/(a + b)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f csch (x) i

a + bcosh? (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)/(a+bxcosh(x)**2),x)

[Out] Integral(csch(x)/(a + b*cosh(x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)/(at+bxcosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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311 f csch3(x)

a+b cosh? (x)

Optimal. Leaf size=61

_ \/ECOSh(x)
b¥2 tan™ ( N ) (a+3b) tanh_l(cosh(x)) _ coth(x)csch(x)

Ja@+by 2a+ D) 2a+b)

[Out] (b~(3/2)*ArcTan[(Sqrt[b]l*Cosh[x])/Sqrtlal]l)/(Sqrt[al*(a + b)"2) + ((a + 3*b
Y*ArcTanh[Cosh[x]])/(2%(a + b)~2) - (Coth[x]*Csch[x])/(2x(a + b))

Rubi [A] time = 0.104366, antiderivative size = 61, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, e =

0.333, Rules used = {3190, 414, 522, 206, 205}

integrand size

3/ -1 \/Ecosh(x)
b32 tan ( N ) .\ (a+3b) tanh_l(cosh(x)) _ coth(x)csch(x)

Va(a + by 2(a + b2 2(a + b)

Antiderivative was successfully verified.

[In] Int[Csch[x]~3/(a + b*Cosh[x]"2),x]

[Out] (b~ (3/2)*ArcTan[(Sqrt[b]*Cosh[x])/Sqrtlall)/(Sqrtlal*(a + b)~2) + ((a + 3%*b
)*ArcTanh[Cosh[x]])/(2x(a + b)~2) - (Coth[x]*Csch[x])/(2x(a + b))

Rule 3190

Int[cos[(e_.) + (f£_)*x(x_)]1"(m_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Dist[ff/f, Su
bst[Int[(1 - £f£72%x72)"((m - 1)/2)*(a + bxff~2*x"2)"p, x], x, Sinl[e + f*xx]/
£ff]1, x11 /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 414

Int[((a_) + (b_D)*(x_)" (0 ))"(p)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*x(a + b*x™n) ~(p + 1)*(c + d*x"n)~(q + 1))/(a*xn*x(p + 1)*x(b*c -
axd)), x] + Dist[1/(a*n*(p + 1)*x(b*c - a*d)), Int[(a + b*x™n)~(p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - axd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
, x], x] /; FreeQ[{a, b, c, d, n, q}, x] & NeQ[bxc - axd, 0] && LtQ[p, -1]
&& !'( !'IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
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d, n, p, q, xJ

Rule 522

Int[((e_) + (£_)*(x_)"(_))/(((a)) + (b_)*(x_)"(m_))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - axd), Int[1/(a + b*x"n), x], xI
- Dist[(d*e - cxf)/(bxc - a*xd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, D,
c, d, e, £, n}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

3
f L(xz) dx = Subst f 21 dx, x, cosh(x)
a + b cosh”(x) (1 - x2) (a + bxz)

a+2b+bx?
_ _coth(x)csch(x) N Subst (f W dx, x, cosh(x))
) 2(a +b)
__coth@esch( | *Subst (5 ., cosh) @30 Subs (1 s 3, costico)
i 2a+b) (a + b)? 2(a + b)?

3/2 1 \/Ecosh(x)
b32 tan ( va ) . (a + 3b) tanh ™ (cosh(x)) _ coth(x)csch(x)

Va(a + by 2(a + b)? 2(a +b)

Mathematica [C] time = 0.278086, size = 154, normalized size = 2.52

. (V- tanh(%) ., {VE+iVarbtanh(3) - |
—44%2 log (tanh (5)) +8b%2 tan~! (TZ) +8b*2 tan™! (Tz —v/a(a + b)csch (5) —a(@+b
8+/a(a + b)?

Antiderivative was successfully verified.
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[In] Integrate[Csch[x]~3/(a + b*Cosh[x]~2),x]

[Out] (8%b~(3/2)*ArcTan[(Sqrt[b] - I*Sqrtl[a + bl*Tanh[x/2])/Sqrtlal]l + 8%b~(3/2)*
ArcTan[(Sqrt[b] + I*Sqrtla + blx*Tanh[x/2])/Sqrtlal]] - Sqrtl[al*(a + b)*Cschl[
x/2]72 - 4xa”(3/2)*Logl[Tanh[x/2]] - 12*Sqrt[a]l*b*Log[Tanh[x/2]] - Sqrt[a]*(

a + b)*Sech[x/2]72)/(8*Sqrt[al*(a + b)~2)

Maple [A] time = 0.029, size = 94, normalized size = 1.5

1 x\\2 1 x\\ 2 a X 3b X b?
(tanh (—)) - (tanh (—)) -— In (tanh (—)) -— In (tanh (—)) + 5 arct
8a+8b 2 8a+8b 2 2@+0) 2 2(a+Db) 2 (a+Db)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csch(x)~3/(at+b*cosh(x)~2),x)

[Out] 1/8*tanh(1/2x*x)~2/(a+b)-1/8/(a+b)/tanh(1/2*x)~2-1/2/(a+b) "2*x1ln(tanh(1/2%*x))
*a-3/2/(a+b) "2x1n(tanh(1/2%*x))*xb+1/(a+b) "2xb~2/(axb) ~(1/2)*arctan(1/4*x(2x(a
+b) *tanh (1/2%x) ~2-2*a+2xb) / (axb) ~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

(a+3b)log(e*+1) (a+3b)log(e*-1) eBY) 4 ¥

- +8~f
2(@+2ab+12)  2(a+2ab+1?) (@+D)e*V-2(a+b)e) +a+b 4(a2b+2ab? + b® + (a2b + 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~3/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] 1/2%(a + 3%b)*log(e”x + 1)/(a”2 + 2*a*xb + b~2) - 1/2%(a + 3*b)*log(e”x - 1)
/(@”2 + 2*xaxb + b72) - (e (3*x) + e7x)/((a + b)*e”(4*x) - 2*(a + b)*e™ (2*x)

+ a + b) + 8xintegrate(1/4*(b~2%e~(3*x) - b~2xe"x)/(a"2xb + 2xa*xb”2 + b~3

+ (a”2*%b + 2*a*xb”2 + b73)*e” (4*x) + 2*%(2*%a”3 + 5xa~2xb + 4*xaxb”2 + b”"3)*e”(
2%x)), X)

Fricas [B] time = 2.52114, size = 3981, normalized size = 65.26

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~3/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [-1/2*(2*(a + b)*cosh(x)"3 + 6*(a + b)*cosh(x)*sinh(x)"2 + 2*(a + b)*sinh(x
)73 - (b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 - 2*b*cosh(x)~2 +
2% (3*b*cosh(x) "2 - b)*sinh(x)~2 + 4*(b*cosh(x)~3 - b*cosh(x))*sinh(x) + b)*
sqrt(-b/a)*log((b*cosh(x) "4 + 4*bxcosh(x)*sinh(x)~3 + b*sinh(x)”"4 - 2x(2xa
- b)*cosh(x) "2 + 2*x(3*b*cosh(x)"2 - 2*a + b)*sinh(x)~2 + 4*x(b*xcosh(x)~3 - (
2%¥a - b)*cosh(x))*sinh(x) + 4x(a*cosh(x)”3 + 3*a*cosh(x)*sinh(x)~2 + a*sinh
(x)73 + axcosh(x) + (3*axcosh(x)”2 + a)*sinh(x))*sqrt(-b/a) + b)/(b*cosh(x)
4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2*(2*a + b)*cosh(x)~2 + 2% (3xb*c
osh(x)~2 + 2*a + b)*sinh(x)"2 + 4*(b*cosh(x)~3 + (2*a + b)*cosh(x))*sinh(x)
+ b)) + 2x(a + b)*cosh(x) - ((a + 3*b)*cosh(x)~4 + 4x(a + 3*b)*cosh(x)*sin
h(x)"3 + (a + 3*b)*sinh(x)"4 - 2*(a + 3*b)*cosh(x)"2 + 2*(3*(a + 3*b)*cosh(
X)72 - a - 3*b)*sinh(x)"2 + 4%((a + 3*b)*cosh(x)~3 - (a + 3*b)*cosh(x))*sin
h(x) + a + 3*b)*xlog(cosh(x) + sinh(x) + 1) + ((a + 3*b)*cosh(x)"4 + 4*(a +
3*b)*cosh(x)*sinh(x)~3 + (a + 3*b)*sinh(x)~4 - 2x(a + 3*b)*cosh(x)”2 + 2*x(3
*(a + 3*b)*cosh(x)"2 - a - 3*b)*sinh(x) "2 + 4*x((a + 3*b)*cosh(x)"3 - (a + 3
*b)*cosh(x))*sinh(x) + a + 3*b)*log(cosh(x) + sinh(x) - 1) + 2x(3*(a + b)*c
osh(x)~2 + a + b)*sinh(x))/((a”2 + 2*a*xb + b~2)*cosh(x)"4 + 4x(a”2 + 2*ax*b
+ b72)*cosh(x)*sinh(x)~3 + (2”2 + 2%a*b + b~2)*sinh(x)7"4 - 2x(a”2 + 2*axb +
b~2)*cosh(x)"2 + 2*%(3*(a”2 + 2*a*xb + b~2)*cosh(x)”2 - a2 - 2*a*xb - b~2)*s
inh(x)72 + a2 + 2*a*xb + b™2 + 4*x((a”2 + 2*a*xb + b"2)*cosh(x)"3 - (a”2 + 2%
axb + b"2)*cosh(x))*sinh(x)), -1/2*(2x(a + b)*cosh(x)"3 + 6*(a + b)*cosh(x)
*sinh(x) "2 + 2*(a + b)*sinh(x)~3 - 2*(b*cosh(x)~4 + 4*bxcosh(x)*sinh(x)"3 +
b*sinh(x)~4 - 2%b*cosh(x)~2 + 2*x(3*b*cosh(x)~2 - b)*sinh(x)~2 + 4*x(b*cosh(
x)73 - bxcosh(x))*sinh(x) + b)*sqrt(b/a)*arctan(1/2*sqrt(b/a)*(cosh(x) + si
nh(x))) + 2x(b*cosh(x)~4 + 4*b*cosh(x)*sinh(x)~3 + b*sinh(x)~4 - 2*b*cosh(x
)72 + 2% (3*b*cosh(x)”2 - b)*sinh(x)~2 + 4*(b*cosh(x)~3 - b*cosh(x))*sinh(x)
+ b)*sqrt(b/a)*arctan(1/2*(b*cosh(x)~3 + 3*b*cosh(x)*sinh(x)~2 + b*sinh(x)
3 + (4*%a + b)*cosh(x) + (3*b*cosh(x)"2 + 4*a + b)*sinh(x))*sqrt(b/a)/b) +
2x(a + b)*cosh(x) - ((a + 3*b)*cosh(x)"4 + 4x(a + 3*b)*cosh(x)*sinh(x)~3 +
(a + 3*b)*sinh(x)"4 - 2*x(a + 3*b)*cosh(x)"2 + 2*(3*(a + 3*b)*cosh(x)"2 - a
- 3*b)*sinh(x) "2 + 4*x((a + 3*b)*cosh(x)”3 - (a + 3*b)*cosh(x))*sinh(x) + a
+ 3*b)*log(cosh(x) + sinh(x) + 1) + ((a + 3%b)*cosh(x)~4 + 4*x(a + 3*b)*cosh
(x)*sinh(x)~3 + (a + 3*b)*sinh(x)~4 - 2*(a + 3*b)*cosh(x)”"2 + 2x(3x(a + 3%*b
)*cosh(x)~2 - a - 3*b)*sinh(x) "2 + 4*x((a + 3*b)*cosh(x)”3 - (a + 3#*b)*cosh(
x))*sinh(x) + a + 3%b)*log(cosh(x) + sinh(x) - 1) + 2%(3*(a + b)*cosh(x)"2
+ a + b)*sinh(x))/((a”2 + 2*a*b + b~2)*cosh(x)"4 + 4x(a”2 + 2*a*b + b~2)*co
sh(x)*sinh(x)"3 + (2”2 + 2*a*xb + b"2)*sinh(x)"4 - 2*x(a”~2 + 2*xa*b + b~2)*cos
h(x)~"2 + 2x(3%x(a”2 + 2*a*b + b~2)*cosh(x)"2 - a2 - 2*a*b - b~2)*sinh(x)"2
+ a”2 + 2*%axb + b72 + 4x((a”2 + 2*axb + b"2)*cosh(x)"3 - (a”2 + 2*a*b + b~2
)*cosh(x))*sinh(x))]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)**3/(atbxcosh(x)**2) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~3/(atb*cosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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319 f csch5(x)

a+b coshz(x)

Optimal. Leaf size=94

_ — \/Ecosh(x)
~ (3112 +10ab + 15b2) tanh 1(cosh(x)) ~ b2 tan™! ( Va ) ~ Coth(x)cscha(x) N (8a + 7b) coth(x)csch(x)
8(a + b)3 Va(a + b)? 4(a + D) 8(a + b)?

[Out] -((b~(5/2)*ArcTan[(Sqrt[b]*Cosh[x])/Sqrtl[al]l)/(Sqrtlal*(a + b)~3)) - ((3*a”
2 + 10*a*b + 15*b~2)*ArcTanh[Cosh([x]])/(8*(a + b)~3) + ((3*a + 7*b)*Coth[x]
*Csch([x])/(8%(a + b)~2) - (Coth[x]*Csch[x]~3)/(4x(a + b))

Rubi [A] time = 0.172009, antiderivative size = 94, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 15, i L

integrand size
0.4, Rules used = {3190, 414, 527, 522, 206, 205}

_ — \/Ecosh(x)
B (3a2 +10ab + 15b2) tanh ™ (cosh(x)) ~ b5 tan™! ( Vi ) ~ coth(x)csch’(x) s (3a + 7b) coth(x)csch(x)
82+ by Vi@ + b Xa+b) 8(a + by

Antiderivative was successfully verified.

[In] Int[Csch[x]~5/(a + b*Cosh[x]"2),x]

[Out] -((b~(5/2)*ArcTan[(Sqrt[b]*Cosh[x])/Sqrtlal]l)/(Sqrtlal*(a + b)~3)) - ((3*a”
2 + 10%axb + 15%b~2)*ArcTanh[Cosh[x]])/(8*(a + b)73) + ((3*a + 7+*b)*Coth[x]
*Csch[x])/(8x(a + b)"2) - (Coth[x]*Csch[x]"3)/(4x(a + b))

Rule 3190

Int[cos[(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Dist[ff/f, Su
bst[Int[(1 - f£72%x72)"((m - 1)/2)*(a + b*ff72*x~2)"p, x], x, Sinl[e + fx*x]/
ff], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 414

Int[((a_) + (b_)*(x_)"(n_ )~ (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xn*(p + 1)*x(bxc -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - a*d)), Int[(a + bxx™n) (p + 1)*(c +
d*x"n) “g*Simp[bxc + nx(p + 1)*(b*xc - a*xd) + dxbx(nx(p + q + 2) + 1)*x"n, x]
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, x], x] /; FreeQ[{a, b, ¢, d, n, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1]
& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, x]

Rule 527

Int[((a_) + (b_)*(x)" (@) (p)*((c) + (d_)*(x)"(@m))"(q_)*((e)) + (£
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*n*x(b*xc - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*x(c + d*x"n) “q*Simp[c*(bxe - axf) + exnx(b*c
- axd)*(p + 1) + dx(bxe - axf)*(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, q}, x] & LtQ[p, -1]

Rule 522

Int[(Ce ) + (£_)*x(x_)"(m_))/(((a) + (b_)*(x_)"(m_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - a*xd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cxf)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, £, n}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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5
f &(xz) dx = — Subst f 31 dx, x, cosh(x)
a + b cosh”(x) (1 - xz) (a + bxz)

st ( f (3a+4ﬂ dx, x, cosh(x))

__coth(x)esch’(x) 1-22)? (a+6x2)
B 4(a +b) 4(a +b)
3a2+7ab+8b%+b(3a+7b)x?
_ (Ba +7b) coth(x)csch(x) coth(x)esch’(x) ~ Subst (f (1-22)(a+bx2) 4%, X, cosh(x))
B 8(a + b)? 4(a +b) 8(a + b)?
1
_ (3a+7b) coth(x)esch(x) coth(x)csch’(x) ~ b? Subst (f e % COSh(x)) (3a2 +10ab
B 8(a + b)? 4(a + b) (a +b)3
5/2 -1 \/Ecosh(x) 3
B _b /2 tan (—\/E ) B (3a2 +10ab + 15b2) tanh 1(cosh(x)) . (3a + 7b) coth(x)csch(x) c
- Va(a + b)3 8(a + b)3 8(a + b)?

Mathematica [C] time = 0.583693, size = 219, normalized size = 2.33

2/a (342 +10ab + 7b%) csch® (3 ) + 2/ (342 + 10ab + 7b2) sech® (5 ) + 8 (\/E (322 +10ab + 15b%) log (tanh (5 )) - 8b
64+/a(a + b)3

Antiderivative was successfully verified.

[In] Integrate[Csch[x]~5/(a + b*Cosh[x]~2),x]

[Out] (2*%Sqrtla]*(3*a”2 + 10*%axb + 7*b~2)*Csch[x/2]72 - Sqrt[a]l*(a + b) 2xCsch[x/
2]74 + 8%(-8%b~(5/2)*ArcTan[(Sqrt[b] - I*Sqrtl[a + b]*Tanh[x/2])/Sqrtlal] -

8*b~ (5/2) *ArcTan[(Sqrt[b] + I*Sqrt[a + bl*Tanh[x/2])/Sqrtl[al] + Sqrt[a]*(3*

a”2 + 10*%axb + 15%b~2)*Log[Tanh[x/2]]) + 2*Sqrtl[al*(3*a~2 + 10*a*b + 7*b~2)
*Sech([x/2]72 + Sqrtl[al*(a + b)"2*Sech[x/2]74)/(64xSqrt[a]l*(a + b)~3)

Maple [B] time = 0.035, size = 184, normalized size = 2.

64 (aa+ b) (tanh (9)4 " 64 (ab+ b) (tanh (g))4 8 (ai b) (tanh (32_5))2 - ﬁ (tanh (32_6))2 - m (t

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(csch(x)~5/(a+b*cosh(x)~2),x)

[Out] 1/64/(a+b) " 2xtanh(1/2*x) "4*a+1/64/(a+b) "2*xtanh(1/2*x) ~4*b-1/8/ (a+b) ~2*tanh(
1/2%x) "2xa-1/4/(a+b) "2*xtanh (1/2*x) ~2x¥b-1/64/ (a+b) /tanh(1/2*x) ~4+1/8/ (a+b) "2
/tanh(1/2*x) "2*a+1/4/(a+b) ~2/tanh(1/2*x) ~2*b+3/8/ (a+b) "3*1n(tanh (1/2*x))*a”
2+5/4/ (a+b) “3*1n(tanh (1/2*x))*a*b+15/8/ (a+b) "3*1n(tanh(1/2*x))*b~2-1/(a+b)”
3*b~3/(axb) ~(1/2)*arctan (1/4* (2% (a+b) *tanh (1/2*x) ~2-2xa+2*b) / (axb) ~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

(3 a?> +10ab + 15 bz) log (e* +1) (3 a®> +10ab + 15 bz) log (e¥ - 1) Ga+7b)e’ - (11
+ +
8(a3+3u2b+3ab2+b3) 8(a3+3a2b+3ab2+b3) 4(112+2ub+b2+(a2+2ab+b2)e(8x>—4(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~5/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] -1/8%(3*a”2 + 10*a*b + 15*%b~2)*log(e”x + 1)/(a”3 + 3*%a"2xb + 3*a*xb”2 + b~3)
+ 1/8%(3*a”2 + 10*a*xb + 15%b72)*log(e”x - 1)/(a”3 + 3*%a™2%b + 3%a*b™2 + b~

3) + 1/4x((3*a + 7Txb)*e~(7*x) - (11*a + 15*xb)*e~(5xx) - (11*a + 15*b)*e” (3%

x) + (3xa + 7xb)*e"x)/(a"2 + 2*axb + b"2 + (a"2 + 2*axb + b™2)*e”(8xx) - 4x

(a”2 + 2xaxb + b™2)*e”(6*x) + 6x(a”2 + 2*a*xb + b™2)*e”(4*xx) - 4x(a”2 + 2*ax

b + b72)*xe”(2*x)) - 32*xintegrate(1/16*(b~3*%e~(3*x) - b~ 3*e"x)/(a”3%b + 3*a”
2%b"2 + 3*a*xb”3 + b74 + (a"3%b + 3*%a"2%b"2 + 3*axb”3 + b"4)xe” (4*x) + 2% (2%

a4 + 7*a"3*b + 9*%a"2*b"2 + 5xaxb”3 + b"4)*e”(2*x)), x)

Fricas [B] time = 3.13598, size = 13990, normalized size = 148.83

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~5/(at+b*cosh(x)~2),x, algorithm="fricas")

[Out] [1/8*(2x(3*a”~2 + 10*a*b + 7*b~2)*cosh(x)”7 + 14*x(3*a~2 + 10*a*b + 7*b~2)*co
sh(x)*sinh(x) "6 + 2*(3*a~2 + 10*axb + 7*b~2)*sinh(x)~7 - 2% (11*a”2 + 26*ax*b

+ 15%b7"2)*cosh(x)"5 + 2%(21*%(3*a”2 + 10*a*xb + 7*b~2)*cosh(x)"2 - 11*a”~2 -

26*a*xb - 156*b~2)*sinh(x)~5 + 10%(7*(3*a”2 + 10*a*b + 7*b~2)*cosh(x)~3 - (11

*¥a”"2 + 26*axb + 15%b~2)*cosh(x))*sinh(x)~4 - 2% (11*a~2 + 26%a*b + 15%b~2)*c
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osh(x) "3 + 2*%(35%(3*a~2 + 10*a*xb + 7*b~2)*cosh(x)”™4 - 10x(11*xa~2 + 26*a*b +
15%b"2) *cosh(x) "2 - 11*a”2 - 26%a*xb - 15xb~2)*sinh(x)"3 + 2*x(21*%(3*%a"2 + 1
O*axb + 7*b~2)*cosh(x)~5 - 10%(11*a”2 + 26*axb + 15%b~2)*cosh(x)”™3 - 3*(11x%
a2 + 26*axb + 15%b~2)*cosh(x))*sinh(x)"2 + 4% (b~ 2*cosh(x)~8 + 8*b~2*cosh(x
)*sinh(x) "7 + b~ 2*sinh(x) "8 - 4*b~2*cosh(x)”6 + 4*x(7xb~2*cosh(x)"2 - b~2)*s
inh(x)~"6 + 6%b~2%cosh(x)~4 + 8*%(7*b"2*cosh(x)~3 - 3*b"2*cosh(x))*sinh(x)~5
+ 2% (35*b"2*cosh(x) 4 - 30*%b~2*cosh(x)~2 + 3*b~2)*sinh(x)~4 - 4*xb~2*cosh(x)
~2 + 8% (7*b"2*cosh(x)”5 - 10*b"2*cosh(x) 3 + 3*b~2*cosh(x))*sinh(x) 3 + 4x*(
T*b~2%cosh(x) "6 — 15%b~2%cosh(x)"4 + 9%b~2*cosh(x)~2 - b~2)*sinh(x)"2 + b~2
+ 8% (b~ 2*cosh(x)”~7 - 3*b"2*cosh(x)”"5 + 3*xb~2*cosh(x)~3 - b~ 2*cosh(x))*sinh
(x))*sqrt(-b/a)*log((b*xcosh(x) "4 + 4*b*cosh(x)*sinh(x)~3 + b*sinh(x)~4 - 2x
(2%a - b)*cosh(x)~2 + 2*(3*b*cosh(x)”2 - 2*a + b)*sinh(x)~2 + 4*(b*cosh(x)”
3 - (2*%a - b)*cosh(x))*sinh(x) - 4*(a*cosh(x)~3 + 3*ax*cosh(x)*sinh(x)”"2 + a
xsinh(x) "3 + akxcosh(x) + (3*%axcosh(x)”2 + a)*sinh(x))*sqrt(-b/a) + b)/(bxco
sh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2*%x(2*a + b)*cosh(x)"2 + 2x%(
3xbxcosh(x) "2 + 2%a + b)*sinh(x) "2 + 4x(bxcosh(x)~3 + (2%a + b)*cosh(x))*si
nh(x) + b)) + 2%(3*a”2 + 10%a*xb + 7*b~2)*cosh(x) - ((3*a”2 + 10*a*xb + 15%b~
2)*cosh(x) "8 + 8*%(3*a”2 + 10*a*b + 15%b~2)*cosh(x)*sinh(x)~7 + (3*a”2 + 10%
axb + 15*%b72)*sinh(x)”"8 - 4x(3*a”2 + 10*a*b + 15*b~2)*cosh(x)"6 + 4*(7*(3*a
"2 + 10*axb + 15%b"2)*cosh(x)"2 - 3*a”2 - 10*a*b — 15*xb~2)*sinh(x)"6 + 8*(7
*(3*%a”2 + 10*axb + 15*%b~2)*cosh(x)"3 - 3*(3*a"2 + 10*axb + 15%b~2)*cosh(x))
*8inh(x)~5 + 6%(3*a”2 + 10*axb + 15%b~2)*cosh(x) 4 + 2*x(35%x(3*xa~2 + 10*ax*b
+ 156%b~2)*cosh(x)~4 - 30%(3*a”2 + 10*axb + 15*b~2)*cosh(x)~2 + 9*a~2 + 30x*a
*b + 45%b72)*sinh(x)~4 + 8x(7*(3*a”2 + 10*a*b + 15%b~2)*cosh(x)~5 - 10*(3*a
"2 + 10*a*b + 15%b"2)*cosh(x)~3 + 3*(3*a”2 + 10*ax*b + 15*b~2)*cosh(x))*sinh
(x)73 - 4%(3*%a”2 + 10*a*b + 15*%b~2)*cosh(x) "2 + 4*x(7*(3*a"2 + 10*a*xb + 15%b
“2)*cosh(x)"6 - 15%(3*a”2 + 10*axb + 15%b~2)*cosh(x)~4 + 9% (3*a~2 + 10*axb
+ 156%b~2)*cosh(x)"2 - 3*a”2 - 10*a*b - 15*b~2)*sinh(x)~2 + 3*a”2 + 10*axb +
15%b~2 + 8x((3*%a~2 + 10*a*b + 15%b~2)*cosh(x)”~7 - 3*%(3*a”2 + 10*a*b + 15%Db
~2)*cosh(x)”5 + 3*(3*a”"2 + 10*a*xb + 15%b~2)*cosh(x)”"3 - (3*a~2 + 10*a*xb + 1
5%b~2) *cosh(x))*sinh(x))*log(cosh(x) + sinh(x) + 1) + ((3*%a”2 + 10*axb + 15
*b~2)*cosh(x) "8 + 8%(3*a~2 + 10*axb + 15%b~2)*cosh(x)*sinh(x)~7 + (3*a~2 +
10*axb + 15%b~2)*sinh(x)~8 - 4*x(3*a”~2 + 10*axb + 15%b~2)*cosh(x)”6 + 4x(7x(
3*a~2 + 10xaxb + 15%b~2)*cosh(x)”2 - 3*a”™2 - 10*axb - 15%b~2)*sinh(x)"6 + 8
*(7*(3*%a"2 + 10*a*xb + 15%b~2)*cosh(x)~3 - 3*(3*a”"2 + 10*axb + 15%b~2)*cosh(
x))*sinh(x)”"5 + 6%(3*a”2 + 10*a*b + 15*xb~2)*cosh(x) "4 + 2*(35%(3*a”"2 + 10*a
*b + 15%b~2)*cosh(x)"4 - 30*%(3*a”2 + 10*a*b + 15*b~2)*cosh(x)”2 + 9*a”™2 + 3
O*a*xb + 45%b~2)*sinh(x)~4 + 8*(7*(3*a”2 + 10*axb + 15%b~2)*cosh(x)”5 - 10%(
3*a~2 + 10xaxb + 15%b~2)*cosh(x)”3 + 3*%(3*a~2 + 10*a*b + 15*%b~2)*cosh(x))*s
inh(x)~3 - 4%(3*a”2 + 10*a*b + 15%b~2)*cosh(x) "2 + 4*x(7*(3*a"2 + 10*a*xb + 1
5%¥b"2)*cosh(x) "6 - 15x(3*a~2 + 10*axb + 15*b~2)*cosh(x)"4 + 9*(3*a”2 + 10*a
*b + 15%b"2)*cosh(x)”"2 - 3*a”2 - 10*a*b - 156*b"2)*sinh(x)”"2 + 3*a”2 + 10*ax
b + 15%b~2 + 8% ((3*%a”2 + 10*a*b + 15%b"2)*cosh(x)~7 - 3*(3*a”™2 + 10*axb + 1
5%¥b~2)*cosh(x) 5 + 3*(3*a~2 + 10*a*xb + 15*%b~2)*cosh(x)~3 - (3*a”2 + 10*ax*b
+ 15xb~2) *cosh(x) ) *sinh(x))*log(cosh(x) + sinh(x) - 1) + 2*%(7*(3*a”2 + 10*a
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*b + 7*¥b"2)*cosh(x)"6 - 5x(11*a~2 + 26*a*xb + 15%b~2)*cosh(x)"4 - 3*(11*a”~2
+ 26*axb + 15%b"2)*cosh(x)”2 + 3*a”2 + 10*a*b + 7*b~2)*sinh(x))/((a"3 + 3x*a
“2%b + 3*axb”2 + b~3)*cosh(x)”"8 + 8%(a~3 + 3*xa"2*b + 3*a*xb”2 + b~3)*cosh(x)
*3inh(x) 77 + (2”3 + 3*a"2xb + 3*a*xb”2 + b~3)*sinh(x)"8 - 4*x(a”3 + 3*a"2*b +
3*a*b”2 + b"3)*cosh(x)"6 - 4%(a”3 + 3*a"2%b + 3*a*xb”2 + b3 - 7*(a"3 + 3*a
“2%b + 3*a*b”2 + b~3)*cosh(x)”"2)*sinh(x)"6 + 8*%(7*(a~3 + 3*a~2*b + 3*a*xb~2
+ b73)*cosh(x)~3 - 3%(a”3 + 3*a”2*b + 3*a*b”2 + b~3)*cosh(x))*sinh(x)”5 + 6
*(a”3 + 3*a”"2*b + 3*axb”2 + b~3)*cosh(x)"4 + 2x(35%(a~3 + 3*a~2%b + 3*a*b”2
+ b73)*cosh(x)~4 + 3*a”3 + 9*a~2*b + 9*axb~2 + 3*b~3 - 30*(a”"3 + 3*a"2*xb +
3*a*b”2 + b"3)*cosh(x)"2)*sinh(x) "4 + 8% (7*(a"3 + 3*a~2%b + 3*a*b™2 + b~3)
*cosh(x)75 - 10*(a~3 + 3*a~2*b + 3*a*b™2 + b~ 3)*cosh(x)”3 + 3*(a~3 + 3*xa~2%
b + 3*a*xb”2 + b~3)*cosh(x))*sinh(x)~3 + a~3 + 3*a"2%b + 3*a*b”™2 + b~3 - 4x(
a3 + 3*a”2*b + 3*a*xb”2 + b~3)*cosh(x)"2 + 4*x(7*(a”"3 + 3*a"2xb + 3*axb”2 +
b~3)*cosh(x)”"6 - 15%(a”3 + 3*a~2*b + 3*a*xb~2 + b~ 3)*cosh(x)”4 - a"3 - 3*a"2
*b - 3*a*b”2 - b73 + 9*(a”3 + 3*a"2%b + 3*axb”2 + b~3)*cosh(x)"2)*sinh(x) "2
+ 8%x((a”3 + 3*a~2%b + 3*a*b”2 + b"3)*cosh(x)”"7 - 3*(a”3 + 3*a”2*b + 3*a*xb”
2 + b"3)*cosh(x)”5 + 3*x(a”3 + 3*a"2%b + 3*a*b”™2 + b~3)*cosh(x)"3 - (a”3 + 3
*a"2%b + 3*a*xb”2 + b~3)*cosh(x))*sinh(x)), 1/8*(2x(3*a”~2 + 10*a*xb + 7*b~2)*
cosh(x)~7 + 14x(3*a”2 + 10*xaxb + 7*b"2)*cosh(x)*sinh(x)"6 + 2*%(3*a~2 + 10*a
*b + 7*b"2)*sinh(x)”7 - 2*x(11*a”2 + 26*a*b + 15*b~2)*cosh(x)"5 + 2% (21*(3*a
"2 + 10*a*b + 7*b"2)*cosh(x)"2 - 11*a”2 - 26*a*b - 15%b"2)*sinh(x)~5 + 10%*(
7*(3*a”"2 + 10*axb + 7*b~2)*cosh(x)”3 - (11*a”~2 + 26xa*xb + 15%b~2)*cosh(x))*
sinh(x)~4 - 2x(11*a”2 + 26xaxb + 15%b~2)*cosh(x)~3 + 2*x(35%x(3*a~2 + 10*ax*b
+ 7xb"2)*cosh(x) "4 - 10%x(11*a”2 + 26*axb + 15%b~2)*cosh(x)"2 - 11*a"2 - 26%*
axb - 15*%b72)*sinh(x)~3 + 2x(21%(3*a”2 + 10*a*b + 7*b"2)*cosh(x)~5 - 10*(11
*a"2 + 26*axb + 15%b"2)*cosh(x)~3 - 3*%(11*a”2 + 26*a*b + 15xb~2)*cosh(x))*s
inh(x)~"2 - 8*%(b~2*cosh(x)”~8 + 8*b~2*cosh(x)*sinh(x)”~7 + b~ 2*sinh(x)~8 - 4xb
~“2%cosh(x) 6 + 4x(7*b"2xcosh(x)~2 - b™2)*sinh(x)~6 + 6*xb~2xcosh(x)~4 + 8*(7
*b"2*xcosh(x) "3 - 3*b"2*cosh(x))*sinh(x)~5 + 2% (35*b~2*cosh(x) 4 - 30*b~2*co
sh(x)~2 + 3*b"2)*sinh(x) "4 - 4*xb~2*cosh(x)”2 + 8% (7*b"2*xcosh(x)”"5 - 10*xb~2x
cosh(x) "3 + 3*b"2*cosh(x))*sinh(x)~3 + 4% (7*b~2*cosh(x)”6 - 15%b~2*cosh(x)”
4 + 9%b~2*cosh(x)”2 - b"™2)*sinh(x)"2 + b™2 + 8*(b~2*cosh(x)”~7 - 3*b~2*cosh(
x)75 + 3*b7"2xcosh(x) "3 - b"2xcosh(x))*sinh(x))*sqrt(b/a)*arctan(1/2*sqrt(b/
a)*(cosh(x) + sinh(x))) + 8*(b"2*cosh(x)~8 + 8*b~2*cosh(x)*sinh(x)~7 + b~ 2%
sinh(x) "8 — 4xb~2*cosh(x)”~6 + 4x(7*b"2*xcosh(x)"2 - b~2)*sinh(x)”"6 + 6*b~2xc
osh(x)~4 + 8%(7*b~2%cosh(x)"3 - 3*b~2*xcosh(x))*sinh(x)"5 + 2% (35x%b~2*xcosh(x
)74 - 30%b"2%cosh(x)”2 + 3*%b~2)*sinh(x)~4 - 4*b~2*cosh(x)”~2 + 8*(7*b~2*cosh
(x)75 - 10*b~2*cosh(x)~3 + 3*b~2*cosh(x))*sinh(x)~3 + 4*(7*b~2*cosh(x)”6 -
15%b~2*cosh(x) "4 + 9*b~2*cosh(x)”2 - b™2)*sinh(x)"2 + b~2 + 8x (b~ 2*cosh(x)”
7 - 3*%b~2*cosh(x) "5 + 3*b"2xcosh(x)~3 - b~ 2*cosh(x))*sinh(x))*sqrt(b/a)*arc
tan(1/2*(b*cosh(x) "3 + 3*b*cosh(x)*sinh(x)~2 + b*sinh(x)~3 + (4*a + b)*cosh
(x) + (3%b*cosh(x)~2 + 4xa + b)*sinh(x))*sqrt(b/a)/b) + 2*(3*a”2 + 10*axb +
7*¥b~2)*cosh(x) - ((3*a”2 + 10*a*b + 15%xb~2)*cosh(x)"8 + 8*(3*a~2 + 10*axb
+ 156%b72)*cosh(x)*sinh(x)~7 + (3*a”2 + 10*a*b + 15%b~2)*sinh(x)~8 - 4*(3*a”
2 + 10*a*xb + 15%b"2)*cosh(x)”6 + 4*(7*x(3*a”2 + 10*axb + 15%b~2)*cosh(x)”~2 -
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3*a~2 - 10*axb - 15%b~2)*sinh(x)"6 + 8*%(7*(3*%a”2 + 10*a*b + 15*b~2)*cosh(x
)73 - 3%(3*%a”2 + 10*a*b + 15*b~2)*cosh(x))*sinh(x)~5 + 6*(3*a~2 + 10*axb +
15%b~2) *cosh(x) "4 + 2*x(35%(3*a”2 + 10*axb + 15%b~2)*cosh(x)”"4 - 30*(3*a"2 +
10*a*xb + 15%b~2)*cosh(x) "2 + 9*a”2 + 30*axb + 45%b~2)*sinh(x) "4 + 8x(7*(3x%
a~2 + 10*axb + 15*b~2)*cosh(x)”5 - 10%(3*a”2 + 10*a*xb + 15%b~2)*cosh(x)”3 +
3*(3*%a”2 + 10*axb + 15%b~2)*cosh(x))*sinh(x)~3 - 4*x(3*a”~2 + 10*axb + 15%b~
2)*cosh(x) "2 + 4x(7x(3*xa~2 + 10*a*xb + 15*%b~2)*cosh(x)~6 - 15x(3*a~2 + 10*ax
b + 15*b"2)*cosh(x)~4 + 9*(3*a”2 + 10*axb + 15*xb~2)*cosh(x)”"2 - 3*a~2 - 10x%
axb - 15*%b72)*sinh(x)”"2 + 3*a~2 + 10*a*b + 15%b~2 + 8*x((3*a~2 + 10*a*b + 15
*b~2)*cosh(x) "7 - 3*(3*a~2 + 10*axb + 15%b"2)*cosh(x)”"5 + 3*(3*a”2 + 10*ax*b
+ 15%b72)*cosh(x) "3 - (3*%a”2 + 10*axb + 15%b~2)*cosh(x))*sinh(x))*log(cosh
(x) + sinh(x) + 1) + ((3*a”2 + 10*a*b + 15*%b~2)*cosh(x)~8 + 8x(3*a~2 + 10*a
*b + 15%b72)*cosh(x)*sinh(x)”7 + (3*a~2 + 10*axb + 15%b~2)*sinh(x)~8 - 4%(3
*a"2 + 10*axb + 15%b~"2)*cosh(x)"6 + 4*(7*(3*a”"2 + 10*a*xb + 15%b~2)*cosh(x)”
2 - 3*%¥a”2 - 10*a*b — 15*xb"2)*sinh(x)"6 + 8% (7*(3*a”"2 + 10*axb + 15%b~2)*cos
h(x)~3 - 3*%(3*a~2 + 10*a*b + 15*b"2)*cosh(x))*sinh(x)"5 + 6*%(3*a”2 + 10*a*b
+ 15*%b~2)*cosh(x) "4 + 2x(35%(3*%a”2 + 10*a*b + 15%b~2)*cosh(x)~4 - 30*(3*a”
2 + 10*a*b + 15%b~2)*cosh(x)~2 + 9*a”2 + 30*a*b + 45*b~2)*sinh(x) "4 + 8*(7*
(3%a”2 + 10*axb + 15%b"2)*cosh(x)~5 - 10%(3*a~2 + 10*xaxb + 15%b~2)*cosh(x)”
3 + 3*(3*a”"2 + 10*axb + 15%b~2)*cosh(x))*sinh(x)~3 - 4*(3*a”2 + 10*axb + 15
*b~2)*cosh(x) "2 + 4*x(7x(3*a~2 + 10*a*xb + 15%b~2)*cosh(x)"6 - 15%(3*a”2 + 10
*axb + 15*%b~2)*cosh(x)™4 + 9% (3*a~2 + 10*a*b + 15*b~2)*cosh(x)"2 - 3*a"2 -
10*axb - 15%b~2)*sinh(x)~2 + 3*a~2 + 10*axb + 15%b~2 + 8*((3*a”2 + 10*axb +
15%b~2) *cosh(x) "7 - 3*(3*a”™2 + 10*axb + 15%b~2)*cosh(x)”~5 + 3*(3*a”™2 + 10x%
axb + 15*%b~2)*cosh(x)~3 - (3*a”2 + 10*axb + 15%xb~2)*cosh(x))*sinh(x))*log(c
osh(x) + sinh(x) - 1) + 2x(7*(3*a”2 + 10*axb + 7*b~2)*cosh(x)"6 - 5x(11xa~2
+ 26xaxb + 15%b~2)*cosh(x)”4 - 3*%(11*a~2 + 26%*a*b + 15*b~2)*cosh(x)”2 + 3%
a~2 + 10*a*b + 7*b~2)*sinh(x))/((a”3 + 3*a~2%b + 3*a*b”2 + b~3)*cosh(x)"8 +
8%(a~3 + 3*a"2*b + 3*axb”2 + b~ 3)*cosh(x)*sinh(x)”7 + (a”3 + 3*a~2%b + 3*a
*b~2 + b"3)*sinh(x)”"8 - 4*x(a~3 + 3*a"2%b + 3*a*xb”2 + b~ 3)*cosh(x)"6 - 4*(a”
3 + 3*a”"2*%b + 3*axb”2 + b3 - 7*(a"3 + 3*a"2*b + 3*xa*b”2 + b~3)*cosh(x)"2)*
sinh(x) "6 + 8*(7*(a”3 + 3*a"2*b + 3*a*xb™2 + b~3)*cosh(x)”"3 - 3*(a”3 + 3*xa~2
*b + 3*a*b”2 + b~3)*cosh(x))*sinh(x)~5 + 6*%(a”3 + 3*a"2*b + 3*a*xb~2 + b~3)*
cosh(x)~4 + 2x(35%(a~3 + 3*a~2*b + 3*a*b~2 + b~3)*cosh(x)”™4 + 3*a~3 + 9*a~2
*b + 9*axb”2 + 3*b"3 - 30%x(a”3 + 3*a"2*b + 3*a*xb”2 + b~3)*cosh(x)"2)*sinh(x
)74 + 8%(7+(a”3 + 3*a"2*b + 3*a*b”2 + b~3)*cosh(x)”5 - 10*(a”3 + 3*a~2xb +
3*a*xb”2 + b~3)*cosh(x)"3 + 3*(a~3 + 3*a"2*b + 3*a*xb”2 + b~3)*cosh(x))*sinh(
X)73 + a”3 + 3%a"2%b + 3*a*b”2 + b”3 - 4x(a~3 + 3*%a"2%b + 3*a*b”2 + b~3)*co
sh(x)™2 + 4*x(7*(a”"3 + 3*a~2xb + 3*a*b”2 + b~3)*cosh(x)"6 - 15x(a”3 + 3*a~2%
b + 3*%a*xb”2 + b~3)*cosh(x)"4 - a”3 - 3*a"2%b - 3%a*b”2 - b"3 + 9*(a~3 + 3*a
~2%b + 3*a*xb”2 + b"3)*cosh(x)"2)*sinh(x)"2 + 8*((a"3 + 3*a~2xb + 3*axb™2 +
b~3)*cosh(x)"7 - 3*%(a”™3 + 3*a"2*b + 3*a*b”2 + b~3)*cosh(x)"5 + 3*x(a~3 + 3*a
“2%b + 3*a*b”2 + b~3)*cosh(x)"3 - (a3 + 3*a”"2*b + 3*axb”2 + b~3)*cosh(x))*
sinh(x))]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)**5/(a+b*cosh(x)**2),x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~5/(atb*cosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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313 f sinh®(x)

a+b cosh? (x)

Optimal. Leaf size=88

502 ~1 [ v/atanh(x)
x (8a? + 20ab + 150?) . (a +b)”* tanh ( N ) _ (a4 7b)sinh(x) cosh(x) | sinh’(x) cosh(x)
8b3 \ab? 82 4b

[Out] ((8%a”2 + 20*axb + 15xb~2)*x)/(8+%b~3) - ((a + b)~(5/2)*ArcTanh[(Sqrt[a]*Tan
h[x])/Sqrtla + bl])/(Sqrt[al*b~3) - ((4*a + 7xb)*Cosh[x]*Sinh[x])/(8*b~2) +
(Cosh[x]*Sinh[x]~3)/(4%Db)

Rubi [A] time = 0.168095, antiderivative size = 88, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 15, Ll L

integrand size
0.4, Rules used = {3191, 414, 527, 522, 206, 208}

5/2 —1 { v/atanh(x)
x (8112 +20ab + 15b2) B (a + b)”2 tanh ( N ) _ (4a + 7b) sinh(x) cosh(x) . sinh®(x) cosh(x)
82 Jab® 812 1b

Antiderivative was successfully verified.

[In] Int[Sinh[x]"6/(a + b*Cosh[x]"2),x]

[Out] ((8*a"2 + 20*axb + 15%b~2)*x)/(8%b~3) - ((a + b)~(5/2)*ArcTanh[(Sqrt[a]*Tan
h(x])/Sqrtla + b]])/(Sqrtlal*b~3) - ((4*a + 7*b)*Cosh[x]*Sinh[x])/(8%b~2) +
(Cosh[x]*Sinh[x]~3)/(4%b)

Rule 3191

Int[cos[(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£72xx"2)"p/(1 + ££72*%x"2)"(m/2 + p + 1), x], x, Tan[e
+ f*x]/ff], x1] /; FreeQ[{a, b, e, £}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 414

Int[((a_) + (b_D)*(x_)" (0 ))"(p)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> =-Simp[(b*xx(a + b*x™n) “(p + 1)*(c + d*x"n)~(q + 1))/ (a*xn*x(p + 1)*(b*c -
axd)), x] + Dist[1/(a*n*(p + 1)*x(b*c - axd)), Int[(a + b*x™n)~(p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
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, x], x] /; FreeQ[{a, b, ¢, d, n, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1]
& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, x]

Rule 527

Int[((a_) + (b_)*(x)" (@) (p)*((c) + (d_)*(x)"(@m))"(q_)*((e)) + (£
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*n*x(b*xc - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*x(c + d*x"n) “q*Simp[c*(bxe - axf) + exnx(b*c
- axd)*(p + 1) + dx(bxe - axf)*(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, q}, x] & LtQ[p, -1]

Rule 522

Int[(Ce ) + (£_)*x(x_)"(m_))/(((a) + (b_)*(x_)"(m_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - a*xd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cxf)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, £, n}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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inh® 1
f L(xg dx = —Subst f 3 dx, x, coth(x)
a + b cosh”(x) (1 _ xz) (a —(a+ b)xz)
3 st ( f _a_ib_3(a+b)x2 dx, x, coth(x))
_ cosh(x) sinh”(x) (1-22)"(a+(-a-b)x2)
B 4b 4b
402 +9ab+8b% +(a+b)(4a+7b)x> ‘

_ (4a+7b) cosh(x) sinh(x) N cosh(x) sinh3(x) B Subst (f (1-22)(a+(-a-b)x2) dx, x, coth(:
- 8b2 4b 8b2

3 1
3 _(4a + 7b) cosh(x) sinh(x) N cosh(x) sinhB(x) B (a +b)” Subst (f a+(-a-b)x2 dx, x, coth(x)) .
- 8b2 4b v

5/2 -1 \/Etanh(x)

~ (8112 +20ab + 15b2)x ) (a +b)°? tanh ( Jaib ) _ (4a +7b) cosh(x) sinh(x) . cosh(x) sit
N 8b3 Vab3 8b2 4b

Mathematica [A] time = 0.162487, size = 76, normalized size = 0.86

32(a+b)"2 tanh_l(

va

\ﬁtanh(x))

b 42 sinh(4x)

4x (842 + 20ab + 15b%) - 8b(a + 2b) sinh(2x) -
3263

Antiderivative was successfully verified.

[In] Integrate[Sinh[x]~6/(a + b*Cosh[x]~2),x]

[Out] (4*(8*a~2 + 20%a*b + 15*%b"2)*x - (32*(a + b)~(5/2)*ArcTanh[(Sqrt[a]*Tanh [x]
)/Sqrt[a + bl])/Sqrtlal - 8+bx(a + 2*b)*Sinh[2*x] + b~2+Sinh[4xx])/(32%b~3)

Maple [B] time = 0.059, size = 563, normalized size = 6.4

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(x)~6/(a+b*xcosh(x)”~2),x)

[Out] 1/4/b/(tanh(1/2%x)-1)"4-1/4/b/(tanh(1/2*x)+1)~4-1/2/a~(1/2)/(a+b)~(1/2)*1n(
(a+b) "~ (1/2) *tanh(1/2%x) ~2+2%a”~(1/2)*tanh (1/2*x)+(a+b) ~(1/2))+1/2/a~(1/2)/(a
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+b) " (1/2)*1n((a+b) ~(1/2)*tanh (1/2*x) ~2-2*%a~ (1/2) *tanh (1/2*x)+(a+b) ~(1/2) ) +1
5/8/b*1n(tanh(1/2*x)+1)-15/8/b*1n(tanh(1/2*x)-1)+1/2/b/ (tanh(1/2*x)+1) ~3+5/
8/b/ (tanh(1/2*x)+1)~2-7/8/b/(tanh(1/2xx)+1)+1/2/b/(tanh(1/2*x)-1)~3-5/8/b/(
tanh(1/2*x)-1)"2-7/8/b/(tanh(1/2*x)-1)+1/b"3*1n(tanh(1/2*x)+1)*a"2-1/b"3*1n
(tanh(1/2*x)-1)*a"~2-3/2/b"2*xa~(3/2)/(a+b) " (1/2) *1n((a+b) ~(1/2)*tanh (1/2*x) "
2+2%a~ (1/2) *tanh(1/2*x)+(a+b)~(1/2))-3/2/b*a”~(1/2)/(a+b) ~(1/2)*1n((a+b) ~(1/
2)*tanh (1/2*x) ~2+2*a~(1/2)*tanh (1/2*x)+(a+b) ~(1/2))+1/2/b"3*a~(5/2) /(a+b) ~(
1/2)*1n((a+b) "~ (1/2) *tanh (1/2*x) ~2-2*a~ (1/2)*tanh (1/2*x)+(a+b) ~(1/2))+3/2/b~
2*%a~(3/2)/(a+b) " (1/2)*1n((a+b) ~(1/2) *tanh (1/2*x) "2-2*a”~ (1/2)*tanh (1/2*x)+(a
+b) " (1/2))+3/2/b*a~(1/2)/(a+b) " (1/2) *1n((a+b) "~ (1/2) *tanh (1/2*x) "2-2*a~ (1/2)
*tanh (1/2*x)+(a+b)~(1/2))-1/2/b"2/(tanh(1/2*x)-1)*a-5/2*a/b~2*1n(tanh (1/2*x
)-1)-1/2/b"3*a"(5/2) /(a+b) " (1/2)*1n((a+b) ~(1/2) *tanh (1/2*x) “2+2*a~ (1/2) *tan
h(1/2*x)+(a+b)~(1/2))+1/2/0"2/(tanh(1/2*x)+1) "2*a-1/2/b"2/(tanh (1/2*x)+1) *a
+5/2*%a/b"2x1n(tanh(1/2*x)+1)-1/2/b"2/(tanh(1/2*x)-1) "2*a

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~6/(atb*cosh(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.0685, size = 3571, normalized size = 40.58

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~6/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/64*(b"2*xcosh(x)~8 + 8%b~2*cosh(x)*sinh(x)~7 + b~2*sinh(x)~8 - 8*(axb + 2
*b~2)*cosh(x) "6 + 4x(7*b"2%cosh(x)~2 - 2*axb - 4*b~2)*sinh(x)~6 + 8*(8*a~2
+ 20*%a*b + 15*%b"2)*x*cosh(x)”4 + 8% (7*b " 2*xcosh(x)~3 - 6*x(axb + 2*¥b~2)*cosh(
x))*sinh(x) "5 + 2% (35%b~2*cosh(x) "4 - 60*x(a*xb + 2xb~2)*cosh(x) "2 + 4*x(8*a~2
+ 20*axb + 15%b~2)*x)*sinh(x)~4 + 8*(7*b~2*xcosh(x)~5 - 20*(a*b + 2*b~2)*co
sh(x)~3 + 4%(8xa”~2 + 20*axb + 156*%b~2)*x*cosh(x))*sinh(x)~3 + 8x(a*b + 2xb~2
Y¥cosh(x) "2 + 4*(7*b~2*cosh(x)”6 - 30*(axb + 2*¥b~2)*cosh(x)~4 + 12%x(8*a”~2 +
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20*a*b + 15%b~2)*x*xcosh(x) "2 + 2*a*b + 4*b~2)*sinh(x)~2 + 32%((a”2 + 2*ax*b
+ b72)*cosh(x)"4 + 4*x(a”2 + 2*xa*b + b~2)*cosh(x) “3*sinh(x) + 6x(a”2 + 2x*ax
b + b72)*cosh(x) "2*sinh(x) "2 + 4*x(a”~2 + 2*xaxb + b~ 2)*cosh(x)*sinh(x)~3 + (a
T2 + 2%a*xb + b"2)*sinh(x)"4)*sqrt((a + b)/a)*log((b~2xcosh(x)~4 + 4*b~2%*cos
h(x)*sinh(x)~3 + b"2*sinh(x) "4 + 2*x(2*a*xb + b~2)*cosh(x) "2 + 2*(3*b~2*cosh(
X)72 + 2*xaxb + b72)*sinh(x)”2 + 8*a”2 + 8*xaxb + b~2 + 4*x(b”"2*cosh(x)”3 + (2
*axb + b~2)*cosh(x))*sinh(x) + 4x(ax*b*cosh(x)~2 + 2*axb*cosh(x)*sinh(x) + a
*xb*sinh(x) 72 + 2%a”2 + axb)*sqrt((a + b)/a))/(b*cosh(x)~4 + 4*bxcosh(x)*sin
h(x)~3 + b*sinh(x)~4 + 2*(2%a + b)*cosh(x)~2 + 2*(3*b*xcosh(x)~2 + 2*a + b)*
sinh(x) "2 + 4*x(b*cosh(x)~3 + (2*a + b)*cosh(x))*sinh(x) + b)) - b~2 + 8*x(b~
2%cosh(x)”7 - 6*x(axb + 2*xb~2)*cosh(x)~5 + 4*(8*a”~2 + 20*axb + 15%b~2)*x*cos
h(x)~3 + 2x(axb + 2%¥b~2)*cosh(x))*sinh(x))/(b~3*cosh(x)~4 + 4*b~3*cosh(x)~3
*sinh(x) + 6*b~3*cosh(x) "2*sinh(x) "2 + 4*b~3*cosh(x)*sinh(x)~3 + b~3*sinh(x
)"4), 1/64%(b~2*cosh(x)”8 + 8*b"2*cosh(x)*sinh(x)”7 + b"2*sinh(x)~8 - 8x(ax
b + 2%b72)*cosh(x) "6 + 4*(7*b~2*xcosh(x)~2 - 2*a*b - 4xb~2)*sinh(x)"6 + 8%(8
*a~2 + 20*a*xb + 15%b~2)*x*cosh(x) 4 + 8*(7*b"2*cosh(x)”3 - 6x(axb + 2%¥b~2)*
cosh(x))*sinh(x)~5 + 2*(35*%b~2*cosh(x) "4 - 60*x(a*b + 2*¥b~2)*cosh(x)"2 + 4x(
8%a~2 + 20*axb + 15%b~2)*x)*sinh(x)~4 + 8x(7*b~2*cosh(x)”5 - 20x(axb + 2%b~
2)*cosh(x) ™3 + 4*x(8*a”~2 + 20*a*xb + 15%b~2)*x*cosh(x))*sinh(x)~3 + 8*(a*b +

2xb~2) *cosh(x) "2 + 4*(7*b~2*cosh(x)~6 - 30*(a*xb + 2*b~2)*cosh(x)”4 + 12x(8%
a~2 + 20*axb + 15%b72)*x*cosh(x) 2 + 2*a*b + 4%b~2)*sinh(x)"2 - 64*((a”2 +

2%axb + b~2)*cosh(x)"4 + 4x(a”2 + 2*a*b + b~2)*cosh(x) "3*sinh(x) + 6*(a”2 +
2*%axb + b72)*cosh(x) " 2*sinh(x)~2 + 4*x(a”2 + 2*a*xb + b~2)*cosh(x)*sinh(x)"3
+ (2”2 + 2%a*xb + b"2)*sinh(x)~4)*sqrt(-(a + b)/a)*arctan(l/2*(b*cosh(x)~2
+ 2%bkxcosh(x)*sinh(x) + b*sinh(x)~2 + 2*a + b)*sqrt(-(a + b)/a)/(a + b)) -
b"2 + 8x(b"2*cosh(x)~7 - 6*(axb + 2*b~2)*cosh(x)”5 + 4x(8*a”2 + 20*a*b + 15
*b~2) *x*cosh(x) "3 + 2x(axb + 2*b~2)*cosh(x))*sinh(x))/(b~3*cosh(x)~4 + 4%b~
3*cosh(x) “3*sinh(x) + 6*b~3*cosh(x) "2*sinh(x)~2 + 4%b~3*cosh(x)*sinh(x)~3 +
b~3*sinh(x) "4)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)**6/(atb*cosh(x)**2),x)

[Out] Timed out
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Giac [B] time = 1.3103, size = 224, normalized size = 2.55

be) — 860 —16he@Y (842 +20ab+15b%)x (48 a2 +120 abe™?) + 90 b2 — 8 abe® — 16122 + b
+ —
64 b2 813 64 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~6/(at+b*cosh(x)~2),x, algorithm="giac")

[Out] 1/64*(bxe” (4*xx) — 8xaxe”(2*x) - 16*b*e”(2*x))/b"2 + 1/8%(8*a”2 + 20*ax*xb + 1
5%b72) *x/b"3 - 1/64*(48*a"2xe” (4*x) + 120*a*b*e” (4*x) + 90*b~2xe”~(4*x) - 8%
axbxe” (2*x) - 16*b72%e” (2%x) + b~ 2)*e”(-4*x)/b"3 - (a”3 + 3*a”2xb + 3*axb”2
+ b~3)*arctan(1/2*(bxe~ (2*x) + 2xa + b)/sqrt(-a”2 - axb))/(sqrt(-a~2 - ax*b

)*b~3)
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3 14 f sinh4(x)

a+b coshz(x)

Optimal. Leaf size=59

3/ ~1 { v/atanh(x)
x(2a + 3b) (a+b)>* tanh ( Vatb ) sinh(x) cosh(x)
- + +
2b? \Jab? 2b

[Out] -((2%a + 3*b)*x)/(2¥b~2) + ((a + b)~(3/2)*ArcTanh[(Sqrt[al*Tanh[x])/Sqrt[a
+ bl])/(Sqrt[al*b~2) + (Cosh[x]*Sinh[x])/(2%Db)

Rubi [A] time = 0.116243, antiderivative size = 59, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, e .

0.333, Rules used = {3191, 414, 522, 206, 208}

integrand size

3/2 -1 \/Etanh(x)
_x(20+3b) (a+b)** tanh ( N ) , sinh(x) cosh(x)
202 Jab? 2b

Antiderivative was successfully verified.

[In] Int[Sinh[x]~4/(a + b*Cosh([x]"2),x]

[Out] -((2%a + 3*b)*x)/(2¥b~2) + ((a + b)~(3/2)*ArcTanh[(Sqrt[al*Tanh[x])/Sqrt[a
+ bl])/(Sqrt[al*b~2) + (Cosh[x]*Sinh[x])/(2%Db)

Rule 3191

Int[cos[(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£72xx~2)"p/(1 + ££72*%x"2)"(m/2 + p + 1), x], x, Tan[e
+ f*xx]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 414

Int[((a ) + (b_)*(x )" (@ )~ (p)*((c_) + (d_)*(x)"(n_))"(q_), x_Symbol]
:> =-Simp[(b*xx(a + b*x™n) ~(p + 1)*(c + d*x"n)~(q + 1))/(a*xn*x(p + 1)*(b*c -
axd)), x] + Dist[1/(a*n*(p + 1)*x(b*c - a*d)), Int[(a + b*x"n)~(p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - axd) + d*bx(nx(p + q + 2) + 1)*x"n, x]
, x]1, x] /; FreeQ[{a, b, c, d, n, q}, x] && NeQ[b*c - a*d, 0] && LtQ[p, -1]
&& !'( !'IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
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d, n, p, q, x]

Rule 522

Int[((e_ ) + (£_)*(x_)"(n_))/(((a)) + (b_)*x(x_)"(m_))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - axd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cxf)/(bxc - a*xd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, D,
c, d, e, f, n}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rubi steps
inh* 1
f sm—(xz) dx = Subst f 5 dx, x, coth(x)
a + b cosh™(x) (1 - xz) (a —(a+ b)xz)
—a—2b+(—a—b)x?
 cosh(x) sinh(x i Subst ( f —(1_x2) o+ a-bed) dx, x, coth(x))
B 2b 2b
1 1
~ COSh(X) sinh(x) .\ (El + b)2 Subst (f m dx, X, COth(X)) B (2[1 + 3[9) Subst (f 2 dx, X,
B 2b b2 202
3/2 -1 \/Etanh(x)
_ (2a+3b)x N (a+D)*2 tanh ( Vazb ) N cosh(x) sinh(x)
S22 Vab? 2b

Mathematica [A] time = 0.0930782, size = 52, normalized size = 0.88

4(a+b)3/2 tanh_l( ‘/Etzj::(x) )
Va

— 4ax — 6bx + bsinh(2x)
4p?

Antiderivative was successfully verified.
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[In] Integrate[Sinh[x]~4/(a + b*Cosh[x]~2),x]

[Out] (-4*a*xx - 6xb*x + (4x(a + b)~(3/2)*ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + bl])/
Sqrt[al + b*Sinh[2*x])/(4xb~2)

Maple [B] time = 0.04, size = 342, normalized size = 5.8

—L (tanh (f) + 1)_2 + i (tanh (E) + 1)_1 _ 2 In (tanh (f) + 1) _3 In (tanh (;—C) + 1) + Lag In (\/m (tal

2b 2 2b 2 b? 2 2b 202
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(x)~4/(a+b*cosh(x)~2),x)

[Out] -1/2/b/(tanh(1/2*x)+1)"2+1/2/b/(tanh(1/2*x)+1)-a/b"2*1n(tanh(1/2*x)+1)-3/2/
b*1n(tanh(1/2*x)+1)+1/2/b"2%a"~(3/2)/(a+b)~(1/2)*1n((a+b)~(1/2)*tanh(1/2*x)~
2+2*xa” (1/2)*tanh (1/2*x)+(a+b) ~(1/2))+1/b*a”(1/2)/(a+b) " (1/2)*1n((a+b) ~(1/2)

*tanh (1/2*x) ~2+2*a~ (1/2)*tanh(1/2*x)+(a+b) ~(1/2))+1/2/a~(1/2)/(a+b) ~(1/2) *1
n((a+b)~(1/2)*tanh (1/2*x) ~2+2*a”~ (1/2)*tanh(1/2*x)+(a+b) ~(1/2))-1/2/b"2*xa" (3
/2)/(a+b) ~(1/2)*1n((a+b) "~ (1/2) *tanh (1/2*x) ~2-2*a”~ (1/2) *tanh (1/2*x)+(a+b) "~ (1
/2))-1/b*a”~(1/2)/(a+b) "~ (1/2)*1n((a+b) " (1/2) *tanh(1/2*x) ~2-2*a~(1/2) *tanh(1/
2xx)+(a+b) ~(1/2))-1/2/a~(1/2)/(a+b) "~ (1/2)*1n((a+b) ~(1/2) *tanh (1/2*x) ~2-2*a~
(1/2)*tanh(1/2*x)+(a+b)~(1/2))+1/2/b/(tanh(1/2*x)-1)"2+1/2/b/ (tanh(1/2*x) -1
)+a/b"2*1n(tanh (1/2*x)-1)+3/2/b*1n(tanh (1/2*x)-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~4/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.02386, size = 1667, normalized size = 28.25

result too large to display



103

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~4/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/8*(b*cosh(x)~4 + 4*b*cosh(x)*sinh(x)~3 + b*sinh(x)~4 - 4%(2%a + 3*b)*x*c
osh(x)~2 + 2x(3*b*cosh(x)~2 - 2*(2*a + 3*b)*x)*sinh(x)~2 + 4x((a + b)*cosh(
x)72 + 2x(a + b)*cosh(x)*sinh(x) + (a + b)*sinh(x)~2)*sqrt((a + b)/a)*log((
b~ 2*cosh(x) "4 + 4%b~2*cosh(x)*sinh(x)~3 + b~ 2*sinh(x) "4 + 2*x(2*a*b + b~2)*c
osh(x)~2 + 2% (3*b~2*cosh(x)~2 + 2%a*xb + b~2)*sinh(x)~2 + 8%a~2 + 8*axb + b~
2 + 4x(b"2*cosh(x)”"3 + (2*xaxb + b~ 2)*cosh(x))*sinh(x) - 4*(axb*cosh(x)"2 +
2*xaxb*cosh(x)*sinh(x) + a*b*sinh(x)~2 + 2*%a”2 + axb)*sqrt((a + b)/a))/(bxco
sh(x)~4 + 4xbxcosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2x(2*a + b)*cosh(x) ™2 + 2x*(
3*xb*cosh(x)”"2 + 2*a + b)*sinh(x) "2 + 4*x(b*cosh(x)~3 + (2*a + b)*cosh(x))*si
nh(x) + b)) + 4*(b*cosh(x)~3 - 2*(2*a + 3*b)*x*cosh(x))*sinh(x) - b)/(b"2*c
osh(x) "2 + 2*b"2*cosh(x)*sinh(x) + b "2*sinh(x)~2), 1/8*(b*xcosh(x)~4 + 4x*b*c
osh(x)*sinh(x) "3 + b*sinh(x)~4 - 4*(2*a + 3*b)*x*cosh(x)”~2 + 2*(3*b*cosh(x)
2 - 2*%(2%a + 3*b)*x)*sinh(x)”2 + 8*((a + b)*cosh(x)~2 + 2*(a + b)*cosh(x)*
sinh(x) + (a + b)*sinh(x)~2)*sqrt(-(a + b)/a)*arctan(1/2*(b*xcosh(x)”2 + 2*b
xcosh(x)*sinh(x) + b*sinh(x)~2 + 2*%a + b)*sqrt(-(a + b)/a)/(a + b)) + 4*(bx
cosh(x)~3 - 2%(2*a + 3*b)*x*cosh(x))*sinh(x) - b)/(b"2*cosh(x)”"2 + 2*xb~2*co
sh(x)*sinh(x) + b"2*sinh(x)~2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)**4/(at+bxcosh(x)**2) ,x)

[Out] Timed out

Giac [B] time = 1.21566, size = 139, normalized size = 2.36

2 2 be@) 42 a+b

2a+3b (2x) 4 3e@%) 4 6pe2%) — pe-2%) (a +2ab+b )arctan (—)
(a4 : e +( i ) . et

2b 8b 8b —a? — abb?

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sinh(x)~4/(atb*cosh(x)~2),x, algorithm="giac")

[Out] -1/2%(2%a + 3*b)*x/b"2 + 1/8*%e”™(2%x)/b + 1/8%(4*axe”(2%x) + 6xbxe”(2*x) - b
)*xe” (-2*%x)/b"2 + (a”2 + 2*axb + b~2)*arctan(1/2*(b*xe”(2%x) + 2*a + b)/sqrt(
-a"2 - a*b))/(sqrt(-a~2 - a*b)*b~2)
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315 f sinh?(x)

a+b cosh? (x)

Optimal. Leaf size=39

~1 { v/atanh(x)
x Va + btanh ( T )
b \/Eb

[Out] x/b - (Sgrtl[a + bl*ArcTanh[(Sqrt[al*Tanh([x])/Sqrt[a + bl])/(Sqrtl[a]*b)

Rubi [A] time = 0.0667251, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 15, e =

integrand size
0.267, Rules used = {3191, 391, 206, 208}

~1 { v/atanh(x)
x Va + btanh (—m )
b \/Eb

Antiderivative was successfully verified.

[In] Int[Sinh[x]~2/(a + b*Cosh[x]"2),x]

[Out] x/b - (Sqrt[a + bl*ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + b]])/(Sqrt[a]*b)

Rule 3191

Int[cos[(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£72*x"2)"p/(1 + £f£72*%x"2)"(m/2 + p + 1), x], x, Tan[e
+ fxx]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 391

Int[1/(((a ) + (b_)*(x )" (n_))*((c_) + (d_.)*(x_)"(n_))), x_Symbol] :> Dis
t[b/(bxc - axd), Int[1/(a + b*x"n), x], x] - Dist[d/(b*c - a*xd), Int[1/(c +
d*x"n), x], x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 211)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
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Qla, 0] || LtQ[b, 01)
Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

-
f % dx = —Subst [f (1 - xz) (al— e b)xz) dx, x, coth(X))
Subst (f ﬁ dx, x, coth(x)) (a + b) Subst (f W dx, x, coth(x))
b b
x Va+b tanh ™t (‘/E\t;;;;(x))
b Jab

Mathematica [A] time = 0.0569631, size = 36, normalized size = 0.92

-1 \ﬁtanh(x))
. Va+btanh ( s
N7

b

Antiderivative was successfully verified.

[In] Integrate[Sinh[x]~2/(a + b*Cosh[x]~2),x]

[Out] (x - (Sqrtla + b]l*ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + bl])/Sqrtlal)/b

Maple [B] time = 0.03, size = 183, normalized size = 4.7

%ln(tanh(2)+1)——\/_ln(\/_(tanh(z))z+2\/Etanh(x/2)+\/aT)\/T sz/_ln(\/_(tanh(z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(x)~2/(a+b*cosh(x)~2),x)
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[Out] 1/b*1ln(tanh(1/2*x)+1)-1/2/b*a~(1/2)/(a+b)~(1/2)*1n((a+b)~(1/2)*tanh(1/2*x)"
2+2%a~ (1/2) *tanh(1/2*x)+(a+b)~(1/2))+1/2/b*xa”~(1/2)/(a+b) ~(1/2)*1n((a+b) ~(1/
2)*tanh (1/2%x) " 2-2*a” (1/2)*tanh(1/2*x)+(a+b) " (1/2))-1/2/a~(1/2)/(a+b) ~(1/2)
*1n((a+b) " (1/2) *tanh(1/2*x) ~2+2*a~ (1/2) *tanh (1/2*x)+(a+b) ~(1/2))+1/2/a~(1/2

)/ (a+b)~(1/2)*1n((a+b) ~(1/2) *tanh (1/2*x) "2-2*a~ (1/2) *tanh (1/2*x)+(a+b) ~(1/2
))-1/b*1n(tanh(1/2%x)-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~2/(atb*cosh(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.98057, size = 845, normalized size = 21.67

| [ b2 cosh(x)*+4 b2 cosh(x) sinh(x)* +2 sinh(x)*+2 (2 ab+12) cosh(x)*+2 (3 b2 cosh(x)*+2 ab+b?) sinh(x)*+8 a2 +8 ab+b2+4 (b2 cosh(x)*+ (2.
a

b cosh(x)4+4 b cosh(x) sinh(x)3+b sinh(x)4+2 (2a+b) Cosh(x)2+2 (3 b cosh(x)2+2 u+b) sinh(x):

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~2/(at+b*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2%(sqrt((a + b)/a)*log((b~2*cosh(x)"4 + 4xb~2*xcosh(x)*sinh(x)~3 + b~ 2*si
nh(x)~4 + 2x(2*a*xb + b~2)*cosh(x)~2 + 2*x(3*b"2*cosh(x) "2 + 2*a*b + b~2)*sin
h(x)~2 + 8*a”™2 + 8xa*b + b2 + 4*x(b~2*cosh(x)”3 + (2*xaxb + b~2)*cosh(x))*si

nh(x) + 4*x(a*b*cosh(x)”2 + 2*ax*b*cosh(x)*sinh(x) + a*b*sinh(x)”2 + 2*a~2 +
axb)*sqrt((a + b)/a))/(b*cosh(x)~4 + 4*bxcosh(x)*sinh(x)~3 + b*sinh(x)74 +

2% (2*a + b)*cosh(x)~2 + 2x(3*b*cosh(x)”2 + 2*a + b)*sinh(x)~2 + 4*(b*cosh(x

)73 + (2%a + b)*cosh(x))*sinh(x) + b)) + 2*x)/b, -(sqrt(-(a + b)/a)*arctan(
1/2*%(b*cosh(x) "2 + 2*b*cosh(x)*sinh(x) + b*sinh(x)~2 + 2*a + b)*sqrt(-(a +
b)/a)/(a + b)) - x)/b]




108

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)**2/(a+bxcosh(x)**2),x)

[Out] Timed out

Giac [A] time = 1.2753, size = 70, normalized size = 1.79

be@2 42 g+b )

(ll + b) arctan (2_—m .\ J_C
V—-a% — abb b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)~2/(atb*cosh(x)~2),x, algorithm="giac")

[Out] -(a + b)*arctan(1/2*(b*e~(2%x) + 2xa + b)/sqrt(-a”2 - a*b))/(sqrt(-a”"2 - ax
b)*b) + x/b
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316  [————dx

a+b coshz(x)

Optimal. Leaf size=29

—1 { v/atanh(x)
tanh (—\/@ )

Vava+b

[Out] ArcTanh[(Sqrt[a]*Tanh([x])/Sqrtl[a + bl]/(Sqrtl[al*Sqrt[a + b])

Rubi [A] time = 0.0218575, antiderivative size = 29, normalized size of antiderivative =

. . b f rul
1., number of steps used = 2, number of rules used = 2, integrand size = 10, e

integrand size
0.2, Rules used = {3181, 208}

—1 { v/atanh(x)
tant™! (S22

Vava+b

Antiderivative was successfully verified.

[In] Int[(a + b*Cosh[x]"2)"(-1),x]
[Out] ArcTanh[(Sqrt[a]*Tanh[x])/Sqrtla + bl]l/(Sqrtl[al*Sqrt[a + bl)

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2%x"2
), x], x, Tanle + fxx]/ff], x]1]1 /; FreeQ[{a, b, e, f}, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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1 1
f —— —dx = Subst (f PE—Aw dx, x, coth(x))

a+b coshz(x)
~1 { v/atanh(x)
B tanh (—m )

~ Vava+b

Mathematica [A] time = 0.0632053, size = 29, normalized size = 1.

—1 { v/atanh(x)
tanh ( T )

Vava+b

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cosh([x]~2)~(-1),x]

[Out] ArcTanh[(Sqrt[a]+*Tanh([x])/Sqrtl[a + bl]/(Sqrtl[al*Sqrtla + b]l)

Maple [B] time = 0.023, size = 78, normalized size = 2.7

% In (\/m (tanh (32_5))2 +2+/atanh (x/2) + M) %\/% - % In (\/m (tanh (32_5))2 —2+/atanh (x/2) + Va-

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~2),x)

[Out] 1/2/a"(1/2)/(a+b)~(1/2)*1n((a+b)~(1/2)*tanh(1/2*x) "2+2*a~(1/2)*tanh(1/2*x)+
(a+b)~(1/2))-1/2/a~(1/2)/(a+b) ~(1/2) *1n((a+b) ~(1/2) *tanh (1/2*x) ~2-2xa~(1/2)

xtanh (1/2%x)+(a+b) ~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(at+b*cosh(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.98422, size = 828, normalized size = 28.55

»? cosh(x)4+4 b2 cosh(x) sinh(x)3+b2 sinh(x)4+2 (2 ab+b2) cosh(x)2+2 (3 »? cosh(x)2+2 ab+b2) sinh(x)2+8 a2+8 ab+b?+4 (bz cosh(x)3+(2 ab+b2) C
b cosh(x)4+4 b cosh(x) sinh(x)3+b sinh(x)4+2 (2a+b) cosh(x)2+2 (3 b cosh(x)2+2 a+b) sinh(x)2+4 (b COs

2Va2 +ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2%1log((b~2*cosh(x)~4 + 4*b~2*cosh(x)*sinh(x)~3 + b 2*sinh(x)~4 + 2% (2*ax
b + b72)*cosh(x) "2 + 2% (3*b~2*cosh(x) "2 + 2xa*b + b"2)*sinh(x)"2 + 8%a~2 +

8*axb + b72 + 4x(b"2*cosh(x)~3 + (2*a*b + b~2)*cosh(x))*sinh(x) - 4*(b*cosh

(x)72 + 2xb*cosh(x)*sinh(x) + b*sinh(x)~2 + 2%a + b)*sqrt(a”2 + axb))/(bxco
sh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)"4 + 2*x(2*a + b)*cosh(x)™2 + 2x(
3*xb*cosh(x) "2 + 2*a + b)*sinh(x) "2 + 4*(b*cosh(x)~3 + (2*a + b)*cosh(x))*si

nh(x) + b))/sqrt(a”2 + axb), sqrt(-a~2 - a*b)*arctan(l/2*(b*cosh(x)~2 + 2xb
*xcosh(x)*sinh(x) + b*sinh(x)72 + 2*a + b)*sqrt(-a”2 - axb)/(a”2 + axb))/(a”

2 + axb)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cosh(x)**2),x)

[Out] Timed out
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Giac [A] time = 1.2333, size = 53, normalized size = 1.83

be@) 42 g+b )
2V—-a2—ab

—a? —ab

arctan (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cosh(x)~2),x, algorithm="giac")

[Out] arctan(1l/2*(b*e”(2*x) + 2*%a + b)/sqrt(-a”2 - ax*b))/sqrt(-a”2 - axb)
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317 f csch4(x)

a+b coshz(x)

Optimal. Leaf size=59

5 —1 { v/atanh(x)
b* tanh ( N )_ coth®(x) (4 + 2b) coth(x)

\a(a + b)32 3(a+b) (a+Db)?

[Out] (b~2*ArcTanh[(Sqrt[a]l*Tanh[x])/Sqrtla + bl])/(Sqrtlal*(a + b)~(5/2)) + ((a
+ 2xb)*Coth([x])/(a + b)"2 - Coth[x]~3/(3*(a + b))

Rubi [A] time = 0.0857252, antiderivative size = 59, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, LT

integrand size
0.2, Rules used = {3191, 390, 208}

5 -1 \/Etanh(x)
b* tanh ( N )_ coth®(x) (4 + 2b) coth(x)

\a(a + b)32 3(a+b) (a+Db)?

Antiderivative was successfully verified.

[In] Int[Csch[x]~4/(a + b*Cosh[x]"2),x]

[Out] (b~2*ArcTanh[(Sqrt[a]l*Tanh([x])/Sqrtla + bl])/(Sqrtlal*(a + b)~(5/2)) + ((a
+ 2xb)*Coth([x])/(a + b)"2 - Coth[x]173/(3x(a + b))

Rule 3191

Int[cos[(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£f72%x72)"p/(1 + ££72%xx"2)"(m/2 + p + 1), x], x, Tanl[e
+ fxx]/ff], x1] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 390

Int[((a_) + (b_)*xx_D)"(m_)) " (p_)*((c_) + (d_)*(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, c, d¥, x] && NeQ[b*c - a*d, 0] & IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,
0] && GeQlp, -ql

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

a+b coshz(x) a—(a+b)x?

4 _ 2V
f M dx = Subst [f u dx, x, coth(x))

a+2b x? 2
= Subst [f((a T2 atb + P (11 . b)xz)J dx, x, coth(x)}
_ (a +2b) coth(x) Coth3(x) b Subst (f m dx, x, coth(x))
ST @rbE Ba+b) @)

2 -1 { Y/atanh(x)
b tanh ( Va+b ) N (a +2b) coth(x) coth?(x)

\a(a + by (a + b)? 3(a+D)

Mathematica [A] time = 0.199082, size = 59, normalized size = 1.

_1 { Yatanh(x)
b? tanh ( Vit ) coth(x) ((u + b)cschz(x) -2a-— 5b)

\a(a + b)5/2 3(a + b)?

Antiderivative was successfully verified.

[In] Integrate[Csch[x]~4/(a + b*Cosh[x]~2),x]

[Out] (b~2%ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + bl])/(Sqrtlal*(a + b)~(5/2)) - (Cot
h[x]*(-2*a - 5%b + (a + b)*Csch[x]172))/(3x(a + b)"2)

Maple [B] time = 0.042, size = 180, normalized size = 3.1

a x|\ b x|\ 3a X 7b X 1
() o (2] 2 (2 ¢ 7o (2) s (e
24 (a+Db) 2 24 (a+Db) 2 8 (a+Db) 2/ 8(a+b) 2) 24a+24b
Verification of antiderivative is not currently implemented for this CAS.

[In] int(csch(x)~4/(a+b*cosh(x)~2),x)
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[Out] -1/24/(a+b) " 2*axtanh(1/2*x)~3-1/24/(a+b) “2xtanh(1/2xx) ~3*xb+3/8/ (a+b) "2*a*xta
nh(1/2xx)+7/8/ (a+b) “2*tanh (1/2*x)*b-1/24/(a+b) /tanh (1/2*x) ~3+3/8/(a+b) ~2/ta
nh(1/2*x)*a+7/8/ (a+b) ~2/tanh (1/2*x)*b+1/2xb~2/ (a+b) ~(5/2) /a”~(1/2)*1n((a+b) "~
(1/2)*tanh (1/2*x) ~2+2*a”~ (1/2) *tanh (1/2*x)+(a+b) ~(1/2))-1/2*xb"2/(a+b) "~ (5/2)/
a~(1/2)*1n(-(a+b) "~ (1/2)*tanh (1/2*x) ~2+2*a~ (1/2) *tanh (1/2*x)-(a+b) ~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~4/(atb*cosh(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.22818, size = 4686, normalized size = 79.42

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~4/(at+b*cosh(x)~2),x, algorithm="fricas")

[Out] [1/6*%(12*(a”2*b + a*b~2)*cosh(x) 4 + 48*(a”~2*b + a*b~2)*cosh(x)*sinh(x)~3 +
12¢(a"2xb + a*b”2)*sinh(x)~4 + 8*a”~3 + 28%a~2*b + 20%axb”2 - 24x(a”3 + 3*a
“2xb + 2%axb~2)*cosh(x)”2 - 24*x(a”3 + 3*a”"2*b + 2xaxb”2 - 3*x(a"2*b + axb~2)
*cosh(x)"2)*sinh(x) "2 + 3% (b~ 2*cosh(x)~6 + 6*b~2*cosh(x)*sinh(x)~5 + b~ 2xsi
nh(x)~6 - 3*b~2%cosh(x)~4 + 3*(5xb"2*cosh(x)"2 - b~"2)*sinh(x)~4 + 3*b~2xcos
h(x)~"2 + 4x(5%b~2*cosh(x) "3 - 3*b~2*cosh(x))*sinh(x)~3 + 3*(5xb~2*cosh(x)~4
- 6*%b7"2*cosh(x)72 + b"2)*sinh(x)"2 - b™2 + 6x(b"2*cosh(x)~5 - 2%b~2*cosh(x
)73 + b"2xcosh(x))*sinh(x))*sqrt(a”2 + a*b)*log((b~2*cosh(x)~4 + 4*b~2*cosh
(x)*sinh(x) "3 + b™2*sinh(x)"4 + 2% (2*a*b + b~2)*cosh(x) "2 + 2*x(3*b~2*cosh(x
)72 + 2%axb + b72)*sinh(x)72 + 8%a~2 + 8*axb + b72 + 4x(b"2*cosh(x)~3 + (2%
axb + b"2)*cosh(x))*sinh(x) - 4*(b*cosh(x)~2 + 2*b*cosh(x)*sinh(x) + b*sinh
(x)72 + 2%a + b)xsqrt(a”2 + axb))/(bxcosh(x)~4 + 4*bxcosh(x)*sinh(x)~3 + bx
sinh(x) "4 + 2*(2*a + b)*cosh(x)"2 + 2*%(3*b*cosh(x)”"2 + 2*a + b)*sinh(x)"2 +
4*x(b*cosh(x)~3 + (2*a + b)*cosh(x))*sinh(x) + b)) + 48+x((a"2*b + a*xb~2)*co
sh(x)73 - (2”3 + 3*a~2*xb + 2*a*b~2)*cosh(x))*sinh(x))/((a"4 + 3*a"3*b + 3*a
“2xb”"2 + a*b~3)*cosh(x)"6 + 6x(a”4 + 3*xa”3*b + 3*xa"2*b”2 + axb~3)*cosh(x)*s
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inh(x)75 + (a4 + 3*a”3*b + 3*a~2xb"2 + a*xb~3)*sinh(x)”"6 - 3*x(a~4 + 3*a~3%*b
+ 3*%a”"2*b”2 + a*b”3)*cosh(x)"4 - 3*x(a”4 + 3*a”3*b + 3*xa"2%b"2 + axb”3 - b*
(a4 + 3*%a"3*%b + 3*a~2%b”"2 + axb~3)*cosh(x) "2)*sinh(x)"4 - a4 - 3*a"3*b -

3*a”"2*b"2 - a*b”3 + 4x(5x(a”4 + 3*a”3*b + 3*a"2*b"2 + a*b”3)*cosh(x)”"3 - 3x*
(a™4 + 3*a"3%b + 3*a”"2*b"2 + a*b~3)*cosh(x))*sinh(x)”"3 + 3*(a~4 + 3*a~3*b +
3*a~2%b~2 + a*b”~3)*cosh(x)”2 + 3*%(5x(a”4 + 3%a"3*b + 3*a~2%b”2 + a*b”~3)*co
sh(x)~4 + a~4 + 3*a~3*b + 3*xa~2%b"2 + a*b”3 - 6*%(a”4 + 3*a~3*xb + 3*a~2%b~2

+ axb”3)*cosh(x)"2)*sinh(x) "2 + 6*%((a~4 + 3*a"3*b + 3*a~2*%b~2 + a*b”3)*cosh
(x)75 - 2%(a”4 + 3*a"3*b + 3*a"2*b"2 + a*b”3)*cosh(x)”"3 + (a”4 + 3*a~3*b +

3*%a”"2*b"2 + a*b~3)*cosh(x))*sinh(x)), 1/3*(6*x(a"2*xb + a*b~2)*cosh(x)"4 + 24
*(a”"2xb + a*b”2)*cosh(x)*sinh(x)~3 + 6x(a”2*b + a*b~2)*sinh(x)”4 + 4*a~3 +

14*a~2xb + 10*a*xb™2 - 12*%(a”3 + 3*a~2xb + 2*a*xb~2)*cosh(x)”2 - 12*(a~3 + 3%
a"2xb + 2*axb”2 - 3%x(a"2xb + a*b~2)*cosh(x)"2)*sinh(x) "2 + 3*(b"2*cosh(x)”"6
+ 6%b"2*xcosh(x)*sinh(x)~5 + b~ 2*sinh(x)”6 — 3*b~2xcosh(x)"4 + 3% (5xb~2*cos
h(x)"2 - b™2)*sinh(x)~4 + 3*b~2*cosh(x)”2 + 4*x(5xb"2*xcosh(x)”~3 - 3*b~2*cosh
(x))*sinh(x) "3 + 3% (5*%b~2*cosh(x)~4 - 6%b~2*xcosh(x)"2 + b~2)*sinh(x)"2 - b~
2 + 6x(b"2xcosh(x)”5 - 2%b"2*cosh(x)~3 + b~ 2*cosh(x))*sinh(x))*sqrt(-a~2 -

axb)*arctan(1/2*(b*xcosh(x) "2 + 2%b*cosh(x)*sinh(x) + b*sinh(x)~2 + 2*a + b)
xsqrt(-a”2 - axb)/(a”2 + axb)) + 24*x((a”2*%b + a*xb~2)*cosh(x)”3 - (a”3 + 3*a
“2%b + 2%axb~2)*cosh(x))*sinh(x))/((a"4 + 3*xa~3*xb + 3*a~2*xb~2 + axb~3)*cosh
(x)76 + 6%(a”4 + 3*a"3*b + 3*a"2*b"2 + a*b”3)*cosh(x)*sinh(x)"5 + (a”4 + 3%
a~3%b + 3*a"2*b”"2 + a*b~3)*sinh(x)"6 - 3*(a"4 + 3*a~3*b + 3*%a"2%b"2 + a*b”3
Yxcosh(x)74 - 3*(a”4 + 3*a~3*%b + 3%a”2%b"2 + a*b”™3 - 5x(a~4 + 3*xa~3%b + 3*a
“2*%b"2 + axb~3)*cosh(x)"2)*sinh(x)"4 - a™4 - 3*%a”3*b - 3*a"2%b”"2 - axb"3 +

4x(5x(a~4 + 3*a~3*b + 3*a”"2*b”2 + a*b"3)*cosh(x)”3 - 3*(a"4 + 3*a~3*b + 3*a
~2%b"2 + a*xb”3)*cosh(x))*sinh(x)"3 + 3*(a”™4 + 3*a”~3*b + 3*a~2*%b"2 + a*xb”3)*
cosh(x)"2 + 3x(5*%(a”4 + 3*a~3*b + 3*a"2*b"2 + a*xb”3)*cosh(x)"4 + a~4 + 3*a”
3*xb + 3*a"2*b"2 + axb”3 - 6*(a”4 + 3*a”"3*b + 3*¥a"2xb"2 + axb~3)*cosh(x)"2)*
sinh(x)"2 + 6%((a"4 + 3*a~3%b + 3*a”"2*b~2 + a*b~3)*cosh(x)”5 - 2*x(a”4 + 3*a
“3%b + 3*%a”"2*b”"2 + axb"3)*cosh(x)”3 + (a”4 + 3*a"3*b + 3*a"2*%b"2 + a*b”3)*c
osh(x))*sinh(x))]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)**4/(at+tbxcosh(x)**2) ,x)

[Out] Timed out
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Giac [B] time = 1.40293, size = 144, normalized size = 2.44

bel2+42 a+b
b* arctan (Tﬂ) 2 (3be - 64629 —12be@Y + 24+ 5b)

(a2+2ab+b2)\/—a2—ab " 3(a2+2ab+b2)(e(2x) _1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~4/(at+b*cosh(x)~2),x, algorithm="giac")

[Out] b~2*arctan(1/2*(b*e”(2*x) + 2%a + b)/sqrt(-a”2 - axb))/((a”2 + 2xa*b + b~2)
xsqrt(-a”2 - axb)) + 2/3%(3xbxe” (4*x) - 6*axe” (2*x) - 12xb*e”(2*x) + 2%a +
5xb)/((a”2 + 2*%axb + b72)*(e”(2*x) - 1)73)
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318 f csch6(x)

a+b cosh? (x)

Optimal. Leaf size=89

3 ~1 { y/atanh(x)
) (az + 3ab + 3b2) coth(x) B b” tanh ( Vaib ) ~ coth®(x) N (2a + 3b) coth®(x)
(a+ Dby Va(a + by 5(a +b) 3(a+ Dby

[Out] -((b~3xArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + bl])/(Sqrtlal*(a + b)~(7/2))) - (
(a”2 + 3*axb + 3xb~2)*Coth[x])/(a + b)~3 + ((2*xa + 3*b)*Coth[x]~3)/(3*(a +
b)~2) - Coth[x]"5/(5*%(a + b))

Rubi [A] time = 0.108046, antiderivative size = 89, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, L

integrand size
0.2, Rules used = {3191, 390, 208}

-1 { v/atanh(x)
) (u2 +3ab + 3b2) coth(x) - b° tanh ( Jith ) ~ coth’(x) s (2a + 3b) coth’(x)
(a +b)? Va(a + b7’ 5(a +b) 3(a + b)?

Antiderivative was successfully verified.

[In] Int[Csch[x]"6/(a + b*Cosh[x]"2),x]

[Out] -((b~3*ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + bl])/(Sqrtlal*(a + b)~(7/2))) - (
(a”2 + 3*axb + 3*b~2)*Coth[x])/(a + b)~3 + ((2*a + 3*b)*Coth[x]~3)/(3*(a +
b)~2) - Coth[x]"5/(5%(a + b))

Rule 3191

Int[cos[(e_.) + (f_)*(x_ )] " (m_)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Sub
st[Int[(a + (a + b)*f£72xx"2)"p/(1 + ££72*%x"2)"(m/2 + p + 1), x], x, Tan[e
+ fxx]/f£f], x]1] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] && IntegerQ[p]

Rule 390

Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (¢ + d*x"n)~(-q), x], x] /; FreeQ[{a
, b, c, d}, x] && NeQ[b*c - a*d, 0] && IGtQ[n, 0] && IGtQ[p, 0] && ILtQl[q,
0] && GeQlp, -q]
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Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rubi steps

6 - x? ’
[ _oseh’) dx_—Subst[ | @—x)dx,x,cothm]

a + bcosh?(x) a—(a+Db)yx?
2 2 2 4 3
= — Subst f @+ 3ab +33b _ et 3b)2x + ad + b dx, x, coth(x)
(a+b) (a+b) a+b  (a+b)>(a—(a+bn?)

3 1
~ (012 +3ab + 352) coth(x) N (2a + 3b) coth>(x) ~ coth’(x) ~ b> Subst (f a—(a+b)x2 dx, x, cotl
(a + b)3 3(a + b)? 5(a +b) (a + b)3
-1 { v/atanh(x)
b tanh ( Jith ) (ﬂz + 3ab + 3172) coth(x) . (2a + 3b) coth®(x)  coth’(x)

Va(a + by (a +b) 3a+b2  5(a+b)

Mathematica [A] time = 0.35351, size = 92, normalized size = 1.03

-1 [ Yatanh(x)
_coth(x) (— (4a2 +13ab + 9b2) csch?(x) + 842 + 3(a + b)2csch* (x) + 26ab + 33b2) B b® tanh ( a\/&:{% - )
15(a + b)3 Va(a + by’

Antiderivative was successfully verified.

[In] Integrate[Csch[x]~6/(a + b*Cosh([x]~2),x]

[Out] -((b~3*ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + bl]l)/(Sqrtlal*(a + b)~(7/2))) - (
Coth[x]*(8%a~2 + 26xa*b + 33%b~2 - (4*a”2 + 13*axb + 9*b~2)*Csch[x] "2 + 3%(
a + b)"2%Csch[x]~4))/(15%x(a + b)~3)

Maple [B] time = 0.047, size = 310, normalized size = 3.5

2 2 3 |
160 (Z: by’ (tanh(g)f 80 <§b+ by’ (tanh(g)f 160 (Z; +b)° (tanh (;))5 " 9% (5aa+ by’ (tanh (g)) 18 (711

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(csch(x)~6/(a+b*xcosh(x)~2),x)

[Out] -1/160/(a+b) ~3*tanh(1/2*x) "5%a~2-1/80/(a+b) ~3*tanh(1/2*x) ~5*axb—-1/160/ (a+b)
~3*xtanh(1/2*x) "5xb~2+5/96/ (a+b) “3*tanh (1/2*x) ~3*a~2+7/48/ (a+b) “3*a*tanh(1/2

*x) "3%b+3/32/ (a+b) "3*xb~2xtanh (1/2*x) "3-5/16/ (a+b) "3*a~2xtanh (1/2*x) -1/ (a+b)
~“3*axb*tanh(1/2*x)-19/16/ (a+b) “3*b~2*tanh(1/2*x)-1/160/ (a+b) /tanh (1/2*x) ~5+
5/96/ (a+b) "2/tanh (1/2*x) ~3*a+3/32/ (a+b) "2/tanh (1/2%*x) ~3%¥b-5/16/(a+b) “3/tanh
(1/2*x)*a"2-1/(a+b) ~3/tanh(1/2*x)*a*b-19/16/ (a+b) "3/tanh(1/2*x) *b"2-1/2*b"3
/(a+b)~(7/2)/a~(1/2)*1n((a+b) " (1/2) *tanh (1/2*x) "2+2*a~ (1/2) *tanh (1/2*x)+(a+
b)~(1/2))+1/2%b~3/(a+b) ~(7/2) /a~ (1/2)*1n(-(a+b) ~(1/2) *tanh (1/2%x) ~2+2*a~ (1/
2)*tanh(1/2*x)-(a+b) ~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~6/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.4546, size = 12037, normalized size = 135.25

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~6/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [-1/30%(60*(a"2*b"2 + a*xb~3)*cosh(x)”"8 + 480*(a”2*b~2 + a*xb~3)*cosh(x)*sinh
(x)77 + 60*%(a”2*%b"2 + a*b~3)*sinh(x)78 - 120*%(a"3*b + 4*a~2*xb~2 + 3*a*xb~3)*
cosh(x)"6 - 120%(a”3%b + 4*xa~2*b~2 + 3*xa*xb”3 - 14*x(a"2%b"2 + a*b~3)*cosh(x)
“2)*sinh(x) "6 + 240%(14*x(a~2*b~2 + a*b~3)*cosh(x)”3 - 3*(a~3*b + 4*a~2*b~2
+ 3*a*xb”3)*cosh(x))*sinh(x) "5 + 40*(8*a~4 + 31*a~3xb + 47*a"2%b"2 + 24*a*xb”
3)*xcosh(x)~4 + 40%(105%(a"2*b"2 + a*b~3)*cosh(x)"4 + 8*a~4 + 31xa"3*xb + 47x*
a~2%b"2 + 24*axb”3 - 45%x(a~3*b + 4*a”2%b"2 + 3*axb”~3)*cosh(x) 2)*sinh(x) "4
+ 32*%a”4 + 136*a~3xb + 236*a”2%b"2 + 132*%a*xb”3 + 160*(21*(a"2%b"2 + axb”"3)*
cosh(x)~5 - 15%(a”3*b + 4*a~2*%b~2 + 3*a*xb~3)*cosh(x)”~3 + (8*xa~4 + 31*a~3x*b
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+ 47*a”2*b”"2 + 24xaxb~3)*cosh(x))*sinh(x)~3 - 40x(4*a~4 + 17*a"3*b + 28*a~2
*b~2 + 16*a*xb”3)*cosh(x)"2 + 40%(42*%(a"2*b"2 + a*b~3)*cosh(x)~6 - 45*%(a”3x*b
+ 4*%a”2*b"2 + 3xaxb~3)*cosh(x)”4 - 4*a~4 - 17*xa~3xb - 28*a”2*%b”2 - 15*xaxb”
3 + 6%(8*%a”"4 + 31*xa~3%b + 47*a"2*%b"2 + 24*axb~3)*cosh(x)"2)*sinh(x)~2 - 15%
(b"3*cosh(x)~10 + 10%b~3*cosh(x)*sinh(x)~9 + b~3*sinh(x)~10 - 5%b~3*cosh(x)
~8 + 10%b~3*cosh(x)"6 + 5*x(9*b~3*cosh(x)"2 - b~3)*sinh(x)~8 + 40*(3*b~3*cos
h(x)~3 - b~3*cosh(x))*sinh(x)~7 - 10%¥b~3*cosh(x)~4 + 10*(21*b~3*cosh(x)"4 -
14xb~3*cosh(x) "2 + b~3)*sinh(x) "6 + 4*(63*b~3*cosh(x)”"5 - 70*b~3*cosh(x) "3
+ 15%b~3*cosh(x))*sinh(x) "5 + 5%b~3*cosh(x)~2 + 10*%(21*b~3*cosh(x)”"6 - 35%
b~3*cosh(x) "4 + 15%b~3*cosh(x)"2 - b~3)*sinh(x) "4 + 40*%(3*%b~3*cosh(x)"7 - 7
*b~3*cosh(x) "5 + 5%b~3*cosh(x)”~3 - b~ 3*cosh(x))*sinh(x)”"3 - b~3 + 5% (9*b~3x%
cosh(x)~8 - 28%b~3*cosh(x)”"6 + 30*b~3xcosh(x)"4 - 12*b"3*cosh(x)"2 + b~3)*s
inh(x)~"2 + 10*%(b"3*cosh(x)~9 - 4*xb~3*cosh(x)”7 + 6*b~3*cosh(x)”5 - 4*b~3*co
sh(x)~3 + b~3*cosh(x))*sinh(x))*sqrt(a™2 + a*b)*log((b~2xcosh(x)~4 + 4xb~2x
cosh(x)*sinh(x)"3 + b™2*sinh(x) "4 + 2*x(2xa*xb + b~2)*cosh(x)~2 + 2*x(3*b~2*co
sh(x)"2 + 2*axb + b™2)*sinh(x)"2 + 8*a”™2 + 8*a*b + b~2 + 4% (b~ 2*cosh(x)”3 +
(2*¥axb + b~2)*cosh(x))*sinh(x) + 4*(b*cosh(x)~2 + 2*bxcosh(x)*sinh(x) + bx*
sinh(x)7"2 + 2xa + b)*sqrt(a”2 + axb))/(b*xcosh(x)~4 + 4*bxcosh(x)*sinh(x)"3
+ bxsinh(x)~4 + 2x(2*%a + b)*cosh(x)”"2 + 2*(3*b*cosh(x)”2 + 2%a + b)*sinh(x)
~2 + 4x(b*cosh(x)"3 + (2*a + b)*cosh(x))*sinh(x) + b)) + 80%(6x(a"2%b"2 + a
*b~3)*cosh(x) "7 - 9*(a~3*b + 4*xa~2%b~2 + 3*a*b”3)*cosh(x)"5 + 2*x(8*a~4 + 31
*a"3%b + 47*a"2*b”2 + 24*xaxb~3)*cosh(x)”3 - (4*a”4 + 17*a”"3*b + 28*a~2%b~2
+ 15*%a*b”3)*cosh(x))*sinh(x))/((a”5 + 4*a~4*xb + 6*xa~3*b~2 + 4*a~2%b~3 + ax*b
“4)*xcosh(x)~10 + 10%(a”5 + 4*a~4xb + 6%a"3*b~2 + 4*xa~2*b"3 + a*xb~4)*cosh(x)
*3inh(x) 79 + (a5 + 4*a~4*xb + 6%a~3*%b"2 + 4*a”"2*b"3 + a*b~4)*sinh(x)"10 - 5
*(a”5 + 4*a”4*xb + 6%a~3*b"2 + 4%a"2%b"3 + axb"4)*cosh(x)"8 - 5%x(a”b + 4*xa”4
*b + 6*%a”3*b"2 + 4*xa"2*b"3 + ax*b”4 - 9*%(a”5 + 4*xa~4*xb + 6%a~3*%b"2 + 4*xa”2x*b
3 + a*b”4)*cosh(x)”"2)*sinh(x)~8 + 40*%(3*(a”5 + 4*a~4*b + 6%xa~3%b"2 + 4*a~2
*b"3 + a*b”4)*cosh(x)”3 - (a5 + 4*a”4xb + 6*xa~3*b"2 + 4*xa~2%b”3 + axb”4)*c
osh(x))*sinh(x)~7 + 10*x(a”5 + 4*a~4*b + 6*a”3*b”2 + 4*a~2*b~3 + a*b~4)*cosh
(x)76 + 10*%(a”b + 4*a"4*b + 6*xa~3*b"2 + 4*a”2%b"3 + a*xb”4 + 21x(a”5 + 4*xa~4
*b + 6%a”3*b"2 + 4xa"2*b"3 + ax*b”4)*cosh(x)"4 - 14x(a”5 + 4*a"4*xb + 6*xa~3*b
"2 + 4%a”2+%b”3 + a*b"4)*cosh(x)"2)*sinh(x) "6 + 4*x(63*(a”5 + 4*a~4xb + 6*a”3
*b72 + 4*a”2*%b”3 + a*b"4)*xcosh(x)”5 - 70*(a”5 + 4*a~4*xb + 6%a~3*%b"2 + 4*a”2
*b~3 + a*b”4)*cosh(x)"3 + 15%x(a”5 + 4*a"4*b + 6*xa~3*b"2 + 4%a~2+%b"3 + a*xb”4
Y*cosh(x))*sinh(x)”"5 - a”b - 4*a~4xb - 6%a”3*%b~2 - 4*xa~2*b~3 - a*xb~4 - 10%(
a~5 + 4*a”4*xb + 6*a"3*b"2 + 4*%a"2%b"3 + a*b”4)*cosh(x)"4 + 10x(21*x(a”5 + 4%
a~4xb + 6*a”3*b”"2 + 4*a"2*xb"3 + a*b~4)*cosh(x)”"6 - a”5 - 4*xa~4xb - 6*a”3*b”
2 - 4%a”2+%b”3 - a*b”4 - 35x(a”5 + 4*a"4*b + 6*%a”3*b"2 + 4*xa"2%b"3 + axb”4)*
cosh(x)~4 + 15%(a”5 + 4*a”4xb + 6%a”3*b~2 + 4*xa~2*b"3 + a*xb~4)*cosh(x) "2)*s
inh(x)~4 + 40%(3*(a”5 + 4*a~4*b + 6*xa~3*b"2 + 4*a”2*%b"3 + a*b”~4)*cosh(x)"7
- 7x(a”b + 4*a”4*b + 6*a~3*b"2 + 4*a"2%b"3 + axb"4)*cosh(x)"5 + 5x(a”5 + 4%
a~4xb + 6*a”3*b”"2 + 4*a~2xb"3 + ax*b~4)*cosh(x)”"3 - (a”5 + 4*xa~4xb + 6*a”3x*b
"2 + 4%a”2+%b”3 + a*b"4)*cosh(x))*sinh(x)”3 + 5%(a”5 + 4xa~4%b + 6*a”3*b"2 +
4*xa~2*b"3 + axb”4)*cosh(x)”2 + 5x(9*(a”5 + 4*xa~4xb + 6*a”3*b"2 + 4*a”~2*xb"3
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+ a*b”4)*cosh(x)"8 - 28x(a”5 + 4*a~4*b + 6*a”3*b"2 + 4*xa~2%b~3 + a*b”4)*co
sh(x)76 + a”b + 4*xa~4*xb + 6%a~3%b~2 + 4*a”2*b~3 + a*b~4 + 30%(a”5 + 4*a~4x*b
+ 6*%a”3*b72 + 4*a"2*b"3 + a*b~4)*cosh(x)”4 - 12x(a”5 + 4xa~4*b + 6*a”3*b"2
+ 4*%a”2*b"3 + a*b~4)*cosh(x) "2)*sinh(x)”"2 + 10*x((a”5 + 4*a~4*b + 6*a”~3*b"2
+ 4*%a”"2*b"3 + a*b"4)*cosh(x)”9 - 4*x(a”5 + 4*a~4xb + 6%a~3*%b"2 + 4*a”~2*b"3
+ a*b~4)*cosh(x)”7 + 6x(a”5 + 4*xa~4*b + 6*a~3*%b”2 + 4*a~2%b~3 + a*b”4)*cosh
(x)75 - 4x(a”b + 4*a"4*b + 6*xa~3*xb"2 + 4%a”2%b"3 + ax*b”4)*cosh(x)"3 + (a”5
+ 4%a”4%b + 6%a"3*%b"2 + 4%a”2%b"3 + axb”4)*cosh(x))*sinh(x)), -1/15%(30*(a~
2%b”"2 + axb~3)*cosh(x)”8 + 240*x(a"2*b"2 + a*xb~3)*cosh(x)*sinh(x)~7 + 30*x(a”
2%b"2 + a*b”3)*sinh(x)"8 - 60%(a~3*b + 4*a”2*b"2 + 3*a*xb~3)*cosh(x)”6 - 60%
(a™3*b + 4*a”~2%b"2 + 3*a*xb”3 - 14x(a"2*b"2 + a*b~3)*cosh(x)~2)*sinh(x)"6 +
120* (14*(a~2%b"2 + a*b~3)*cosh(x)~3 - 3*x(a~3*b + 4*a~2%b~2 + 3*a*xb~3)*cosh(
x))*sinh(x)~5 + 20*%(8*xa~4 + 31*a”3*b + 47*xa”2*b”"2 + 24*a*xb~3)*cosh(x)"4 + 2
0*(105%(a”2*b"2 + a*xb~3)*cosh(x)~4 + 8*a~4 + 31*a~3xb + 47*a"2%b"2 + 24x*axb
3 - 45%(a”3*b + 4*a"2*b"2 + 3*a*b~3)*cosh(x) "2)*sinh(x)"4 + 16%a~4 + 68*a”
3*%b + 118*a”"2*b"2 + 66*a*xb”3 + 80*(21*(a"2*b"2 + a*b~3)*cosh(x)”5 - 156%x(a”3
*b + 4%a”2+%b”2 + 3*axb~3)*cosh(x)”3 + (8*a"4 + 31*a”3*b + 47xa"2%b~2 + 24x*a
*b~3)*cosh(x))*sinh(x) "3 - 20*(4*a"4 + 17*a”3%b + 28*a~2*b~2 + 15%a*b”3)*co
sh(x)~2 + 20%(42*x(a"2*%b"2 + axb~3)*cosh(x)”6 — 45%x(a~3*b + 4*a~2*xb~2 + 3xax
b~3)*cosh(x)~4 - 4*¥a”4 - 17*a"3*b — 28*a~2*%b~2 - 15*a*b”3 + 6%(8*a~4 + 31xa
“3%b + 47*%a"2%b"2 + 24xaxb~3)*cosh(x)"2)*sinh(x)”"2 + 15%(b~3*cosh(x)~10 + 1
0*b~3*cosh(x)*sinh(x) "9 + b~ 3*sinh(x)~10 - 5%b~3*cosh(x)~8 + 10*b~3*cosh(x)
“6 + 5%(9*b~3*cosh(x)”2 - b"3)*sinh(x)~8 + 40%(3*b~3*cosh(x)~3 - b~ 3*cosh(x
))*sinh(x)”7 - 10*b~3*cosh(x)"4 + 10*(21%b~3*cosh(x)~4 - 14xb~3*cosh(x)”2 +
b~3)*sinh(x) "6 + 4*x(63*b~3*cosh(x)~5 - 70%b"3*xcosh(x)”~3 + 15%b~3*cosh(x))x*
sinh(x)~5 + 5%b~3*%cosh(x)”~2 + 10%(21*b~3*cosh(x)~6 - 35%b~3*cosh(x)"4 + 15%
b~3*cosh(x)”"2 - b~3)*sinh(x) "4 + 40*%(3*%b~3*cosh(x)~7 - 7*b~3*cosh(x)”5 + 5%
b~ 3*%cosh(x)~3 - b~3*cosh(x))*sinh(x)~3 - b~3 + 5%(9%b~3*cosh(x)”~8 - 28xb~3*
cosh(x) "6 + 30%b~3*cosh(x)~4 - 12%b~3*cosh(x)”~2 + b~3)*sinh(x)"2 + 10*(b~3*
cosh(x)~9 - 4xb~3*cosh(x)”7 + 6*b~3*cosh(x)”5 - 4*b~3*cosh(x)~3 + b~ 3*cosh(
x))*sinh(x))*sqrt(-a~2 - a*b)*arctan(l/2*(b*cosh(x)~2 + 2xb*cosh(x)*sinh(x)
+ b*sinh(x)72 + 2*%a + b)*sqrt(-a”2 - a*b)/(a"2 + axb)) + 40*(6%(a"2*b"2 +
a*b~3)*cosh(x)”7 - 9*(a~3*b + 4%a~2%b~2 + 3*a*b”~3)*cosh(x)"5 + 2%(8*a"4 + 3
1*%a~3%b + 47*a"2%b"2 + 24*a*b”3)*cosh(x)~3 - (4*a~4 + 17*a"3*b + 28*%a~2*xb~2
+ 15%axb”~3)*cosh(x))*sinh(x))/((a"5 + 4*a~4xb + 6%a”3*b~2 + 4*xa~2*b"3 + ax
b~4)*cosh(x)~10 + 10*(a”5 + 4*a~4*b + 6*a~3*b~2 + 4*a"2+%b"3 + a*b”~4)*cosh(x
)*¥sinh(x)~9 + (a”5 + 4*a”4xb + 6*xa~3*b"2 + 4*xa~2*%b”~3 + a*b~4)*sinh(x)”10 -
5%(a”5 + 4*a”4xb + 6*a~3*b"2 + 4%a"2%b"3 + a*b”4)*cosh(x)"8 - 5x(a”5 + 4*a”
4xb + 6*xa~3*%b”"2 + 4*a"2%b”3 + axb”4 - 9*x(a”5 + 4xa"4xb + 6*a"3*%b"2 + 4*a”2x%
b~3 + a*b~4)*cosh(x) "2)*sinh(x)~8 + 40*(3*x(a”5 + 4*a”4xb + 6%xa~3*b"2 + 4x*xa”
2%b~3 + a*b”4)*cosh(x)"3 - (a”5 + 4*a"4%b + 6*%a”3*b"2 + 4*xa"2*%b"3 + axb”4)*
cosh(x))*sinh(x)"7 + 10%(a~5 + 4xa~4*xb + 6*%a~3*%b"2 + 4*a”~2*xb~3 + ax*xb™4)x*cos
h(x)76 + 10x(a”5 + 4*a~4%b + 6*a”~3*b"2 + 4%xa~2%b~3 + a*b™4 + 21*(a”~5 + 4xa”
4xb + 6*%a~3*b72 + 4*a”2*%b”3 + a*b"4)*cosh(x)"4 - 14*x(a”b + 4*a~4*xb + 6xa~ 3%
b~2 + 4*%a~2%b"3 + axb~4)*cosh(x) "2)*sinh(x)"6 + 4*x(63*x(a”5 + 4*a~4*xb + 6*a”
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3*b~2 + 4*a”2*b"3 + ax*b~4)*cosh(x)”5 - 70x(a”5 + 4xa~4%b + 6*%a”3*b”2 + 4*a”
2%b~3 + a*b”4)*cosh(x)”"3 + 15%x(a”5 + 4*a~4*b + 6*%a”~3*b"2 + 4*xa~2%b~3 + a*b”
4)xcosh(x))*sinh(x)”"5 - a5 - 4*a”4xb - 6%a”3*b"2 - 4*a~2*%b"3 - a*xb™4 - 10%
(a”5 + 4*a~4%b + 6*%a”3*b"2 + 4*a~2%b"3 + a*b”4)*cosh(x)”"4 + 10x(21x(a”5 + 4
*a~4%b + 6*%a”"3*b"2 + 4*a"2*%b"3 + a*b”4)*cosh(x)"6 - a~5 - 4*a~4xb - 6*a”3x*b
"2 - 4xa"2%b"3 - a*b”4 - 35%x(a”5 + 4*a"4*b + 6%a”"3*%b"2 + 4%a"2*b"3 + axb~4)
*cosh(x)~4 + 15%(a”5 + 4*xa~4xb + 6%a”3*b~2 + 4*a”2*b”~3 + a*xb~4)*cosh(x) ~2)*
sinh(x)~4 + 40*%(3*x(a”5 + 4*a"4*xb + 6*a~3*%b”2 + 4*a~2%b"3 + a*b”4)*cosh(x)”7
- 7%(a”5 + 4*a”4*xb + 6%xa~3%b"2 + 4*a”2*b”3 + a*b"4)*cosh(x)”5 + 5%(a”5 + 4
*a~4*b + 6*%a”3*b"2 + 4*a"2*b"3 + a*b”4)*cosh(x)”"3 - (2”5 + 4*xa~4xb + 6*a”3*
b~2 + 4*a~2%b”"3 + ax*b~4)*cosh(x))*sinh(x)~3 + 5*x(a”5 + 4*a”4*xb + 6*xa~3*b~2
+ 4*a”2*b”3 + a*b"4)*cosh(x) "2 + 5k (9*%(a”5 + 4*xa~4xb + 6%a~3%b"2 + 4*xa”~2*b”
3 + axb”4)*cosh(x)”8 - 28+(a”5 + 4*a~4xb + 6%a”3*b~2 + 4*xa~2*b~3 + a*xb~4)*c
osh(x)76 + a5 + 4*a~4*xb + 6%xa~3%b~2 + 4*a”2*b”3 + a*b™4 + 30%x(a”5 + 4*xa~4*
b + 6*xa~3*b"2 + 4%a"2%b"3 + ax*b"4)*cosh(x)"4 - 12+x(a”5 + 4*a"4*b + 6*xa~3xb”
2 + 4%a”2*%b"3 + a*b”4)*cosh(x)"2)*sinh(x)"2 + 10*x((a”5 + 4*a~4*b + 6*a”3*b”
2 + 4%a”2+%b”3 + a*b"4)*cosh(x)”9 - 4*(a”b + 4*a"4*xb + 6*xa~3%b"2 + 4*a”2%b"3
+ a*b”4)*cosh(x)”7 + 6x(a”5 + 4*a~4%b + 6*a”3*b”"2 + 4*a~2*xb~3 + axb~4)*cos
h(x)"5 - 4%(a”5 + 4*a~4xb + 6%a”3*b"2 + 4*xa~2*b"3 + ax*xb~4)*cosh(x)”"3 + (a"5
+ 4*a”4*xb + 6*xa~3*%b"2 + 4%a”2%b"3 + ax*b”4)*cosh(x))*sinh(x))]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)**6/(at+tbxcosh(x)**2) ,x)

[Out] Timed out

Giac [B] time = 1.41892, size = 255, normalized size = 2.87

h3 arctan (be(z 042 a+b)

2V—a2-qb

2 (15 b2e®0) — 30 abe©® — 90 h2e©*) + 80 a2 + 230 abe™*™) + 240 p2e*¥) —
(a3 +3a%b + 3ab? + b3) —a?—ab 15 (a3 +3a%b+ 3ab? + b3)(e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csch(x)~6/(atb*cosh(x)~2),x, algorithm="giac")
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[Out] -b~3*arctan(1/2*(b*e”(2*x) + 2*a + b)/sqrt(-a”2 - axb))/((a"3 + 3*a"2*b + 3
*xa*xb”2 + b73)*sqrt(-a”2 - axb)) - 2/15*%(16%b"2xe” (8*x) - 30*a*xbxe”(6*x) - 9
0*b~2*%e” (6*xx) + 80xa~2%e” (4*x) + 230*axbxe” (4*x) + 240%b~2%e” (4*x) - 40*a~2
*e” (2%x) - 130*axb*xe” (2*x) - 150%b~2%e”(2*x) + 8*a~2 + 26*xaxb + 33*%b~2)/((a

~3 + 3%a"2%b + 3*xa*b”2 + b"3)*(e”"(2%x) - 1)75)
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inh(x)
3.19 d
f 4-3 cosh3 (x) X

Optimal. Leaf size=98

t -1 % cosh(x)+1
log (3%° cosh’(x) +2?° Y3 cosh(x) +22) log (2% - VBeosh() " |7
- +
12V6 6v/6 2+/2356

[Out] ArcTan[(1 + 67(1/3)*Cosh[x])/Sqrt[31]1/(2*x2~(1/3)*3~(5/6)) - Logl[2~(2/3) - 3
~(1/3)*Cosh[x]]/(6*x67(1/3)) + Logl[2%27(1/3) + 27(2/3)*37(1/3)*Cosh[x] + 37(
2/3)*Cosh[x]72]/(12%6°(1/3))

Rubi [A] time = 0.116689, antiderivative size = 98, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 13, T~ > % _

0.538, Rules used = {3223, 200, 31, 634, 617, 204, 628}

integrand size

-1 \3/6 cosh(x)+1
log (32/3 cosh?(x) + 2233 cosh(x) + 2\3/5) log (22/3 -3 cosh(x)) tan (T)
- +
1236 66 22356

Antiderivative was successfully verified.

[In] Int[Sinh[x]/(4 - 3*Cosh[x]~3),x]

[Out] ArcTan[(1 + 67(1/3)*Cosh[x])/Sqrt[3]]1/(2%x27(1/3)*37(5/6)) - Logl27(2/3) - 3
~(1/3)*Cosh[x]]/(6%67(1/3)) + Logl[2%27(1/3) + 27(2/3)*37(1/3)*Cosh[x] + 37(
2/3)*Cosh[x]72]/(12%6~(1/3))

Rule 3223

Int[cos[(e_.) + (£_D)*x )] (m_.)*((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x
DD (@ ))"(p_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Di
st[f£/f, Subst[Int[(1 - £f£72*%x72)"((m - 1)/2)*(a + bx(c*xff*x)"n)"p, x], x,
Sinl[e + f*x]/ff], x1] /; FreeQ[{a, b, c, e, f, n, p}, x] && IntegerQ[(m - 1
)/2] && (EqQ[n, 4] || GtQ[m, 0] || IGtQ[p, 0] || IntegersQ[m, pl)

Rule 200

Int[((a_) + (b_.)*(x_)~3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*Rt[a, 3] - R
t[b, 3]*x)/(Rtla, 3172 - Rtla, 3]*Rt[b, 3]*x + Rt[b, 3]172*x"2), x], x] /; F
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reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2*xc*x)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps
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sinh(x) ( 1 )
———~dx = Subst f ———dx, x, cosh(x
f 4 -3cosh’(x) 4-3x3 ®)

, 2 2281 3y
) Subst ( f TR dx, x, cosh(x)) ) Subst ( il 2 Tr27 Vo aE dx, x, cosh(x)

62 62

1 2283342
) log (22/3 _ \3/5 cosh(x)) . Subst ( f > T5ea e dx, x, Cosh(x)) ) Subst ( f T 200
= 636 2225 12

1
log (22/3 -3 cosh(x)) log (2\3/5 + 223:/3 cosh(x) + 3%3 coshz(x)) Subst ( ) =z ix,.
== 3 + 3 - 3
6v6 126 24

11+ % cosh(x)
tan ( V3 ) log (22 = 3 cosh(x))  log (2¥2 +2%3/3 cosh(x) + 327 cosh®(x))
- +

2+/235/6 66 126

Mathematica [A] time = 0.0863516, size = 77, normalized size = 0.79

V6 cosh(x) + 1 ))

1 2 3 3 6 -1
> (62/3 (1og (62/3 cosh?(x) + 2V6 cosh(x) + 4) —2log (2 - \/gcosh(x))) +6 2233 tan [ 75

Antiderivative was successfully verified.
[In] Integrate[Sinh([x]/(4 - 3*Cosh[x]~3),x]

[Out] (6%27(2/3)*37(1/6)*ArcTan[(1 + 67(1/3)*Cosh([x])/Sqrt[3]] + 67 (2/3)*(-2*Logl
2 - 67(1/3)*Cosh([x]] + Logl4 + 2x6~(1/3)*Cosh[x] + 67(2/3)*Cosh([x]~2]))/72

Maple [A] time = 0.012, size = 80, normalized size = 0.8

2 2 2 2 2 2
V433 V433 | /433 , V433 cosh(x) 43y3| V43 V3 [ 433 cosh (
~ 3¢ In|cosh (x)—T + = In| (cosh (x))” + 3 + 3 + 0 arctan S|

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(x)/(4-3*cosh(x)~3),x)
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[Out] -1/36*%4"(1/3)*37(2/3)*1n(cosh(x)-1/3*4~(1/3)*37(2/3))+1/72%4~(1/3)*37(2/3)*
In(cosh(x) "2+1/3%4~(1/3)*37(2/3)*cosh(x)+1/3%4~(2/3)*3~(1/3))+1/12%4~(1/3) *
37 (1/6)*arctan(1/3*%3"(1/2)*(1/2%4~(2/3)*3"(1/3) *cosh(x)+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

sinh (x)
- f P
3 cosh(x)” -4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)/(4-3*cosh(x)~3),x, algorithm="maxima"

[Out] -integrate(sinh(x)/(3*cosh(x)~3 - 4), x)

Fricas [B] time = 1.86329, size = 1143, normalized size = 11.66

1 1 1 1 102 2 2 2 2 2 1
o ~66\/§(—1)3 arctan(l—2 ~66(63\/§(—1)3 cosh (x)3 + 63\/5(—1)3 sinh (x)3 + (3 . 63\/5(—1)3 cosh(x)+4-63 \5) S

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)/(4-3*cosh(x)~3),x, algorithm="fricas")

[Out] 1/12%67(1/6)*sqrt(2)*(-1)"(1/3)*arctan(1/12*67(1/6)*(6~(2/3) *sqrt (2)*(-1) " (
2/3)*cosh(x) "3 + 67(2/3)*sqrt(2)*(-1)7(2/3)*sinh(x) "3 + (3*%67(2/3)*sqrt(2)*
(-1)7(2/3)*cosh(x) + 4*67(1/3)*sqrt(2))*sinh(x)"2 + 4x67(1/3)*sqrt(2)*cosh(
X)72 + (67(2/3)*sqrt(2)*x(-1)7(2/3) - 16*sqrt(2)*(-1)~(1/3))*cosh(x) + (3%6~
(2/3)*sqrt (2)*(-1)~(2/3) *cosh(x) "2 + 67(2/3)*sqrt(2)*(-1)"(2/3) + 8*67(1/3)
xsqrt (2)*cosh(x) - 16*sqrt(2)*(-1)7(1/3))*sinh(x) + 2*x6~(1/3)*sqrt(2))) - 1
/12%67(1/6) *sqrt (2)*(-1)~(1/3)*arctan(1/12%6~(1/6)* (6~ (2/3) *sqrt (2) *(-1)~(2
/3)*cosh(x) + 67(2/3)*sqrt(2)*(-1)~(2/3)*sinh(x) + 2*x6~(1/3)*sqrt(2))) - 1/
72%67(2/3)*(-1) " (1/3)*1og(-2x (2%x6~(2/3) *(-1) ~(1/3) *cosh(x) - 3*cosh(x)~2 -
3xsinh(x) "2 - 4*%67(1/3)*(-1)"(2/3) - 3)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + si
nh(x)"2)) + 1/36%67(2/3)*(-1)"(1/3)*1log(2*(67(2/3)*(-1)~(1/3) + 3*cosh(x))/
(cosh(x) - sinh(x)))
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Sympy [A] time = 2.8929, size = 85, normalized size = 0.87

2 5
2 . 63 2 2 2 Y236 cosh(x) 3
63 log (C%h () = ?) 63 log (36 cosh? (x) +12 - 63 cosh (x) + 24%) 23 {3atan 3 t3
36 " 72 " v

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)/(4-3*cosh(x)**3),x)

[Out] -6%*(2/3)*log(cosh(x) - 6%*(2/3)/3)/36 + 6%*(2/3)*Llog(36*cosh(x)**2 + 12*6%
*x(2/3)*cosh(x) + 24%6x*x(1/3))/72 + 2*%x(2/3)*3**(1/6)*atan (2x*(1/3)*3*x(5/6)

xcosh(x)/3 + sqrt(3)/3)/12

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(x)/(4-3*cosh(x)~3),x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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390 f cosh7(x)

a+b cosh? (x)

Optimal. Leaf size=78

) 3 -1 \/Z_Jsinh(x)
(a2 —ab+ bz) sinh(x) B a’ tan ( NP ) _(a-2b) sinh®(x) . sinh’(x)
b3 b72\la + b 3b? 5b

[Out] -((a~3*ArcTan[(Sqrt[b]l*Sinh([x])/Sqrtla + b]]1)/ (b~ (7/2)*Sqrt[a + b])) + ((a~
2 - axb + b72)*Sinh[x])/b"3 - ((a - 2*b)*Sinh[x]~3)/(3*b~2) + Sinh[x]~5/(5*
b)

Rubi [A] time = 0.0902578, antiderivative size = 78, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e -

0.2, Rules used = {3186, 390, 205}

integrand size

. 3 _1 (Vbsinh(x)
(a2 —ab+ bz) sinh(x) _ a”tan ( Jith ) _(a-2b) sinh®(x) N sinh’(x)
b3 b2\ + b 3b? 5b

Antiderivative was successfully verified.

[In] Int[Cosh[x]"7/(a + b*Cosh[x]"2),x]

[Out] -((a”3*ArcTan[(Sqrt[b]l*Sinh[x])/Sqrtla + b]])/ (b~ (7/2)*Sqrt[a + b])) + ((a~
2 - a*xb + b™2)*Sinh[x]) /b3 - ((a - 2*b)*Sinh[x]~3)/(3*b~2) + Sinh[x]~5/ (5
b)

Rule 3186

Int[sin[(e_.) + (£_D)*(x_)]1 " (m_.)*x((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)]1"2)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fx*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - f£72%xx72)"((m - 1)/2)*(a + b - b*ff"2%xx"2)"p, x], x, Cosle +
f*x]/£f£f], x1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 390

Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*x(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (¢ + d*x"n)~(-q), x], x] /; FreeQ[{a
, b, c, d}, x] && NeQ[b*c - a*d, 0] && IGtQ[n, 0] && IGtQ[p, 0] && ILtQl[q,
0] && GeQlp, -q]
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Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

7 2 ’
f _cosh'(x) dx = Subst [ f (1+—x) dx, x, sinh(x)]

a+b coshz(x) a+Db+bx?
a®> —ab+b*> (a-2b)x> x* al
= Subst f - + — - ———— | dx, x,sinh(x
( [ v b b b3 (a+b+bx?) ®)

1 .
(- ab+b?)sinh(x) (2 - 2b)sink’(x) , sinh*() @ Subst (f e P % Smh(x))
= b3 352 5bh b3
_1 { Vbsinh(x) ‘
@’ tan ( N ) . (a2 —ab+ 1) sinh(x) (g - 2b)sinh’(x) . sinh®(x)

b72a + b b3 3b? 5b

Mathematica [A] time = 0.273588, size = 86, normalized size = 1.1

) N 3 t —1 [ Va+bcsch(x)
(842 - 6ab + 512) sinh(x) LU\ ) (e -5h)sinh@x) | sinh5y)
843 22+ b 48b2 80b

Antiderivative was successfully verified.

[In] Integrate[Cosh[x]~7/(a + b*Cosh[x]~2),x]

[Out] (a”3*ArcTan[(Sqrt[a + b]*Csch[x])/Sqrt[bl])/(b~(7/2)*Sqrt[a + b]) + ((8xa~2
- 6xaxb + 5xb~2)*Sinh([x])/(8xb~3) - ((4*a - 5*b)*Sinh[3*x])/(48*b"2) + Sin
h[5*x]/ (80%*b)

Maple [B] time = 0.046, size = 317, normalized size = 4.1

—i(t h(f)+1)_5+i(t h(f)+1)_4+1(t h(f)+1)_2—i(t h(f)+1)_2—£(t h(f)+1)
5\ M2 25\ 2 gy \ M2 22 "2 120 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cosh(x)~7/(a+b*cosh(x)~2),x)

[Out] -1/5/b/(tanh(1/2*x)+1)~5+1/2/b/(tanh(1/2*x)+1)~4+7/8/b/(tanh(1/2*x)+1)"2-1/
2/b"2/(tanh(1/2*x)+1) "2*a-11/12/b/(tanh(1/2*x)+1) "3+1/3/b"2/(tanh (1/2*x)+1)
~3*a-1/b"3/(tanh(1/2*x)+1)*a”~2+1/b"2/(tanh(1/2*x)+1)*a-1/b/(tanh (1/2*x)+1) -
a~3/b~(7/2)/(a+b) " (1/2)*arctan(1/2* (2*xtanh(1/2*x)* (a+b) ~(1/2)+2*a~(1/2))/b"
(1/2))+a~3/b~(7/2)/(a+b) " (1/2) *arctan(1/2* (-2xtanh (1/2*x) * (a+b) "~ (1/2) +2*a" (
1/2))/b~(1/2))-1/2/b/(tanh(1/2*x)-1)"4-1/5/b/(tanh(1/2xx)-1)~5-7/8/b/ (tanh(
1/2*x)-1)"2+1/2/b"2/(tanh(1/2*x)-1) "2*a-11/12/b/ (tanh(1/2*x)-1)"3+1/3/b"2/(
tanh(1/2*x)-1) "3*a-1/b"3/(tanh(1/2*x)-1)*a~2+1/b"2/(tanh(1/2*x)-1)*a-1/b/(t
anh(1/2%x)-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

(3 p2e(10%) _ 342 5 (4 ab-5 bz)e@x) +30 (8 a2 —6ab+5 bz)e(“) - 30 (8 2 —-6ab+5 bZ)e(‘“‘) +5 (4 ab -5 bz)e(“))e(‘
480 b3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~7/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] 1/480*%(3*b"2*xe~(10*x) - 3*b~2 - Bk (4*axb — 5xb"2)*e~(8*x) + 30*%(8*a”2 - 6*a
*b + 5*xb72) ke (6*x) — 30%(8*a”2 - 6*axb + 5xb"2)*e”(4*x) + 5x(4*axb - 5*b"2

)*e” (2%x) ) *e” (-5*x) /b~3 - 1/128xintegrate(256*(a~3*e~ (3*x) + a~3*e”x)/(b~4x

e~ (4xx) + b™4 + 2x(2xa*xb”3 + b~4)*e” (2*x)), x)

Fricas [B] time = 2.12411, size = 6260, normalized size = 80.26

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~7/(at+b*cosh(x)~2),x, algorithm="fricas")

[Out] [1/480%(3*(a*b”3 + b~4)*cosh(x)~10 + 30%(a*b™3 + b~4)*cosh(x)*sinh(x)"9 + 3
*(a¥b”3 + b74)*sinh(x)"10 - 5%(4*a~2%b"2 - a*b”™3 - 5*b~4)*cosh(x)”8 - 5*(4*
a~2%b"2 - a*xb”3 - 5*xb"4 - 27x(a*b”3 + b"4)*cosh(x) "2)*sinh(x) "8 + 40*(9*(ax*
b~3 + b74)*cosh(x)”3 - (4*a"2%b"2 - a*b”™3 - 5*b~4)*cosh(x))*sinh(x)~7 + 30%
(8*%a~3%b + 2*a”2*b”2 - a*b”3 + 5xb~4)*cosh(x)”6 + 10*(63*(a*xb~3 + b~4)*cosh
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(x)74 + 24*%a”3%b + 6%a"2*b"2 - 3*a*xb”3 + 15%b"4 - 14*x(4*a”2*b"2 - a*b”3 - 5
*b~4)*cosh(x) "2)*sinh(x) "6 + 4% (189*(a*b”3 + b~4)*cosh(x)"5 - 70*(4*a~2*%b"2
- a*xb”3 - 5x¥b"4)*cosh(x)~3 + 45%(8*a”~3%b + 2*xa~2*b"2 - a*b~3 + 5xb~4)*cosh
(x))*sinh(x) "5 - 30*(8*a”~3*b + 2*xa~2*%b~2 - a*b”3 + 5*b~4)*cosh(x)"4 + 10*(6
3x(a*b”3 + b"4)*cosh(x)"6 - 35x(4*a"2%b"2 - a*b”™3 - 5*xb~4)*cosh(x)"4 - 24x*a
“3%b - 6*%a”2*b”2 + 3*%axb~3 - 15%b~4 + 45%(8*a”3*b + 2*xa~2xb"2 - a*b~3 + b*b
“4)*cosh(x) "2)*sinh(x)~4 - 3*a*xb~3 - 3*b~4 + 40*(9*(a*xb™3 + b~4)*cosh(x)”"7
- 7T*(4*%a"2*%b"2 - a*b™3 - 5xb~4)*cosh(x)”5 + 15%(8*a~3*b + 2*xa~2%b"2 - a*b”3
+ 5*b"4)*cosh(x) "3 - 3*(8*a"3*b + 2*a”"2*b"2 — a*b~3 + 5%b~4)*cosh(x))*sinh
(x)73 + 5%(4*%a"2*b"2 - a*b™3 - 5xb~4)*cosh(x)"2 + 5x(27*(a*b”3 + b~4)*cosh(
X)78 - 28%(4*a”~2%b"2 - a*b”3 - 5*b74)*cosh(x)”6 + 90*(8*xa~3*b + 2*a~2%b"2 -
a*b”3 + 5*b74)*cosh(x)~4 + 4%a~2%b"2 - a*b”™3 - 5xb~4 - 36%(8*a~3*b + 2*a”2
*b"2 - a*b”3 + 5*b~4)*cosh(x)"2)*sinh(x) "2 - 240*(a~3*cosh(x)”5 + 5%a”3*cos
h(x) “4*sinh(x) + 10*a”~3*cosh(x) " 3*sinh(x)~2 + 10*a~3*cosh(x) "2*sinh(x)~3 +
5%a~3*cosh(x)*sinh(x)~4 + a~3*sinh(x)~5)*sqrt(-a*b - b~2)*log((b*cosh(x) 4
+ 4xb*cosh(x)*sinh(x)~3 + b*sinh(x) "4 - 2*x(2*a + 3*b)*cosh(x) 2 + 2*(3*b*co
sh(x)~2 - 2*a - 3*b)*sinh(x)~2 + 4*(b*cosh(x)~3 - (2*a + 3*Db)*cosh(x))*sinh
(x) + 4x(cosh(x)"3 + 3*cosh(x)*sinh(x)"2 + sinh(x)~3 + (3*cosh(x)"2 - 1)*si
nh(x) - cosh(x))*sqrt(-a*b - b"2) + b)/(bxcosh(x)~4 + 4xb*cosh(x)*sinh(x)~3
+ b*sinh(x)"4 + 2% (2*%a + b)*cosh(x)~2 + 2*%(3*b*cosh(x)”"2 + 2*a + b)*sinh(x
)72 + 4% (b*cosh(x)"3 + (2*a + b)*cosh(x))*sinh(x) + b)) + 10*x(3*(a*b”3 + b~
4)*cosh(x)"9 - 4% (4*a~2*%b"2 - a*b™3 - 5*xb74)*cosh(x)”7 + 18*(8*a”~3*b + 2xa”
2%b~2 - a*b”3 + 5*b"4)*cosh(x)”5 - 12*%(8*a”3*b + 2*xa~2xb~2 - a*xb~3 + 5*b~4)
*cosh(x)73 + (4*a"2%b"2 - a*b”™3 - 5*b~4)*cosh(x))*sinh(x))/((a*xb™4 + b~5)*c
osh(x)~5 + bx(a*b™4 + b~5)*cosh(x) "4*xsinh(x) + 10x(a*b”4 + b~5)*cosh(x) ~3*s
inh(x)~2 + 10x(a*b™4 + b~5)*cosh(x) " 2*sinh(x)~3 + 5%(a*b”™4 + b~5)*cosh(x)*s
inh(x)~4 + (a*xb™4 + b~5)*sinh(x)”5), 1/480*%(3*(a*b”3 + b~4)*cosh(x)~10 + 30
*(axb”3 + b74)*cosh(x)*sinh(x)~9 + 3*(a*b”™3 + b~4)*sinh(x)~10 - 5% (4*a~2*b~
2 - a*b”3 - 5*b"4)*cosh(x)"8 - 5%(4*a”2*b"2 - a*b™3 - 5xb"4 - 27*(a*b”™3 + b
~4)*cosh(x)"2)*sinh(x) "8 + 40%(9*(a*xb~3 + b~4)*cosh(x)”3 - (4*a~2%b"2 - ax*b
3 - 5%b74)*cosh(x))*sinh(x)”~7 + 30*%(8*a”3*b + 2*a”~2*b"2 - a*b~3 + 5%b74)*c
osh(x)"6 + 10%(63*x(a*b”™3 + b~4)*cosh(x)"4 + 24*a"3*b + 6xa~2%b”"2 - 3*a*xb~3
+ 1656%b74 - 14*(4*a~2%b"2 - a*b”3 - 5*b”"4)*cosh(x) 2)*sinh(x) "6 + 4*(189*(ax*
b~3 + b74)*cosh(x)”5 - 7T0x(4*xa~2*b"2 - a*xb~3 - 5*b~4)*cosh(x)~3 + 45%(8*a~3
*b + 2%a”2*%b72 - a*b”3 + 5xb~4)*cosh(x))*sinh(x)”"5 — 30*(8*a~3%b + 2*a~2*b”
2 - a*b”3 + 5*b"4)*cosh(x)"4 + 10%(63*(a*b”™3 + b~4)*cosh(x)"6 - 35%(4*a”2x*b
"2 - a*¥b”3 - 5%b74)*cosh(x)"4 - 24*a”3%b - 6*xa"2*b"2 + 3*axb”3 - 15%b74 + 4
5% (8*a~3*b + 2*a”"2*b"2 - axb~3 + 5%b~4)*cosh(x) "2)*sinh(x)~4 - 3*a*xb~3 - 3%
b~4 + 40*x(9*(a*xb~3 + b~4)*cosh(x)”7 - 7*(4*a~2*b"2 - a*xb”3 - 5xb~4)*cosh(x)
5 + 15%(8*a”3*b + 2*a"2*b"2 - a*b”3 + 5*b"4)*cosh(x)"3 - 3*x(8*a~3*b + 2*a”
2%b"2 - a*b”3 + 5*b"4)*cosh(x))*sinh(x) 3 + 5*(4*a”~2*b"2 - a*b~3 - 5%b~4)*c
osh(x)"2 + 5x(27*(a*b”3 + b~4)*cosh(x) "8 - 28*(4*a"2*xb"2 — a*b™3 - 5%b74)*c
osh(x)~6 + 90*(8*a”3*b + 2xa~2%b~2 - a*b”3 + 5*b~4)*cosh(x)~4 + 4%a~2%b"2 -
a*b”™3 - B*b74 - 36%(8*a~3%b + 2*a”2*%b”2 - a*b”3 + 5xb~4)*cosh(x) "2)*sinh(x
)72 - 480%(a”~3*cosh(x)”5 + 5*a”3*cosh(x) “4*sinh(x) + 10*a”~3*cosh(x) " 3*sinh(
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x) 72 + 10*a"3*cosh(x) “2*sinh(x)~3 + 5%*a”3*cosh(x)*sinh(x)~4 + a~3*sinh(x)~5
)*sqrt (a*xb + b~2)*arctan(1/2*(b*cosh(x)~3 + 3*b*cosh(x)*sinh(x)~2 + b*sinh(
x)73 + (4*%a + 3xb)*cosh(x) + (3*b*cosh(x)”2 + 4xa + 3%b)*sinh(x))/sqrt(a*b

+ b72)) - 480*(a~3*cosh(x)”5 + b*a~3*cosh(x) “4*sinh(x) + 10*a"3*cosh(x) ~3*s
inh(x)"2 + 10*a”3*cosh(x) " 2*sinh(x)~3 + 5*a”3*cosh(x)*sinh(x)~4 + a~3*sinh(
x)7B)*sqrt(axb + b~2)*arctan(1/2*sqrt(a*b + b72)*(cosh(x) + sinh(x))/(a + b
)) + 10%(3*x(a*b”3 + b~4)*cosh(x)~9 - 4*(4*a~2xb"2 - a*b~3 - 5*b~4)*cosh(x)”
7 + 18%(8*a”3%b + 2*a”2%b"2 - a*b”3 + 5xb~4)*cosh(x)~5 - 12*%(8+a~3*b + 2x*a”
2%b"2 - a*b”3 + 5*b"4)*cosh(x)"3 + (4*a”2%b"2 - a*b”3 - 5*b~4)*cosh(x))*sin
h(x))/((a*xb”4 + b~5)*cosh(x)”5 + 5x(a*b”4 + b~5)*cosh(x) "4*sinh(x) + 10x(a*
b~4 + b~5)*cosh(x) " 3*sinh(x)~2 + 10x(a*b™4 + b~5)*cosh(x) " 2*sinh(x)~3 + 5x%(
a*xb~4 + b~5)*cosh(x)*sinh(x)~4 + (a*b”™4 + b~5)*sinh(x)~5)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)**7/(at+bxcosh(x)**2) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~7/(atb*cosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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391 f cosh6(x)

a+b cosh? (x)

Optimal. Leaf size=88

5/ ~1 { v/atanh(x)
x (8a2 —4ab + 3b2) B a*? tanh ( Jaib ) _ (4a - 3b)sinh(x) cosh(x) N sinh(x) cosh®(x)
8b3 B\a+b 8b? 4b

[Out] ((8*a"2 - 4xa*b + 3xb~2)*x)/(8*%b"3) - (a~(5/2)*ArcTanh[(Sqrt[a]*Tanh([x])/Sq
rtla + b]])/(b"3*Sqrt[a + b]) - ((4xa - 3*b)*Cosh[x]*Sinh[x])/(8%b~2) + (Co
sh[x]~3*Sinh[x])/(4%Db)

Rubi [A] time = 0.209898, antiderivative size = 88, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 15, LT

integrand size
0.4, Rules used = {3187, 470, 578, 522, 206, 208}

5/2 —1 { v/atanh(x)
X (8512 —4ab + 3b2) B a°2 tanh ( NP ) _ (4a —3b) sinh(x) cosh(x) s sinh(x) cosh’(x)
8b3 B3\a+b 8b2 4b

Antiderivative was successfully verified.

[In] Int[Cosh[x]"6/(a + b*Cosh[x]"2),x]

[Out] ((8*a"2 - 4xa*b + 3xb~2)*x)/(8*b"3) - (a~(5/2)*ArcTanh[(Sqrt[a]*Tanh([x])/Sq
rtla + b]])/(b"3%Sqrtla + b]) - ((4*a - 3*b)*Cosh[x]*Sinh[x])/(8%b~2) + (Co
sh[x] ~3*Sinh[x])/(4%*b)

Rule 3187

Int[sinl[(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff"(m + 1
)/f, Subst[Int[(x"m*(a + (a + b)*ff 2%xx"2)"p)/(1 + ff 2%x"2)"(m/2 + p + 1),
x], x, Tanle + fxx]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] &&
IntegerQ[p]

Rule 470

Int[((e_.)*(x )) " (m_.)*x((a_) + (b_.)*x(x_ )" (n )~ (p)*x((c_) + (d_.)*x(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(a*e™(2%n - 1)*(exx) " (m - 2*n + 1)*(a + b*x"n)~
(p + )x(c + d*xx"n)~(q + 1))/ (b*nx(bxc - a*xd)*(p + 1)), x] + Dist[e”(2*n)/(
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b*nx(b*xc - axd)*(p + 1)), Int[(e*xx)"(m - 2*n)*(a + b*x"n) " (p + 1)*(c + d*x~
n) “g*Simp[a*xck(m - 2%n + 1) + (axd*(m - n + nxq + 1) + b*cxnx(p + 1))*x"n,
x], x], x] /; FreeQ[{a, b, c, d, e, q}, x] & NeQ[bxc - axd, 0] && IGtQ[n,
0] && LtQlp, -1] &% GtQ[m - n + 1, n] && IntBinomialQ[a, b, c, d, e, m, n,
P, 9, x]

Rule 578

Int[((g_.)*(x_)) " (m_.)*x((a_) + (b_)*x(x_)"(m_ D))" (p_)*((c_) + (d_.)*x(x_)"(n_
)" (g )*((e ) + (£_)*(x_)"(n_)), x_Symbol] :> Simp[(g~(n - 1)*(bxe - axf)=*
(g¥x)"(m - n + 1)*x(a + b*x™n) " (p + 1)*(c + d*x™n)"(q + 1))/ (b*n*x(b*c - axd)
*(p + 1)), x] - Distlg™n/(b*n*(b*c - axd)*(p + 1)), Int[(g*x) " (m - n)*(a +

b*x™n) " (p + 1)*(c + d*x"n) g*Simp[ckx(bxe - axf)*x(m - n + 1) + (dx(bxe - axf
)*(m + n*q + 1) - bknx(cxf - dxe)*(p + 1))*x"n, x], x], x] /; FreeQ[{a, b,

c, d, e, £, g, qf, x] & IGtQ[n, 0] && LtQ[p, -1] && GtQ[m - n + 1, O]

Rule 522

Int[(Ce) + (£_)*x(x_)"(m_))/(((a_) + (b_)*(x_)"(m_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - a*xd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cx*f)/(b*xc - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, Db,
c, d, e, £, n}, xJ]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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6
f &(Xg dx = — Subst f 3 aa dx, x, coth(x)
a + bcosh”(x) (1 - xz) (a —(a+ b)xz)

2 _ 2
: Su ( f i (3Z+(a %) dx, x, coth(x))
_cosh”(x) sinh(x) _ (1-22) (a+(-a-D)x?)
- 4b 4b
—a(4a-3b)+(-4a?+ab-3b%)x?
dx, x, coth
__(40-3b) cosh(®)sinh(®) _cosh’(0)sinh() Subst (f (=)o) o coth
- 8b? 4b 8b?
3 1 2
(4a - 3b) cosh(x) sinh(x)  cosh’(x)sinh(x) 7 Subst (f (a2 dx, x, coth(x)) (8“
= — —+ — +
8b? 4b b3
—1 { y/atanh(x)
~ (8a2 —4ab + 3b2) X a°? tanh ( Vatb ) _ (4a - 3b) cosh(x) sinh(x) N cosh®(x) sinh(x)
B 83 B\Va+b 8h2 4b

Mathematica [A] time = 0.215353, size = 76, normalized size = 0.86

o 5/2 t h—l ( \/Etanh(x) )
324”7/ tan b

4x (8a2 — 4ab + 3b?) - — — 8b(a — b) sinh(2x) + b? sinh(4x)
3263

Antiderivative was successfully verified.

[In] Integrate[Cosh[x]~6/(a + b*Cosh[x]~2),x]

[Out] (4x(8*%a”2 - 4*a*xb + 3*b~2)*x - (32%a~(5/2)*ArcTanh[(Sqrt[al*Tanh[x])/Sqrt[a
+ b]])/Sqrtla + b] - 8x(a - b)*b*Sinh[2*x] + b 2*Sinh[4*x])/(32%b~3)

Maple [B] time = 0.037, size = 323, normalized size = 3.7

1 x 41 x S x -1 5 X 17 x -
_él_b (tanh (E) + 1) + Z_b (tanh (E) + 1) - z—bz (tanh (E) + 1) + @ (tanh (E) + 1) - @ (tanh (E) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)~6/(a+b*xcosh(x)~2),x)
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[Out] -1/4/b/(tanh(1/2*x)+1)~4+1/2/b/(tanh(1/2*x)+1)~3-1/2/b"2/(tanh(1/2*x)+1)*a+
5/8/b/(tanh(1/2*x)+1)-7/8/b/ (tanh(1/2*x)+1) ~2+1/2/b"2/(tanh(1/2*x)+1) ~2*a+1

/b~ 3*1In(tanh(1/2*x)+1)*a~2-1/2*a/b"2*1In(tanh(1/2*x)+1)+3/8/b*1n(tanh (1/2*x)
+1)-1/2/b"3*a~(5/2)/(a+b) ~(1/2)*1n((a+b) ~(1/2) *tanh (1/2*x) ~2+2*a”~ (1/2) *tanh
(1/2*x)+(a+b) " (1/2))+1/2/b"3*xa~(5/2) / (a+b) " (1/2) *1n((a+b) ~(1/2) *tanh (1/2*x)
~2-2%a~ (1/2)*tanh(1/2*x)+(a+b) ~(1/2))+1/4/b/(tanh(1/2*x)-1)"4+1/2/b/(tanh (1
/2xx)-1)"3-1/2/b"2/(tanh(1/2*x)-1) *a+5/8/b/ (tanh (1/2*x)-1)+7/8/b/ (tanh (1/2x*
x)-1)"2-1/2/b"2/(tanh(1/2*x)-1) "2*a-1/b"3*1ln(tanh (1/2*x) -1) *a~2+1/2*a/b~2*1
n(tanh(1/2*x)-1)-3/8/b*1n(tanh(1/2*x)-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~6/(atb*cosh(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.07442, size = 3320, normalized size = 37.73

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~6/(at+b*cosh(x)~2),x, algorithm="fricas")

[Out] [1/64*(b~2*cosh(x)~8 + 8*b~2*cosh(x)*sinh(x)~7 + b™2*sinh(x)"8 - 8*(a*b - b
~2)*cosh(x) "6 + 4*x(7*b"2xcosh(x)~2 - 2*a*b + 2*b~2)*sinh(x)"6 + 8x(8*a~2 -
4xaxb + 3*b"2)*x*cosh(x) "4 + 8*x(7*b"2*xcosh(x)~3 - 6*(a*b - b~2)*cosh(x))*si
nh(x)~"5 + 2x(35%b~2*cosh(x) "4 - 60*(a*xb — b~2)*cosh(x) "2 + 4*x(8*a”~2 - 4*xaxb
+ 3%b72)*x) *sinh(x) "4 + 8% (7x*b~2*cosh(x)~5 - 20*(a*b - b~2)*cosh(x)”3 + 4%
(8*a™2 - 4xaxb + 3*b~2)*x*cosh(x))*sinh(x)~3 + 8x(a*b - b~2)*cosh(x) "2 + 4x
(7*b~2*cosh(x) "6 - 30*(axb - b~2)*cosh(x)”4 + 12x(8*a”2 - 4xaxb + 3*b~2)*x*
cosh(x)72 + 2*a*b - 2*b~2)*sinh(x)~2 + 32*(a"2*cosh(x) 4 + 4*a~2*xcosh(x) 3%
sinh(x) + 6*a”2*cosh(x) 2*sinh(x) "2 + 4*a”2*cosh(x)*sinh(x)~3 + a~2*sinh(x)
~4)*xsqrt(a/(a + b))*log((b~2*cosh(x) "4 + 4*b~2xcosh(x)*sinh(x)~3 + b~2*sinh
(x)74 + 2%(2*a*b + b~2)*cosh(x)~2 + 2% (3*%b~2*cosh(x)”2 + 2*axb + b~2)*sinh(
X)72 + 8*a”2 + 8xaxb + b72 + 4x(b"2*cosh(x)”"3 + (2%axb + b~2)*cosh(x))*sinh
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(x) + 4*x((axb + b~2)*cosh(x)”2 + 2x(a*b + b~2)*cosh(x)*sinh(x) + (a*b + b~2
)*sinh(x) 72 + 2%a”2 + 3%axb + b~2)*sqrt(a/(a + b)))/(b*cosh(x)"4 + 4xb*cosh
(x)*sinh(x) "3 + b*sinh(x)~4 + 2x(2%a + b)*cosh(x)~2 + 2*x(3*bxcosh(x)~2 + 2%
a + b)*sinh(x) 2 + 4*x(b*cosh(x)~3 + (2*a + b)*cosh(x))*sinh(x) + b)) - b~2
+ 8x(b"2*cosh(x)~7 - 6*(a*xb - b~2)*cosh(x)”"5 + 4*(8%xa~2 - 4*axb + 3*b~2)*x*
cosh(x)~3 + 2x(a*b - b~2)*cosh(x))*sinh(x))/(b~3*cosh(x)~4 + 4*b~3*cosh(x)”
3*sinh(x) + 6*b~3*cosh(x) 2*sinh(x)~2 + 4*b~3*cosh(x)*sinh(x)~3 + b~ 3*sinh(
x)"4), 1/64x(b"2*cosh(x)”8 + 8*%b~2*cosh(x)*sinh(x)”7 + b~ 2*sinh(x)~8 - 8x(a
*b - b72)*cosh(x)”6 + 4% (7*b"2*cosh(x)”~2 - 2%a*xb + 2*b~2)*sinh(x)”6 + 8x(8%
a”2 - 4*a*xb + 3*b"2)*x*cosh(x)~4 + 8+ (7*b"2*cosh(x)~3 - 6x(a*xb - b~2)*cosh(
x))*sinh(x)”~5 + 2% (35%b~2*cosh(x) "4 - 60*(axb - b~2)*cosh(x)~2 + 4*x(8*a~2 -
4*xaxb + 3*b~2)*x)*sinh(x)~4 + 8*(7*b~2*cosh(x)”5 - 20*(a*b - b~2)*cosh(x)”
3 + 4*x(8*%a”2 - 4xaxb + 3%b~2)*x*cosh(x))*sinh(x)~3 + 8*(a*xb - b~2)*cosh(x)”~
2 + 4x(7*¥b~2xcosh(x)”6 - 30*(a*b - b~2)*cosh(x)~4 + 12%(8%a~2 - 4*axb + 3*b
~2)*x*cosh(x) "2 + 2*axb — 2*xb~2)*sinh(x) "2 - 64*(a"2*cosh(x)~4 + 4*a~2*cosh
(x)"3*sinh(x) + 6*a”2*cosh(x) "2*sinh(x) "2 + 4*a”2*cosh(x)*sinh(x)~3 + a™2%*s
inh(x)~"4)*sqrt(-a/(a + b))*arctan(1l/2*(bxcosh(x) "2 + 2*b*cosh(x)*sinh(x) +
b*sinh(x)~2 + 2%a + b)*sqrt(-a/(a + b))/a) - b™2 + 8% (b"2*cosh(x)”7 - 6*x(ax
b - b"2)*cosh(x)75 + 4*%(8*%a”2 - 4*axb + 3*b~2)*x*cosh(x)”3 + 2*x(axb - b~2)*
cosh(x))*sinh(x))/(b"3*cosh(x) "4 + 4*b~3*cosh(x) "3*sinh(x) + 6*b~3*cosh(x)”
2%sinh(x) "2 + 4*b~3*cosh(x)*sinh(x)~3 + b~ 3*sinh(x)~4)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)**6/(atbxcosh(x)**2) ,x)

[Out] Timed out

Giac [B] time = 1.19982, size = 203, normalized size = 2.31

bel2942 a+b

arctan (m) be) — 82e@Y + 8be@0 (842 —4ab+3b%)x (48424 — 24 abe*V) + 181240 -8

Nyt 6402 " Y B 640°

a3

Verification of antiderivative is not currently implemented for this CAS.



140

[In] integrate(cosh(x)~6/(atb*cosh(x)~2),x, algorithm="giac")

[Out] -a”3xarctan(1/2*x(bxe”(2*x) + 2%a + b)/sqrt(-a”2 - axb))/(sqrt(-a”2 - axb)*b
~3) + 1/64*(bxe” (4*xx) — 8xaxe”(2*x) + 8*b*e”(2*x))/b"2 + 1/8%(8*a”2 - 4x*axb

+ 3*b72)*x/b"3 - 1/64*(48*a"2*xe” (4*x) - 24xaxbxe” (4*x) + 18*b"2*e” (4*x) -
8xaxb*xe” (2%x) + 8*b"2xe” (2%x) + b72)*e” (-4xx)/b"3
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399 f cosh5(x)

a+b cosh? (x)

Optimal. Leaf size=56

2 -1 Vb sinh(x)
a”tan ( Vatb ) _ (a — b) sinh(x) N sinh3(x)
b52a + b b? 3b

[Out] (a"2%ArcTan[(Sqrt[b]*Sinh[x])/Sqrtla + bl]l)/(b~(5/2)*Sqrtla + b]) - ((a - b
)*Sinh[x])/b"2 + Sinh[x]~3/(3*b)

Rubi [A] time = 0.0729572, antiderivative size = 56, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e -

0.2, Rules used = {3186, 390, 205}

integrand size

1 \/I_Jsinh(x)
a? tan ( N )_(g_b)sjnh(x)+sinh3(x)

b52va +b b? 3b

Antiderivative was successfully verified.

[In] Int[Cosh[x]~5/(a + b*Cosh[x]"2),x]

[Out] (a"2*ArcTan[(Sqrt[b]l*Sinh[x])/Sqrtla + b]])/(b~(5/2)*Sqrtla + b]) - ((a - b
)*Sinh[x])/b~2 + Sinh[x]~3/(3*b)

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - £f£f72*xx72) " ((m - 1)/2)*(a + b - b*ff~2*x~2)"p, x], x, Cosle +
f*x]/££f], x1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 390

Int[((a_) + (b_)*xx_D)"(m_)) " (p_)*((c_) + (d_)*(x_)"(n_))"(q_), x_Symbol]
:> Int[PolynomialDivide[(a + b*x"n)"p, (c + d*x™n)~(-q), x], x] /; FreeQ[{a
, b, c, d¥, x] && NeQ[b*c - a*d, 0] & IGtQ[n, 0] && IGtQlp, 0] && ILtQlq,
0] && GeQlp, -ql

Rule 205
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Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

(1+x2)2
a+b+bx?

Ide:Subst f

> dx, x,sinh(x)
a + bcosh”(x)

a-b x? a?
= Subst f -+ —+—————— | dx, x,sinh(x
[ » b bz(a+b+bx2)] ())

1
_(a=b)sinh() sinh®(x) . a? Subst (f Ty
b2 3b b2
2 -1 Vbsinh(x)
a”tan ( N ) _(a=b)sinh(x) _sinh’()

b52ya + b b2 3b

dx, x, sinh(x))

Mathematica [A] time = 0.161387, size = 61, normalized size = 1.09

a2 tan_l mcsch(x) _ )
~ Vb _ (4a-3b) sinh(x) N sinh(3x)
b5/2‘,ﬂ + b 4:b2 12b

Antiderivative was successfully verified.

[In] Integrate[Cosh[x]~5/(a + b*Cosh[x]~2),x]

[Out] -((a"2*ArcTan[(Sqrt[a + b]*Csch([x])/Sqrt[bl])/(b~(56/2)*Sqrtla + bl)) - ((4x
a - 3*b)*Sinh[x])/(4*b~2) + Sinh[3*x]/(12%b)

Maple [B] time = 0.036, size = 177, normalized size = 3.2

1 -3 1 -2 -1 1 -1 1
- (tanh (E) + 1) + — (tanh (E) + 1) + 2 (tanh (E) + 1) - - (tanh (E) + 1) + a%arctan | = (2 tanh (x,
3b 2 2b 2 b? 2 b 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)~5/(a+b*cosh(x)~2),x)
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[Out] -1/3/b/(tanh(1/2*x)+1)"3+1/2/b/(tanh(1/2*x)+1)"2+1/b"2/(tanh(1/2*x)+1)*a-1/
b/ (tanh(1/2*x)+1)+a~2/b~(5/2)/(a+b) " (1/2) *arctan(1/2* (2xtanh (1/2*x)* (a+b) "~ (
1/2)+2xa~(1/2)) /b~ (1/2))-a"2/b~(5/2)/(a+b) ~(1/2) *arctan(1/2*(-2*tanh (1/2*x)
*(a+b) " (1/2)+2*xa~(1/2)) /b~ (1/2))-1/3/b/(tanh(1/2%x)-1)"3-1/2/b/ (tanh (1/2%*x)
-1)"2+1/b"2/(tanh(1/2*x)-1)*a-1/b/(tanh(1/2*x)-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

(be(6x) —3@a-3b)e*Y +3(4a-3b)e@ - e( 3x) 64 a 2639 ¢ g2e )
24 b2 "3 f b3e) + b3 + 2 (2ab? + b3)e@)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~5/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] 1/24x*(bxe”(6%*x) - 3*(4*a - 3xb)*e”(4xx) + 3x(4*xa - 3*xb)*e”(2%x) - b)*e” (-3x*
x)/b"2 + 1/32xintegrate(64*(a”~2*xe” (3*%x) + a"2xe"x)/(b"3*e~(4*x) + b~3 + 2x%(
2xa*xb~2 + b~3)*xe”(2%x)), x)

Fricas [B] time = 2.03053, size = 3143, normalized size = 56.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~5/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/24*((a*b”2 + b~3)*cosh(x)"6 + 6*(a*b™2 + b~3)*cosh(x)*sinh(x)"5 + (a*xb”2
+ b~3)*sinh(x) "6 - 3*(4*a”2%b + a*b”™2 - 3*b~3)*cosh(x)"4 - 3*(4*xa”~2*b + ax
b"2 - 3%b”3 - 5*x(a*xb”2 + b~3)*cosh(x) "2)*sinh(x) "4 + 4x(5x(a*b”2 + b~3)*cos
h(x)~3 - 3*(4*a"2%b + a*b™2 - 3*b~3)*cosh(x))*sinh(x)~3 - a*b™2 - b~3 + 3x*(
4xa”2*b + axb”2 - 3*%b~3)*cosh(x)”2 + 3*(5x(a*xb”2 + b~3)*cosh(x) 4 + 4*xa~2%b
+ a*xb”2 - 3*b~3 - 6x(4*a”2%b + a*b”2 - 3*b"3)*cosh(x)"2)*sinh(x)”"2 - 12*(a
~2%cosh(x) "3 + 3*a"2*cosh(x) "2*sinh(x) + 3*a”2*cosh(x)*sinh(x)~2 + a~2*sinh
(x)73)*sqrt(-a*xb - b72)*log((b*cosh(x) 4 + 4xbxcosh(x)*sinh(x)~3 + bxsinh(x
)74 - 2% (2xa + 3*b)*cosh(x)”2 + 2% (3*b*cosh(x)~2 - 2*a - 3*b)*sinh(x)"2 + 4
*(bxcosh(x) "3 - (2*a + 3*b)*cosh(x))*sinh(x) - 4*(cosh(x)~3 + 3*cosh(x)*sin
h(x)~2 + sinh(x)~3 + (3*cosh(x)"2 - 1)*sinh(x) - cosh(x))*sqrt(-a*b - b~2)
+ b)/(b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2%(2*a + b)*cosh(
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x)72 + 2x(3*b*cosh(x)~2 + 2%a + b)*sinh(x)~2 + 4*(b*cosh(x)~3 + (2*a + b)*c
osh(x))*sinh(x) + b)) + 6x((a*b”™2 + b~3)*cosh(x)~5 - 2*(4*a”2xb + a*b™2 - 3
*b~3)*cosh(x) "3 + (4*a”~2xb + a*b™2 - 3*b~3)*cosh(x))*sinh(x))/((a*b”3 + b~4
Y*xcosh(x)~3 + 3*(a*b”™3 + b~4)*cosh(x) 2*sinh(x) + 3*(a*b”™3 + b~4)*cosh(x)*s
inh(x)"2 + (a*b™3 + b"4)*sinh(x)~3), 1/24*((a*b”2 + b~3)*cosh(x)"6 + 6*(axb
"2 + b73)*cosh(x)*sinh(x)~5 + (a*b”2 + b~3)*sinh(x)”"6 - 3*(4*xa~2xb + a*xb~2

- 3*b~3)*cosh(x)"4 - 3*(4xa”2*b + a*b”2 - 3*b~3 - 5x(a*b”2 + b~3)*cosh(x)~2
Yxsinh(x)74 + 4*%(5x(a*b”™2 + b~3)*cosh(x)~3 - 3*(4*a”2*b + a*xb™2 - 3*b~3)*co
sh(x))*sinh(x)”"3 - a*b™2 - b~3 + 3*(4*a"2*b + a*b™2 - 3*b~3)*cosh(x)"2 + 3%
(5% (a*b™2 + b~3)*cosh(x)"4 + 4*a~2xb + a*b™2 - 3*b~3 - 6%(4*xa”2*b + axb”2 -
3*b~3)*cosh(x) "2)*sinh(x) "2 + 24*(a”~2xcosh(x)~3 + 3*a”2*cosh(x) “2*sinh(x)

+ 3*%a"2*xcosh(x)*sinh(x)~"2 + a”2*sinh(x)~3)*sqrt(a*xb + b~2)*arctan(1/2*(b*co
sh(x)~3 + 3*b*cosh(x)*sinh(x)~2 + b*sinh(x)~3 + (4*a + 3*b)*cosh(x) + (3*b*
cosh(x)~2 + 4%a + 3xb)*sinh(x))/sqrt(axb + b~2)) + 24*x(a"2*cosh(x)”3 + 3*a”
2xcosh(x) "2*sinh(x) + 3*a”2*cosh(x)*sinh(x)~2 + a~2*sinh(x)~3)*sqrt(axb + b
~2)*arctan(1/2*sqrt(a*xb + b~2)*(cosh(x) + sinh(x))/(a + b)) + 6x((a*b”2 + b
~3)*cosh(x)~5 - 2*x(4*a"2xb + a*b™2 - 3*b~3)*cosh(x)~3 + (4*¥a”2xb + a*b~2 -

3*b~3)*cosh(x))*sinh(x))/((a*b™3 + b~4)*cosh(x)~3 + 3*x(a*b”3 + b~4)*cosh(x)
~2%sinh(x) + 3*(a*b”3 + b~4)*cosh(x)*sinh(x)"2 + (a*b”3 + b~4)*sinh(x)~3)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)**5/(atbxcosh(x)**2) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~5/(atb*cosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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393 f cosh4(x)

a+b coshz(x)

Optimal. Leaf size=59

3/ —1 { v/atanh(x)
a32 tanh ( N ) B x(2a - b) N sinh(x) cosh(x)

2Va+ b 2b? 2b

[Out] -((2%a - b)*x)/(2%b~2) + (a~(3/2)*ArcTanh[(Sqrt[a]*Tanh[x])/Sqrtla + bl])/(
b~2*Sqrt[a + b]) + (Cosh[x]*Sinh[x])/(2*b)

Rubi [A] time = 0.105552, antiderivative size = 59, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, e e .

0.333, Rules used = {3187, 470, 522, 206, 208}

integrand size

3 -1 [ vatanh(x)
a%2 tanh ( e ) _ x(2a-b) s sinh(x) cosh(x)

b2\a +b 2b? 2b

Antiderivative was successfully verified.

[In] Int[Cosh[x]~4/(a + b*Cosh[x]"2),x]

[Out] -((2%a - b)*x)/(2%b~2) + (a~(3/2)*ArcTanh[(Sqrt[a]*Tanh[x])/Sqrtla + bl])/(
b~2*Sqrt[a + b]) + (Cosh[x]*Sinh[x])/(2*b)

Rule 3187

Int[sinl(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff"(m + 1
)/f, Subst[Int[(x"mx(a + (a + b)*f£f72*x"2)7p)/(1 + £f£72*%x"2)"(w/2 + p + 1),
x], x, Tanle + fxx]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] &&
IntegerQ[p]

Rule 470

Int[((e_.)*(x D))" (m_.)*x((a_) + (b_.)*x(x_)"(n )"~ (p)*x((c_) + (d_.)*x(x_)"(n_
))~(q_), x_Symbol] :> -Simp[(a*e”(2%n - 1)*(exx) " (m - 2*n + 1)*(a + b*x"n)~
(p + 1)x(c + d*x™n)~(q + 1))/ (b*nx(bxc - axd)*(p + 1)), x] + Dist[e”(2*n)/(
b*n* (bxc - axd)*(p + 1)), Int[(exx)"(m - 2*n)*(a + b*x"n) " (p + 1)*(c + d*x~
n) “g*Simp[a*xc*(m - 2%n + 1) + (axd*(m - n + nxq + 1) + b*xcknx(p + 1))*x"n,
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x], x], x] /; FreeQ[{a, b, c, d, e, g}, x] && NeQ[b*c - axd, 0] && IGtQ[n,
0] && LtQ[p, -1] &% GtQ[m - n + 1, n] && IntBinomialQ[a, b, ¢, d, e, m, n,

P, 9, x]

Rule 522

Int[((e_) + (£_)*xxD)"(m_))/(((a_) + (b_.)*(x_)"(n_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - a*xd), Int[1/(a + b*x"n), x], xl]
- Dist[(d*e - c*f)/(b*xc - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, Db,
c, d, e, £, n}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

4

K
f L(xz) dx = Subst f 5 a dx, x, coth(x)
a + bcosh®(x) (1 _ xz) (a —@a+ b)xz)
a+(a—b)x?
cosh(x) sinh(x) Subst (f (1-22)(a+(-a-b)x2)
= +
2b 2b
cosh(x) sinh(x) a% Subst ( f — (—111—b)x2 dx, x, coth(x)) (2a — b) Subst ( f 1_17 dx, x, coth(x)
= + _ /
2b b2 262
3/2 —1 { v/atanh(x)
_ (2a- b)x N a¥2 tanh ( Vatb ) N cosh(x) sinh(x)

202 e 2b

dx, x, coth(x))

Mathematica [A] time = 0.127464, size = 52, normalized size = (0.88

40321 h—1(ﬁtanh(X))
a an m

Va+b

+ 2x(b — 2a) + bsinh(2x)
4p?
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Antiderivative was successfully verified.

[In] Integrate[Cosh[x]~4/(a + b*Cosh[x]~2),x]

[Out] (2%(-2*a + b)*x + (4*a~(3/2)*ArcTanh[(Sqrt[al+*Tanh([x])/Sqrt[a + bl])/Sqrtla
+ b] + bxSinh[2*x])/(4*b~2)

Maple [B] time = 0.036, size = 188, normalized size = 3.2

1 X 2 1 X -1, x 1 X 1 3
-— (tanh (E) + 1) + 25 (tanh (E) + 1) - —1n (tanh (E) + 1) + 25 In (tanh (E) + 1) +—a2ln (\/a +b (t

2b b? 20?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)~4/(a+b*cosh(x)~2),x)

[Out] -1/2/b/(tanh(1/2*x)+1)"2+1/2/b/(tanh(1/2*x)+1)-a/b"2*1n(tanh(1/2*x)+1)+1/2/
b*1n(tanh(1/2*x)+1)+1/2/b"2*a"~(3/2)/(a+b) ~(1/2)*1n((a+b) ~(1/2) *tanh(1/2*x)"
2+2%a~ (1/2) *tanh(1/2*x)+(a+b)~(1/2))-1/2*%a"~(3/2) /b~2/(a+b) ~(1/2)*1n(-(a+b) "~
(1/2)*tanh (1/2%x) ~2+2*%a”~ (1/2)*tanh(1/2*x)-(a+b) ~(1/2))+1/2/b/ (tanh(1/2*x) -1
)"2+1/2/b/(tanh(1/2*x)-1)+a/b"2*x1n(tanh (1/2*x)-1)-1/2/b*1n(tanh(1/2*x)-1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~4/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.09016, size = 1638, normalized size = 27.76

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cosh(x)~4/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/8*(b*cosh(x)~4 + 4*b*cosh(x)*sinh(x)~3 + b*sinh(x)~4 - 4%(2*a - b)*x*cos
h(x)"2 + 2x(3*b*cosh(x) "2 - 2*(2*a - b)*x)*sinh(x) "2 + 4*(a*cosh(x)~2 + 2*a
xcosh(x)*sinh(x) + axsinh(x)~2)*sqrt(a/(a + b))*log((b~2xcosh(x)~4 + 4*b~2x
cosh(x)*sinh(x)~3 + b~ 2*sinh(x)~4 + 2% (2*a*xb + b~2)*cosh(x)~2 + 2x(3*b~2*co
sh(x)~2 + 2%axb + b™2)*sinh(x)”2 + 8*a”~2 + 8*a*xb + b™2 + 4x(b"2*cosh(x)”"3 +

(2*xaxb + b~2)*cosh(x))*sinh(x) - 4*x((a*xb + b~ 2)*cosh(x)”2 + 2x(axb + b~2)*
cosh(x)*sinh(x) + (a*b + b~2)*sinh(x)~2 + 2*a~2 + 3*a*b + b~2)*sqrt(a/(a +
b)))/(b*xcosh(x)~4 + 4*b*cosh(x)*sinh(x)~3 + b*sinh(x)"4 + 2*(2*a + b)*cosh(
x) 72 + 2x(3*b*cosh(x)~2 + 2%a + b)*sinh(x)~2 + 4*(b*cosh(x)~3 + (2*a + b)*c
osh(x))*sinh(x) + b)) + 4x(b*cosh(x)~3 - 2*(2%a - b)*x*cosh(x))*sinh(x) - b
)/ (b"2xcosh(x) "2 + 2xb~2*cosh(x)*sinh(x) + b~ 2*xsinh(x)~2), 1/8*(b*xcosh(x)”~4
+ 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 - 4*x(2*xa - b)*x*cosh(x)”2 + 2*x(3*b*c
osh(x)"2 - 2*(2*%a - b)*x)*sinh(x)"2 + 8*(a*cosh(x)~2 + 2*a*cosh(x)*sinh(x)
+ axsinh(x)~2)*sqrt(-a/(a + b))*arctan(1/2x(b*cosh(x) "2 + 2*b*cosh(x)*sinh(
x) + b*xsinh(x)"2 + 2%a + b)x*sqrt(-a/(a + b))/a) + 4x(b*cosh(x)”3 - 2x(2*xa -
b)*x*cosh(x))*sinh(x) - b)/(b"2*cosh(x)~2 + 2%¥b~2*cosh(x)*sinh(x) + b~ 2*si
nh(x)~2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)**4/(atbxcosh(x)**2) ,x)

[Out] Timed out

Giac [B] time = 1.30963, size = 128, normalized size = 2.17

be2942 a+b
a® arctan (2——\/»12——@) Qa-bx @Y (4 ae2%) _ 2 pel2x) _ b)e(‘z x)
- +

—a2 — abi2? 22 8b 8 b?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~4/(atb*cosh(x)~2),x, algorithm="giac")
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[Out] a"2*arctan(1/2x(bxe~(2*x) + 2*a + b)/sqrt(-a”2 - axb))/(sqrt(-a~2 - a*b)*b”
2) - 1/2%(2%a - b)*x/b"2 + 1/8%e”(2xx) /b + 1/8x(4d*xaxe”™ (2*xx) - 2*xb*xe”(2*xx) -
b) xe~ (-2*x) /b"2
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3 94 f cosh3(x)

a+b cosh? (x)

Optimal. Leaf size=38

t -1 \/l_ysinh(x)
sinh(x) ~ atan Vatb
b b32\a +b

[Out] -((a*ArcTan[(Sqrt[b]*Sinh[x])/Sqrtla + bl]l)/(b~(3/2)*Sqrt[a + b])) + Sinh[x
1/v

Rubi [A] time = 0.0592605, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e -

0.2, Rules used = {3186, 388, 205}

integrand size

. a tan_l (\/Esinh(x))
sinh(x) _ Vatb
b b¥2va +b

Antiderivative was successfully verified.

[In] Int[Cosh[x]~3/(a + b*Cosh[x]"2),x]

[Out] -((a*ArcTan[(Sqrt[b]*Sinh[x])/Sqrtla + bl]1)/(b~(3/2)*Sqrt[a + b])) + Sinh[x
1/v

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + f*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - £f£f72%xx72) " ((m - 1)/2)*(a + b - b*ff~2*x~2)"p, x], x, Cosle +
f*x]/££f], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 388

Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 205
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

n’ L+a2
[0 st [ s

a + b cosh™(x) a+b+bx
sinh(x) * Subst ( f ﬂ-i-b]m dx, x, sinh(x))

b b
-1 \/Esinh(x)
atan ( = )+smh<x>

C b2Va+b b

Mathematica [A] time = 0.028578, size = 38, normalized size = 1.

t -1 \/l_ysinh(x)
sinh(x) ~ atan Vatb
b b32\a +b

Antiderivative was successfully verified.

[In] Integrate[Cosh[x]~3/(a + b*Cosh[x]~2),x]

[Out] -((a*xArcTan[(Sqrt[b]*Sinh[x])/Sqrtla + bl]1)/(b~(3/2)*Sqrt[a + b])) + Sinh[x
1/v

Maple [B] time = 0.033, size = 96, normalized size = 2.5

—aarctan (% (2 tanh (x/2) Va+ b + 2 \/E) %) b_; \/alTb —aarctan (% (2 tanh (x/2) Va+b -2 \/E) %) b_g \/a_l-l

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)~3/(at+b*cosh(x)~2),x)

[Out] -a/b~(3/2)/(a+b) "~ (1/2)*arctan(1l/2*(2xtanh(1/2*x)*(a+b) "~ (1/2)+2*%a~(1/2)) /b~ (
1/2))-a/b"(3/2)/(a+b) " (1/2)*arctan(1/2*(2xtanh(1/2*x)*x(a+b) ~(1/2)-2*%a~(1/2)
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)/b~(1/2))-1/b/(tanh(1/2*x)-1)-1/b/(tanh(1/2*x)+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

(e(z N _ 1)6("‘) 1 16 (ae(3 ) 4 aex)
e dx
2b 8 J b2 + 12+ 2 (2ab + b?)e@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~3/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] 1/2*%(e”(2*x) - 1)*e”(-x)/b - 1/8*integrate(16*(axe”(3*x) + axe”x)/(b"2xe” (4
*xx) + b72 + 2x(2%xa*xb + b"2)*e”(2%x)), x)

Fricas [B] time = 1.98394, size = 1443, normalized size = 37.97

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~3/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2%((a*b + b~2)*cosh(x)"2 + 2x(a*xb + b~2)*cosh(x)*sinh(x) + (a*b + b~2)*s
inh(x)72 - sqrt(-a*b - b~2)*(a*cosh(x) + a*sinh(x))*log((b*cosh(x)~4 + 4xbx
cosh(x)*sinh(x) "3 + b*sinh(x)~4 - 2x(2*xa + 3*b)*cosh(x) 2 + 2*x(3*b*cosh(x)”
2 - 2%a - 3*b)*sinh(x)”"2 + 4x(b*cosh(x)~3 - (2*a + 3*b)*cosh(x))*sinh(x) +
4% (cosh(x) "3 + 3*cosh(x)*sinh(x)”"2 + sinh(x)"3 + (3*cosh(x)”2 - 1)*sinh(x)
- cosh(x))*sqrt(-a*b - b72) + b)/(b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)”3 + bx*s
inh(x)~4 + 2x(2*%a + b)*cosh(x)~2 + 2x(3*b*cosh(x)~2 + 2%a + b)*sinh(x)~2 +
4*x(bxcosh(x)~3 + (2*a + b)*cosh(x))*sinh(x) + b)) - a*b - b"2)/((a*xb™2 + b~
3)*cosh(x) + (a*xb™2 + b~3)*sinh(x)), 1/2*x((a*xb + b~2)*cosh(x)"2 + 2*x(axb +
b~2)*cosh(x)*sinh(x) + (a*b + b~2)*sinh(x)~2 - 2*sqrt(a*b + b~2)*(a*xcosh(x)
+ axsinh(x))*arctan(1/2*(b*cosh(x)~3 + 3*b*cosh(x)*sinh(x)~2 + b*sinh(x)~3
+ (4xa + 3xb)*cosh(x) + (3*b*cosh(x)~2 + 4%a + 3*b)*sinh(x))/sqrt(a*b + b~
2)) - 2xsqrt(axb + b~2)*(a*cosh(x) + a*sinh(x))*arctan(1l/2*sqrt(a*xb + b~2)*
(cosh(x) + sinh(x))/(a + b)) - axb - b72)/((a*b”™2 + b"3)*cosh(x) + (a*b™2 +
b~3) *sinh(x))]
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)**3/(atb*cosh(x)**2),x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~3/(atb*cosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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395 f coshz(x)

a+b cosh? (x)

Optimal. Leaf size=39

\/_ tanh™ (\/_\t;:_lfbl(x))

b N

[Out] x/b - (Sqrt[al*ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + bl])/(b*Sqrtla + bl)

Rubi [A] time = 0.0695004, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e e =

integrand size
0.2, Rules used = {3171, 3181, 208}
\a tanh(x))
x  Vatanh” ( Jash
b bVa+b

Antiderivative was successfully verified.

[In] Int[Cosh[x]~2/(a + b*Cosh[x]"2),x]

[Out] x/b - (Sqrtlal*ArcTanh[(Sqrt[a]*Tanh[x])/Sqrtla + bl])/(b*Sqrt[a + b]l)

Rule 3171

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*x(x)]"2)/((a_) + (b_.)*sin[(e_.) + (f_
O*(x_)]172), x_Symbol] :> Simp[(B*x)/b, x] + Dist[(A*b - a*B)/b, Int[1/(a +
b*Sinle + f*x]72), x], x] /; FreeQ[{a, b, e, f, A, B}, x]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff " 2%x"2
), x], x, Tanl[e + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]
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Rubi steps
2 a f S
f cosh®(x) gy — x a+bcosh?(x)
a+b coshz(x) b b
a Subst (f parpTY: dx, x, coth(x))
= E — b
+/atanh(x)
_x \atanh™ ( = )
b bva+b

Mathematica [A] time = 0.0803585, size = 36, normalized size = 0.92

= ( Vatanh(x) )
Vatan N

X - Tt
b

Antiderivative was successfully verified.

[In] Integrate[Cosh[x]~2/(a + b*Cosh[x]~2),x]

[Out] (x - (Sqrtl[al*ArcTanh[(Sqrt[al*Tanh[x])/Sqrt[a + bl])/Sqrtl[a + bl)/b

Maple [B] time = 0.026, size = 107, normalized size = 2.7

%ln(tanh( )+1)——\/—ln(\/_(tanh( ))2+2\/Etanh(x/2)+\/?)\/T sz/_ln(\/_(tanh(

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)~2/(a+b*cosh(x)~2),x)

[Out] 1/bx1n(tanh(1/2*x)+1)-1/2/b*xa”~(1/2)/(a+b) " (1/2)*1n((a+b)~(1/2)*tanh(1/2*x)"
2+2%xa”~ (1/2)*tanh(1/2*x)+(a+b) " (1/2))+1/2/b*xa~(1/2)/(a+b) ~(1/2)*1n((a+b)~(1/
2)*xtanh (1/2%x) "2-2*a~ (1/2) *tanh(1/2*x)+(a+b) ~(1/2))-1/b*1n(tanh(1/2*x)-1)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~2/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.99759, size = 880, normalized size = 22.56

\/7 b? cosh(x)4+4 b2 cosh(x) sinh(x)3+b2 sinh(x)4+2 (2 ab+b2) COSh(X)2+2 (3 b? cosh(x)2+2 ab+b2) sinh(x)2+8 a2 +8 ab+b%+4 (bz cosh(x)3+(2 ab-
— 10
a+b & b COSh(X)4+4 b cosh(x) sinh(x)3+b sinh(x)4+2 (2a+b) cosh(x)2+2 (3 b cosh(x)2+2 a+b

2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~2/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2x(sqrt(a/(a + b))*log((b~2*cosh(x)"4 + 4xb~2*xcosh(x)*sinh(x)~3 + b~ 2*si
nh(x)~4 + 2% (2*a*xb + b~2)*cosh(x) "2 + 2*x(3*¥b"2*cosh(x)~2 + 2*a*b + b~2)*sin
h(x)~"2 + 8*a~2 + 8*xa*b + b2 + 4% (b~ 2%cosh(x)~3 + (2%a*b + b~2)*cosh(x))*si

nh(x) + 4x((a*b + b~2)*cosh(x)~2 + 2*(a*b + b~2)*cosh(x)*sinh(x) + (a*xb + b
~2)*sinh(x) "2 + 2¥a”2 + 3*axb + b~2)*sqrt(a/(a + b)))/(b*cosh(x)~4 + 4*b*co
sh(x)*sinh(x) "3 + b*sinh(x)~4 + 2*(2%a + b)*cosh(x)~2 + 2*x(3*bxcosh(x) "2 +

2%a + b)*sinh(x)~2 + 4*x(b*cosh(x)~3 + (2*a + b)*cosh(x))*sinh(x) + b)) + 2%

x)/b, -(sqrt(-a/(a + b))*arctan(1/2*(b*cosh(x)~2 + 2*bxcosh(x)*sinh(x) + bx*
sinh(x)~"2 + 2xa + b)*sqrt(-a/(a + b))/a) - x)/b]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)**2/(atb*xcosh(x)**2) ,x)
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[Out] Timed out

Giac [A] time = 1.22802, size = 68, normalized size = 1.74

_ 2 V-a2-ab n X

V—a2 — abb b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)~2/(at+b*cosh(x)~2),x, algorithm="giac")

[Out] -axarctan(1/2*(b*e”(2%x) + 2*%a + b)/sqrt(-a”2 - a*b))/(sqrt(-a~2 - a*b)x*b)
+ x/b
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326 [ gy

a+b cosh? (x)

Optimal. Leaf size=29

-1 \/Zsinh(x)
tan (—m )

VbVa +b

[Out] ArcTan[(Sqrt[b]l*Sinh([x])/Sqrtl[a + b]]/(Sqrt[b]*Sqrtla + b]l)

Rubi [A] time = 0.032059, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 13, e .

integrand size
0.154, Rules used = {3186, 205}

-1 \/Esinh(x)
tan (—m )

VbvVa +b

Antiderivative was successfully verified.

[In] Int[Cosh[x]/(a + bxCosh[x]~2),x]
[Out] ArcTan[(Sqrt[b]l*Sinh([x])/Sqrt[a + bl]/(Sqrt[bl*Sqrtla + bl)

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fxx], x]}, -Dist[ff/f, S
ubst [Int[(1 - ££f72%xx72)"((m - 1)/2)*(a + b - b*ff"2*x~2)"p, x], x, Cosle +
f*x]1/££f], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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h 1
f L(x) dx = Subst (f P dx, x, sinh(x))

a+b coshz(x)
-1 \/Esinh(x)
tan (—m )
\/EVa +b

Mathematica [A] time = 0.0110267, size = 29, normalized size = 1.

-1 vbsinh(x)
tan (—m )

VbvVa +b

Antiderivative was successfully verified.

[In] Integrate[Cosh[x]/(a + b*Cosh[x]~2),x]

[Out] ArcTan[(Sqrt([b]l*Sinh([x])/Sqrt[a + bl]/(Sqrt[bl*Sqrtla + bl)

Maple [B] time = 0.021, size = 66, normalized size = 2.3

58 ) g 5 )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cosh(x)/(a+b*cosh(x)~2),x)

[Out] 1/(a+b)~(1/2)/b~(1/2)*arctan(1/2*(2xtanh(1/2*x)*(a+b) " (1/2)+2xa~(1/2)) /b~ (1
/2))+1/(a+b) " (1/2) /b~ (1/2)*arctan(1/2*(2xtanh(1/2*x)* (a+b) ~(1/2)-2*a~(1/2))

/o~ (1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f cosh (x) i

b cosh (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cosh(x)/(at+b*cosh(x)~2),x, algorithm="maxima")

[Out] integrate(cosh(x)/(b*cosh(x)"2 + a), x)

Fricas [B] time = 1.97649, size = 988, normalized size = 34.07

2 (2a+3b) cosh(x)2+2 (3 b cosh(x)2—2 a-3 b) sinh(x)2+4 (b cosh(x)S—(Z a+3b) cosh(x)) S
b cosh(x)4 +4 b cosh(x) sinh(x)3+b sinh(x)4+2 (2a+b) cosh(x)2+2 (3 b cosh(x)2+2 a+b) <

2 (ab + 1?)

m log b cosh(x)*+4 b cosh(x) sinh(x)>+b sinh(x)*~

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [-1/2*%sqrt(-a*b - b~2)*log((bxcosh(x)~4 + 4*b*cosh(x)*sinh(x)~3 + b*sinh(x)
4 - 2x(2%a + 3*b)*cosh(x)~2 + 2*x(3*b*cosh(x)~2 - 2xa - 3*b)*sinh(x)~2 + 4%
(b*cosh(x)~3 - (2*a + 3*b)*cosh(x))*sinh(x) - 4*(cosh(x)~3 + 3*cosh(x)*sinh
(x)72 + sinh(x)73 + (3*cosh(x)”2 - 1)*sinh(x) - cosh(x))*sqrt(-a*b - b72) +
b)/(bxcosh(x)~4 + 4*b*cosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2*(2*a + b)*cosh(x

)72 + 2% (3*b*cosh(x)”2 + 2*a + b)*sinh(x)"2 + 4*(b*cosh(x)”"3 + (2*a + b)*co
sh(x))*sinh(x) + b))/(a*b + b~2), (sqrt(a*xb + b~2)*arctan(1/2*(b*cosh(x)~3

+ 3*b*cosh(x)*sinh(x)~2 + b*sinh(x)~3 + (4*a + 3%*b)*cosh(x) + (3*b*cosh(x)”

2 + 4*a + 3%b)*sinh(x))/sqrt(axb + b~2)) + sqrt(axb + b~2)*arctan(1l/2xsqrt(

axb + b"2)*(cosh(x) + sinh(x))/(a + b)))/(a*xb + b~2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)/(atb*cosh(x)**2),x)

[Out] Timed out




Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cosh(x)/(a+bxcosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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327 [————dx

a+b coshz(x)

Optimal. Leaf size=29

—1 { v/atanh(x)
tanh (—\/@ )

Vava+b

[Out] ArcTanh[(Sqrt[a]*Tanh([x])/Sqrtl[a + bl]/(Sqrtl[al*Sqrt[a + b])

Rubi [A] time = 0.0223381, antiderivative size = 29, normalized size of antiderivative =

. . b f rul
1., number of steps used = 2, number of rules used = 2, integrand size = 10, e

integrand size
0.2, Rules used = {3181, 208}

~1 { v/atanh(x)
tant”! (L2

Vava+b

Antiderivative was successfully verified.

[In] Int[(a + b*Cosh[x]"2)"(-1),x]
[Out] ArcTanh[(Sqrt[a]*Tanh[x])/Sqrtla + bl]l/(Sqrtl[al*Sqrt[a + bl)

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff ~2%x"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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1 1
f —— —dx = Subst (f PR —a dx, x, coth(x))

a+b coshz(x)
+/atanh(x)
)
\ava+b

tanh ™ (

Mathematica [A] time = 0.0499301, size = 29, normalized size = 1.

—1 { v/atanh(x)
tanh ( T )

Vava+b

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cosh([x]~2)~(-1),x]

[Out] ArcTanh[(Sqrt[a]*Tanh([x])/Sqrtl[a + bl]/(Sqrt[al*Sqrt[a + b]l)

Maple [B] time = 0., size = 78, normalized size = 2.7

% In (\/m (tanh (32_5))2 +2+/atanh (x/2) + M) %\/% - % In (\/m (tanh (32_5))2 —2+/atanh (x/2) + Vi

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~2),x)

[Out] 1/2/a~(1/2)/(a+b)~(1/2)*1n((a+b)~(1/2)*tanh(1/2*x) "2+2*a~(1/2)*tanh(1/2*x)+
(a+b)~(1/2))-1/2/a~(1/2)/(a+b) ~(1/2) *1n((a+b) ~(1/2) *tanh (1/2*x) ~2-2xa~ (1/2)

xtanh (1/2%x)+(a+b) ~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(at+b*cosh(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.91461, size = 828, normalized size = 28.55

»? cosh(x)4+4 b2 cosh(x) sinh(x)3+b2 sinh(x)4+2 (2 ab+b2) cosh(x)2+2 (3 »? cosh(x)2+2 ab+b2) sinh(x)2+8 a2+8 ab+b?+4 (bz cosh(x)3+(2 ab+b2) cos
b cosh(x)4+4 b cosh(x) sinh(x)3+b sinh(x)4+2 (2a+b) cosh(x)2+2 (3 b cosh(x)2+2 a+b) sinh(x)2+4 (b coshl

2Va2 +ab

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2%1log((b~2*cosh(x)~4 + 4*b~2xcosh(x)*sinh(x)~3 + b 2*sinh(x) "4 + 2% (2*ax
b + b72)*cosh(x) "2 + 2% (3*b~2*cosh(x) "2 + 2xa*b + b"2)*sinh(x)"2 + 8%a~2 +

8*axb + b72 + 4x(b"2*cosh(x)~3 + (2*a*b + b~2)*cosh(x))*sinh(x) - 4*(b*cosh

(x)72 + 2xb*cosh(x)*sinh(x) + b*sinh(x)~2 + 2%a + b)*sqrt(a”2 + axb))/(bxco
sh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2*x(2*a + b)*cosh(x)"2 + 2x(
3*xb*cosh(x) "2 + 2*a + b)*sinh(x) "2 + 4*(b*cosh(x)~3 + (2*a + b)*cosh(x))*si

nh(x) + b))/sqrt(a”2 + axb), sqrt(-a~2 - a*b)*arctan(l/2*(b*cosh(x)~2 + 2xb
*xcosh(x)*sinh(x) + b*sinh(x)~"2 + 2*a + b)*sqrt(-a”2 - axb)/(a”2 + axb))/(a”

2 + axb)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cosh(x)**2),x)

[Out] Timed out
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Giac [A] time = 1.21074, size = 53, normalized size = 1.83

be@) 42 g+b )
2V-a2—ab

—a? —ab

arctan (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cosh(x)~2),x, algorithm="giac")

[Out] arctan(1/2*(b*e”(2*x) + 2*%a + b)/sqrt(-a”2 - a*b))/sqrt(-a”2 - axb)
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3 98 f sech(x)

a+b cosh? (x)

Optimal. Leaf size=41

-1 \/Esinh(x)
tan_l(sinh(x))_\/gtan ( N )
a ava+b

[Out] ArcTan[Sinh[x]]/a - (Sqrt[bl*ArcTan[(Sqrt[b]l*Sinh[x])/Sqrtla + bl])/(a*xSqrt
[a + b])

Rubi [A] time = 0.0535018, antiderivative size = 41, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 13, e o e

0.308, Rules used = {3186, 391, 203, 205}

integrand size

-1 \/Esinh(x)
tan”}(sinh(x)) Vb tan ( e )
a ava+b

Antiderivative was successfully verified.

[In] Int[Sech[x]/(a + b*Cosh[x]"2),x]

[Out] ArcTan([Sinh([x]]/a - (Sqrt[b]*ArcTan[(Sqrt[bl*Sinh[x])/Sqrtla + b]])/(a*xSqrt
[a + b])

Rule 3186

Int[sin[(e_.) + (£_D)*(x_)]"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1"2)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fx*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - ££72%xx72)"((m - 1)/2)*(a + b - b*ff"2%x"2)"p, x], x, Cosle +
fxx]/£f], x]1]1 /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 391

Int[1/(((a_) + (b_.)*(x_)"(n_))*((c_) + (d_.)*(x_)"(n_))), x_Symbol] :> Dis
t[b/(bxc - axd), Int[1/(a + b*x"n), x], x] - Dist[d/(bxc - axd), Int[1/(c +
d*x"n), x], x] /; FreeQ[{a, b, c, d, n}, x] && NeQ[b*c - axd, O]

Rule 203
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
(a, 2]11)/(Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQlb, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

_ sech) o 1 |
f a+b coshz(x) dx = Subst [f (1 + xz) (a b+ bxz) dx, x, smh(x)]

Subst ( f 1:7 dx, x, sinh(x)) b Subst ( f m dx, x, sinh(x))
- a - a
-1 \/E sinh(x)
_tan”l(sinh() Vb tan ( N )
a ava+b

Mathematica [A] time = 0.0954587, size = 45, normalized size = 1.1

\/Etan_l (\/MCsch(x)

) 2 (i (3)

ava+b a

Antiderivative was successfully verified.

[In] Integrate[Sech[x]/(a + b*Cosh[x]~2),x]

[Out] (Sqrt[b]*ArcTan[(Sqrt[a + b]*Csch[x])/Sqrtl[bl])/(a*xSqrtla + b]) + (2*ArcTan
[Tanh([x/2]])/a

Maple [B] time = 0.039, size = 83, normalized size = 2.

—% barctan (% (2 tanh (x/2) Va+b+2 \/E) %) —% + % barctan (% (—2 tanh (x/2) Va + b+ 2 \/E) %) %

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sech(x)/(a+b*cosh(x)~2),x)

[Out] -1/axb~(1/2)/(a+b)~(1/2)*arctan(1/2*x(2xtanh(1/2*x)*(a+b) "~ (1/2)+2*xa~(1/2))/b
~(1/2))+1/axb~(1/2)/(a+b) "~ (1/2)*arctan(1/2*x(-2*xtanh (1/2*x)* (a+b) ~(1/2)+2*a"
(1/2))/v"(1/2))+2/a*xarctan(tanh(1/2%x))

Maxima [F] time = 0., size = 0, normalized size = 0.

2 arctan (¢¥) ) f be®) 4 pe*

dx
a abe®) + ab + 2 (2 a2 + ab)e(zx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)/(a+b*cosh(x)~2),x, algorithm="maxima"

[Out] 2*arctan(e”x)/a - 2*integrate((bxe”(3*x) + b*e"x)/(axbkxe” (4*x) + a*xb + 2%(2
*a”2 + axb)*e”(2*x)), x)

Fricas [B] time = 2.29607, size = 1096, normalized size = 26.73

b b cosh(x)4+4 b cosh(x) sinh(x)3+b sinh(x)4—2 (2a+3Db) cosh(x)2+2 (3 b cosh(x)z—Z a-3 b) sinh(x)2+4 (b cosh(x)S—(Z a+3Db) cosh(x)) sinh(x)
(0]
& b cosh(x)*+4 b cosh(v) sinh(x)’ +bsinh(x)*+2 (2 a+b) cosh(x)*+2 (3 b cosh(x)+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)/(at+b*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2%(sqrt(-b/(a + b))*log((b*cosh(x)~4 + 4*b*cosh(x)*sinh(x)”~3 + b*sinh(x)
4 - 2x(2%a + 3xb)*cosh(x)~2 + 2*x(3*b*cosh(x)~2 - 2xa - 3*b)*sinh(x)~2 + 4%
(b*cosh(x)"3 - (2*a + 3*b)*cosh(x))*sinh(x) - 4*((a + b)*cosh(x)"3 + 3*(a +
b)*cosh(x)*sinh(x)~"2 + (a + b)*sinh(x)~"3 - (a + b)*cosh(x) + (3*(a + b)*co
sh(x)"2 - a - b)*sinh(x))*sqrt(-b/(a + b)) + b)/(b*cosh(x)~4 + 4*xbxcosh(x)*
sinh(x)~3 + b*sinh(x)~4 + 2x(2*a + b)*cosh(x)~2 + 2*x(3*b*cosh(x)~2 + 2*a +
b)*sinh(x) "2 + 4*(b*cosh(x)~3 + (2*a + b)*cosh(x))*sinh(x) + b)) + 4*arctan
(cosh(x) + sinh(x)))/a, -(sqrt(b/(a + b))*arctan(l/2*sqrt(b/(a + b))*(cosh(

x) + sinh(x))) + sqrt(b/(a + b))*arctan(1/2*(b*cosh(x)~3 + 3*b*cosh(x)*sinh
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(x)72 + b*sinh(x)~3 + (4*a + 3*b)*cosh(x) + (3xb*xcosh(x)~2 + 4*a + 3xb)*sin

h(x))*sqrt(b/(a + b))/b) - 2xarctan(cosh(x) + sinh(x)))/al

Sympy [F] time = 0., size = 0, normalized size = 0.

f sech (x) ix

a + bcosh? (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)/(atb*cosh(x)**2),x)

[Out] Integral(sech(x)/(a + b*cosh(x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)/(a+bxcosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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3 99 f sechz(x)

a+b cosh? (x)

Optimal. Leaf size=38

btanh™! (—\/Etanh(x) )

tanh(x) Vatb
a a*2a +b

[Out] -((b*ArcTanh[(Sqrt[a]*Tanh([x])/Sqrtla + bl])/(a~(3/2)*Sqrtla + b])) + Tanh[
x]/a

Rubi [A] time = 0.0789743, antiderivative size = 38, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, 2 >

0.2, Rules used = {3187, 453, 208}

integrand size

prani? ()

tanh(x) B Vatb
a a’2Na+b

Antiderivative was successfully verified.

[In] Int[Sech[x]"2/(a + b*Cosh[x]"2),x]

[Out] -((b*ArcTanh[(Sqrt[a]*Tanh([x])/Sqrtl[a + bl])/(a~(3/2)*Sqrtla + b])) + Tanh[
x]/a

Rule 3187

Int[sin[(e_.) + (f_D)*(x_)]1 " (m )*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff"(m + 1
)/f, Subst[Int[(x"mx(a + (a + b)*ff"2*x"2)7p) /(1 + £f£72%x72)"(m/2 + p + 1),
x], x, Tanle + f*x]/ff], x]] /; FreeQ[{a, b, e, £}, x] && IntegerQ[m/2] &&
IntegerQ[p]

Rule 453

Int[(Ce_.)*(x_))"(m_.)*x((a_) + (b_D)*(x_)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n
_)), x_Symbol] :> Simp[(c*(e*x)”"(m + 1)x(a + bxx™n) " (p + 1))/(a*xex(m + 1)),
x] + Dist[(axd*(m + 1) - b*cx(m + nx(p + 1) + 1))/(a*e"n*(m + 1)), Int[(ex
x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, c, d, e, p}, x] && NeQ[b*c
- axd, 0] && (IntegerQ[n] || GtQle, 0]) && ((GtQ[n, 0] && LtQ[m, -11) || (
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LtQ[n, 0] && GtQ[m + n, -11)) && 'ILtQlp, -1]
Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

) 2
[ _seh @ Subst [ | Yy, coth(x)]
x? (

a + bcosh?(x) a—(a+ b)xz)

1
_ tanh(x) . b Subst (fm dx, x, coth(x))

a a
-1 { /atanh(x)
_ _btanh ( m ) .\ tanh(x)
a’2v\a +b a

Mathematica [A] time = 0.0770049, size = 38, normalized size = 1.

btanh™! (—\/Etanh(x) )

tanh(x) Vatb
a a*2+a + b

Antiderivative was successfully verified.

[In] Integrate[Sech[x]~2/(a + b*Cosh[x]~2),x]

[Out] -((b*ArcTanh[(Sqrt[a]*Tanh([x])/Sqrtla + bl])/(a~(3/2)*Sqrtla + b])) + Tanh[
x]/a

Maple [B] time = 0.042, size = 99, normalized size = 2.6

_g In (\/m (tanh (;—C))Z +2+/atanh (x/2) + M) a_g ! + ? In (\/m (tanh (;—C))z —2+/atanh (x/2) + -

Va+b 2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sech(x)~2/(a+b*cosh(x)~2),x)
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[Out] -1/2/a~(3/2)*b/(a+b)~(1/2)*1n((a+b) ~(1/2)*tanh(1/2*x) "2+2*a~(1/2)*tanh(1/2%
x)+(a+b)~(1/2))+1/2/a~(3/2)*b/ (a+b) ~(1/2)*1n((a+b) ~(1/2) *tanh (1/2%x) ~2-2%a”
(1/2)*tanh(1/2*x)+(a+b) " (1/2))+2/a*tanh(1/2*x)/(tanh(1/2*x) ~2+1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~2/(atb*cosh(x)~2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.21949, size = 1277, normalized size = 33.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~2/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2%((b*cosh(x)~2 + 2*bxcosh(x)*sinh(x) + b*sinh(x)~2 + b)*sqrt(a”2 + a*b)
*1log((b~2%cosh(x) "4 + 4*b~2*cosh(x)*sinh(x)~3 + b~ 2%sinh(x)"4 + 2% (2*a*b +
b~2)*cosh(x) "2 + 2x(3*b~2*cosh(x)~2 + 2%axb + b~2)*sinh(x)~2 + 8xa”~2 + 8xax
b + b72 + 4x(b"2*cosh(x)~3 + (2*%a*b + b~2)*cosh(x))*sinh(x) + 4*(b*cosh(x)~
2 + 2*bxcosh(x)*sinh(x) + b*sinh(x)~2 + 2*a + b)*sqrt(a”2 + a*b))/(b*cosh(x
)"4 + 4xbxcosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2% (2*a + b)*cosh(x)~"2 + 2x(3*b*
cosh(x)"2 + 2*a + b)*sinh(x)"2 + 4*(b*cosh(x)~3 + (2*a + b)*cosh(x))*sinh(x
) + b)) - 4%a”2 - 4xaxb)/(a”3 + a"2%b + (a”3 + a”2*b)*cosh(x)"2 + 2*(a”3 +
a"2xb)*cosh(x)*sinh(x) + (2”3 + a"2xb)*sinh(x)~2), -((b*cosh(x)~2 + 2*b*cos
h(x)*sinh(x) + b*sinh(x)~2 + b)*sqrt(-a~2 - axb)*arctan(1/2*(b*cosh(x)~2 +
2*bxcosh(x)*sinh(x) + b*sinh(x)~2 + 2*a + b)*sqrt(-a~2 - axb)/(a"2 + ax*b))
+ 2*%a”2 + 2xa*xb)/(a”3 + a"2xb + (2”3 + a”2xb)*cosh(x)”2 + 2*x(a”3 + a~2*b)*c
osh(x)*sinh(x) + (a”3 + a~2xb)*sinh(x)~2)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

2
f sech” (x) i

a + bcosh? (%)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)**2/(at+bxcosh(x)**2) ,x)

[Out] Integral(sech(x)**2/(a + b*cosh(x)**2), x)

Giac [A] time = 1.34357, size = 78, normalized size = 2.05

barctan ( be@) 42 a+b )
_ 2V-a?-ab 2

V—a2 - aba - a(e(zx) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~2/(at+b*cosh(x)~2),x, algorithm="giac")

[Out] -bxarctan(1/2*(bxe”(2*x) + 2*a + b)/sqrt(-a”2 - axb))/(sqrt(-a”2 - a*b)*a)
- 2/(ax(e”(2%x) + 1))
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3 30 f sech3(x)

a+b cosh? (x)

Optimal. Leaf size=59

1 \/Esinh(x)
b3 tan ( Jith ) N (a- 2b)tan_1(sinh(x)) N tanh(x)sech(x)

2Va+b 242 2a

[Out] ((a - 2*%b)*ArcTan[Sinh[x]])/(2*a"2) + (b~ (3/2)*ArcTan[(Sqrt[b]l*Sinh[x])/Sqr
tla + b]])/(a"2+Sqrtla + b]) + (Sech[x]*Tanh([x])/(2*a)

Rubi [A] time = 0.090977, antiderivative size = 59, normalized size of antiderivative
number of rules

1., number of steps used = 5, number of rules used = 5, integrand size = 15,
0.333, Rules used = {3186, 414, 522, 203, 205}

integrand size

32, -1 Vbsinh(x)
b32 tan ( N ) .\ (a- 2b)tan‘1(sinh(x)) N tanh(x)sech(x)

a2Va+b 242 2a

Antiderivative was successfully verified.

[In] Int[Sech[x]~3/(a + b*Cosh([x]"2),x]

[Out] ((a - 2#b)*ArcTan[Sinh[x]])/(2%a~2) + (b~ (3/2)*ArcTan[(Sqrt[b]l*Sinh[x])/Sqr
tla + bl])/(a"2%Sqrt[a + b]) + (Sech[x]*Tanh[x])/(2*a)

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fxx], x]}, -Dist[ff/f, S
ubst[Int[(1 - ££72%xx72)"((m - 1)/2)*(a + b - b*ff"2%xx"2)"p, x], x, Cosle +
f*x]/£f], x1] /; FreeQ[{a, b, e, f, p}, x] && IntegerQ[(m - 1)/2]

Rule 414

Int[((a_) + (b_D)*(x_)" (0 ))"(p)*((c_) + (d_.)*x(x_)"(n_)) (g ), x_Symbol]
:> =-Simp[(b*xx(a + b*x™n) ~(p + 1)*(c + d*x"n)~(q + 1))/(a*xn*x(p + 1)*x(b*c -
axd)), x] + Dist[1/(a*n*(p + 1)x(b*c - a*d)), Int[(a + b*x™n) (p + 1)*(c +
d*x"n) “g*Simp [b*c + nx(p + 1)*(b*c - a*xd) + d*¥bx(nx(p + q + 2) + 1)*x"n, x]
, x], x] /; FreeQ[{a, b, c, d, n, q}, x] & NeQ[bxc - axd, 0] && LtQ[p, -1]
&& '( !'IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
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d, n, p, q, x]

Rule 522

Int[((e_ ) + (£_)*(x_)"(n_))/(((a)) + (b_)*x(x_)"(m_))*((c_) + (d_.)*(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - axd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cxf)/(bxc - a*xd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, D,
c, d, e, f, n}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

dx, x, sinh(x))

Rubi steps
sech3(x) 1
f ——————dx = Subst f > dx, x, sinh(x)
2+ beosh(x) (1+22) (a+b+ )
—a+b-bx? .
B Sech(x) tanh(x) ) Subst (f W dx, X, Slnh(X))
B 2a 2a
1 : 5 1
_ sech)tany) _ (1~ 20)Subst ( [ L5 dxx, smh(x)) P Subst ( [
B 2a 242 a2
3/2 -1 \/Esinh(x)
(a - 2b) tan™!(sinh(x)) b2 tan ( Vatb ) sech(x) tanh(x)
= + +
242 2+ b 2a

Mathematica [A] time = 0.164757, size = 58, normalized size = 0.98

Vb
Va+b

2532 tan-1 ( WCSch(x))
+2(a - 2b) tan™" (tanh (g)) + atanh(x)sech(x)

242

Antiderivative was successfully verified.
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[In] Integrate[Sech[x]~3/(a + b*Cosh[x]~2),x]

[Out] ((-2%b~(3/2)*ArcTan[(Sqrt[a + bl*Csch([x])/Sqrt[bl])/Sqrtla + b] + 2x(a - 2%
b)*ArcTan[Tanh[x/2]] + a*Sech[x]*Tanh[x])/(2%a~2)

Maple [B] time = 0.045, size = 131, normalized size = 2.2

1.3 1 1 1 1. 3 1 1 1
—b2 arctan | = (2 tanh (x/2) Va+ b + 2 \/E) —) + —b2 arctan (— (2 tanh (x/2) Va+b -2 \/E) —)
2 (2 Vol Vato @ 2 Vo) Va+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sech(x)~3/(a+b*cosh(x)~2),x)

[Out] b~ (3/2)/a"2/(a+b) " (1/2)*arctan(1/2*(2xtanh(1/2*x)*(a+b)~(1/2)+2*a~(1/2)) /b~
(1/2))+b°(3/2)/a"2/(a+b) " (1/2)*arctan(1/2* (2*tanh (1/2*x) * (a+b) ~(1/2)-2*a~ (1
/2))/b"(1/2))-1/a/(tanh(1/2*x) "2+1) "2*tanh(1/2*x) "3+1/a/(tanh (1/2*x) "2+1) "2

*tanh (1/2*x)+1/a*arctan(tanh(1/2*x))-2/a"2*b*xarctan(tanh(1/2*x))

Maxima [F] time = 0., size = 0, normalized size = 0.

eB3Y) _ px (a —2b)arctan (¢¥) L8 f b?eB) + p2e*
ae®) +2qe@Y) + q a? 4 (azbe(4x) +a%b +2 (2 as + azb)e(zx))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~3/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] (e~ (3%x) - e"x)/(axe” (4*x) + 2%axe”(2*x) + a) + (a - 2xb)*arctan(e”x)/a"2 +
8xintegrate(1/4*(b"2xe~(3*x) + b~2xe"x)/(a"2xb*e” (4*x) + a~2*b + 2x(2*a”~3
+ a”2xb)*e” (2*x)), x)

Fricas [B] time = 2.52415, size = 2944, normalized size = 49.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sech(x)~3/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/2*(2*a*cosh(x)”~3 + 6*a*cosh(x)*sinh(x)~2 + 2*axsinh(x)~3 + (b*cosh(x)~4
+ 4xb*cosh(x)*sinh(x)~3 + b*sinh(x) "4 + 2*b*cosh(x)~2 + 2*(3*b*cosh(x)"2 +
b)*sinh(x) "2 + 4*(b*cosh(x)~3 + b*cosh(x))*sinh(x) + b)*sqrt(-b/(a + b))*lo
g((b*cosh(x)"4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 - 2%(2%a + 3%b)*cosh(x
)72 + 2% (3*b*cosh(x)~2 - 2*a - 3*b)*sinh(x)”2 + 4*(b*xcosh(x)~3 - (2*a + 3%*b
Y*cosh(x))*sinh(x) + 4*x((a + b)*cosh(x)~3 + 3*(a + b)*cosh(x)*sinh(x)"2 + (
a + b)*sinh(x)”"3 - (a + b)*cosh(x) + (3*(a + b)*cosh(x)"2 - a - b)*sinh(x))
*sqrt(-b/(a + b)) + b)/(b*cosh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 +
2% (2xa + b)*cosh(x)”2 + 2% (3*b*cosh(x)~2 + 2*a + b)*sinh(x)~2 + 4*(b*cosh(
x)73 + (2*a + b)*cosh(x))*sinh(x) + b)) + 2x((a - 2*b)*cosh(x)"4 + 4*x(a - 2
*b)*cosh(x)*sinh(x)~"3 + (a - 2*b)*sinh(x)"4 + 2*(a - 2*b)*cosh(x)"2 + 2% (3%
(a - 2#b)*cosh(x)"2 + a - 2*b)*sinh(x)"2 + 4*((a - 2*b)*cosh(x)"3 + (a - 2%
b)*cosh(x))*sinh(x) + a - 2*b)*arctan(cosh(x) + sinh(x)) - 2*a*cosh(x) + 2%
(8*a*xcosh(x)~2 - a)*sinh(x))/(a"2*cosh(x)~4 + 4xa~2*cosh(x)*sinh(x)~3 + a2
*sinh(x) "4 + 2*a”2xcosh(x)"2 + 2% (3*a"2*cosh(x)"2 + a”2)*sinh(x)"2 + a~2 +
4x(a"2%cosh(x) "3 + a"2*xcosh(x))*sinh(x)), (a*cosh(x)~3 + 3*a*cosh(x)*sinh(x
)72 + a*sinh(x)”3 + (b*cosh(x)~4 + 4xbxcosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2%
b*cosh(x) "2 + 2% (3*b*cosh(x)”2 + b)*sinh(x)~2 + 4*(b*cosh(x)”3 + b*cosh(x))
xsinh(x) + b)*sqrt(b/(a + b))*arctan(1/2*sqrt(b/(a + b))*(cosh(x) + sinh(x)
)) + (b*cosh(x)~4 + 4xbxcosh(x)*sinh(x)~3 + bxsinh(x)~4 + 2*b*cosh(x)~2 + 2
*(3*b*cosh(x) "2 + b)*sinh(x)~2 + 4*(b*cosh(x)~3 + b*cosh(x))*sinh(x) + b)*s
qrt(b/(a + b))*arctan(1/2*(b*cosh(x) "3 + 3*b*cosh(x)*sinh(x)~2 + bxsinh(x)~
3 + (4*a + 3*b)*cosh(x) + (3*bxcosh(x)~2 + 4*a + 3*b)*sinh(x))*sqrt(b/(a +
b))/b) + ((a - 2*¥b)*cosh(x)"4 + 4*x(a - 2xb)*cosh(x)*sinh(x)”3 + (a - 2xb)*s
inh(x)~4 + 2x(a - 2*b)*cosh(x)"2 + 2*(3*(a - 2*b)*cosh(x)~2 + a - 2xb)*sinh
(x)72 + 4%((a - 2*b)*cosh(x)~3 + (a - 2*b)*cosh(x))*sinh(x) + a - 2%b)*arct
an(cosh(x) + sinh(x)) - a*cosh(x) + (3*a*cosh(x)”2 - a)*sinh(x))/(a"2*cosh(
X)74 + 4xa~2xcosh(x)*sinh(x) "3 + a"2*sinh(x)~4 + 2*a"2*cosh(x)”2 + 2*(3*a"2
*cosh(x) "2 + a"2)*sinh(x)"2 + a~2 + 4*(a"2*cosh(x)”~3 + a~2*cosh(x))*sinh(x)

)]

Sympy [F] time = 0., size = 0, normalized size = 0.

3
‘[‘ sech” (x) i

a+—bcosh2(x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)**3/(atbxcosh(x)**2) ,x)
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[Out] Integral(sech(x)**3/(a + b*cosh(x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~3/(atb*cosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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331 f sech4(x)

a+b coshz(x)

Optimal. Leaf size=55

5 -1 \/E tanh(x)
b* tanh (W) . (a—Db)tanh(x) tanh®(x)

a®2+a + b a? 3a

[Out] (b~2%ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + bl])/(a~(6/2)*Sqrt[a + b]) + ((a -
b)*Tanh[x]) /a2 - Tanh[x]~3/(3%*a)

Rubi [A] time = 0.0991718, antiderivative size = 55, normalized size of antiderivative =

o - . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 15, e o e

0.2, Rules used = {3187, 461, 208}

integrand size

-1 [ vatanh(x)
b? tanh (W) s (a — b) tanh(x) ~ tanh3(X)

a’2va + b a2 3a

Antiderivative was successfully verified.

[In] Int[Sech[x]~4/(a + b*Cosh([x]"2),x]

[Out] (b~2%ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + bl])/(a~(6/2)*Sqrt[a + b]) + ((a -
b)*Tanh[x]) /a2 - Tanh[x]~3/(3%*a)

Rule 3187

Int[sinl[(e_.) + (f_)*(x_)]1"(m_)*((a_) + (b_.)*sinl[(e_.) + (£_.)*(x_)]172)7(
p_.), x_Symbol] :> With[{ff = FreeFactors[Tan[e + f*x], x]}, Dist[ff"(m + 1
)/f, Subst[Int[(x"m*(a + (a + b)*ff 2%x"2)"p)/(1 + ff 2%x"2)"(m/2 + p + 1),
x], x, Tanle + fxx]/ff], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[m/2] &&
IntegerQ[p]

Rule 461

Int [((Ce_)*(x_)) " (m_)*((a_) + (b_)*xx_ )" D))" (p))/((c) + (d_.)*(x_)"(
n_)), x_Symbol] :> Int[ExpandIntegrand[((e*xx) m*(a + b*x"n)"p)/(c + d*x"n),
x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b*c - axd, 0] && IGtQ[n, O]
&& IGtQ[p, 0] && (IntegerQm] || IGtQ[2*(m + 1), 0] || !'RationalQ[m])
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Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rubi steps

a + b cosh?(x) a—(a+ b)xz)

_ 2
= Subst (I[L + a+b + b ] dx, x, coth(x)]

axt = a?x? g2 (a —(a+ b)xz)

fﬂ dx = Subst f (1 - xZ)Z dx, x, coth(x)
x4( Y

2 1
_ (a—Db)tanh(x) ) tanh3(x) . b= Subst (fwdx, X, Coth(x))

a2 3a a2
5 —1 [ v/atanh(x)
) b% tanh ( N ) . (a — b) tanh(x) tanh3(x)
B a%2va + b a? 3a

Mathematica [A] time = 0.143477, size = 55, normalized size = 1.

-1 ( atanh(x)
b? tanh ( a\/% - ) tanh(x) (usechz(x) +2a - 3b)
2527+ b i 3a?

Antiderivative was successfully verified.

[In] Integrate[Sech[x]~4/(a + b*Cosh[x]~2),x]

[Out] (b~2%ArcTanh[(Sqrt[a]*Tanh[x])/Sqrtla + bl])/(a~(56/2)*Sqrtla + b]l) + ((2*a
- 3%b + a*Sech[x]~2)*Tanh[x])/(3*a~2)

Maple [B] time = 0.046, size = 139, normalized size = 2.5

2

b? In (m (tanh (;—C))Z +2+/atanh (x/2) + M) a_g 1 _ ﬁ In (—\/m (tanh (;—C))Z +2+/atanh (x/2) - -

Va+b 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sech(x)~4/(a+b*cosh(x)~2),x)

[Out] 1/2*%b~2/a~(5/2)/(a+b)~(1/2)*1n((a+b)~(1/2)*tanh(1/2*x) ~2+2*a~ (1/2)*tanh(1/2
*x)+(a+b) " (1/2))-1/2%b"2/a”~(5/2) /(a+b) " (1/2) *1n(-(a+b) " (1/2) *tanh (1/2*x) "2+

2*a~ (1/2) *tanh(1/2*x)-(a+b) ~(1/2))-2/a"2*((-a+b) *tanh (1/2*x) ~5+(-2/3*a+2*b)

*tanh (1/2%x) "3+ (-a+b)*tanh(1/2*x))/(tanh(1/2%x)"2+1)"3

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~4/(atb*cosh(x)~2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.40596, size = 3634, normalized size = 66.07

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~4/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/6*%(12*(a"2*b + a*b~2)*cosh(x) 4 + 48*(a"2*b + a*b~2)*cosh(x)*sinh(x)~3 +
12¢(a”2xb + a*b”2)*sinh(x)~4 - 8*a~3 + 4%xa~2xb + 12%a*xb”2 - 24*(a”3 - a*b”
2)*cosh(x)"2 - 24*(a~3 - a*b™2 - 3*(a”2*b + a*xb"2)*cosh(x)"2)*sinh(x)"2 + 3
*(b"2*cosh(x) "6 + 6%b~2*cosh(x)*sinh(x)~5 + b~2*sinh(x)~6 + 3*b~2*cosh(x)"4
+ 3% (5*%b"2*cosh(x) "2 + b~ 2)*sinh(x) "4 + 3*b~2*cosh(x)”2 + 4*(5*xb~2*cosh(x)
3 + 3*%b7"2*cosh(x))*sinh(x)~3 + 3*(5*%b~2*cosh(x)~4 + 6*xb~2*cosh(x)"2 + b~2)
*3inh(x) "2 + b™2 + 6*(b"2*xcosh(x)~5 + 2*b~2*cosh(x)”~3 + b~ 2*cosh(x))*sinh(x
))*sqrt(a”2 + a*xb)*log((b~2*cosh(x)~4 + 4xb~2*cosh(x)*sinh(x)~3 + b~2*sinh(
x)74 + 2x(2xaxb + b"2)*cosh(x) 2 + 2*(3*b~2xcosh(x) "2 + 2*a*b + b~2)*sinh(x
)72 + 8%a”2 + 8*axb + b~2 + 4*(b"2xcosh(x)”3 + (2*a*b + b~2)*cosh(x))*sinh(
x) - 4x(b*xcosh(x) "2 + 2*b*cosh(x)*sinh(x) + b*sinh(x)~2 + 2*a + b)*sqrt(a”2
+ axb))/(bxcosh(x)~4 + 4*b*cosh(x)*sinh(x)”~3 + b*sinh(x)"4 + 2*(2*a + b)x*c
osh(x) "2 + 2*(3*b*cosh(x)"2 + 2%a + b)*sinh(x) 2 + 4*x(b*cosh(x)~3 + (2*a +
b)*cosh(x))*sinh(x) + b)) + 48+%((a"2%b + a*b”2)*cosh(x)"3 - (a3 - a*b”2)*c
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osh(x))*sinh(x))/((a”4 + a~3*b)*cosh(x)"6 + 6%(a”4 + a~3*b)*cosh(x)*sinh(x)
"5 + (2”4 + a"3*b)*sinh(x)"6 + 3*x(a”4 + a~3*b)*cosh(x)”4 + 3*x(a™4 + a~3*b +
5%(a”4 + a”3*b)*cosh(x)"2)*sinh(x)"4 + a4 + a~3*b + 4x(5x(a”4 + a~3%*b)*co
sh(x)"3 + 3*(a"4 + a~3*b)*cosh(x))*sinh(x)"3 + 3*(a"4 + a~3*b)*cosh(x)"2 +
3% (6x(a"4 + a~3*b)*cosh(x)”4 + a™4 + a"3*b + 6*x(a”4 + a~3+*b)*cosh(x) "2)*sin
h(x)"2 + 6%((a"4 + a~3*b)*cosh(x)”5 + 2*x(a"4 + a~3*b)*cosh(x)"3 + (a”4 + a~
3*b)*cosh(x))*sinh(x)), 1/3*x(6x(a”2*b + a*b”~2)*cosh(x)"4 + 24x(a”2*b + axb”
2)*cosh(x)*sinh(x)~3 + 6x(a"2%b + a*b~2)*sinh(x)~4 - 4*a”~3 + 2*xa~2%b + 6G*ax
b"2 - 12*x(a”3 - a*b”2)*cosh(x)”2 - 12*x(a”3 - a*b™2 - 3*(a"2*b + a*b~2)*cosh
(x)"2)*sinh(x) "2 + 3*(b"2*cosh(x)"6 + 6%b~2*cosh(x)*sinh(x)~5 + b~ 2*sinh(x)
"6 + 3*%b~2*cosh(x)”4 + 3*(5xb~2*cosh(x)”2 + b~2)*sinh(x)~4 + 3%*b~2*cosh(x)”
2 + 4x(5*%b~2xcosh(x)~3 + 3*b"2*cosh(x))*sinh(x)~3 + 3*(5%b~2xcosh(x) "4 + 6%
b~ 2*cosh(x)"2 + b~ 2)*sinh(x) "2 + b™2 + 6*(b~2*cosh(x)~5 + 2*b~2*cosh(x)~3 +
b~2*cosh(x))*sinh(x))*sqrt(-a”2 - axb)*arctan(1/2*(b*cosh(x)~2 + 2*bxcosh(
x)*sinh(x) + b*sinh(x)72 + 2%a + b)*sqrt(-a”2 - a*b)/(a”2 + axb)) + 24x((a”
2%b + a*b”2)*cosh(x)"3 - (a”3 - a*b~2)*cosh(x))*sinh(x))/((a”4 + a~3%*b)*cos
h(x)"6 + 6x(a”4 + a~3*b)*cosh(x)*sinh(x)~5 + (a4 + a~3*b)*sinh(x)”"6 + 3x(a
4 + a~3*b)*cosh(x)"4 + 3x(a”4 + a~3*b + 5%(a"4 + a~3*b)*cosh(x)~2)*sinh(x)
"4 + a4 + a”3*b + 4x(5x(a”4 + a~3*b)*cosh(x)”3 + 3*(a"4 + a~3*b)*cosh(x))*
sinh(x) "3 + 3*(a"4 + a~3*b)*cosh(x)"2 + 3*%(5x(a"4 + a~3*b)*cosh(x)"4 + a~4
+ a”3*b + 6x(a”4 + a~3*b)*cosh(x) "2)*sinh(x)”"2 + 6%((a”4 + a~3*b)*cosh(x)”5
+ 2*%(a”4 + a”3*b)*cosh(x)~3 + (a™4 + a~3*b)*cosh(x))*sinh(x))]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)**4/(a+bxcosh(x)**2) ,x)

[Out] Timed out

Giac [A] time = 1.38746, size = 117, normalized size = 2.13

bel2¥) 42 a+b

b? arctan (m) 2 (3 be™ — 66 + 6be®®) — 24 + 3 b)
+

V-a2 — aba? 3 aZ(e(zx) + 1)3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sech(x)~4/(atb*cosh(x)~2),x, algorithm="giac")

[Out] b~2*arctan(1l/2x(b*e”(2*x) + 2*a + b)/sqrt(-a”2 - axb))/(sqrt(-a~2 - ax*b)*a”
2) + 2/3%(3*bxe”(4*x) - 6%axe”(2%x) + 6xbxe”(2*x) - 2%a + 3*b)/(a"2x(e”(2*x
) + 1)73)
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3 39 f sech’ (%)

a+b coshz(x)

Optimal. Leaf size=90

) -1 \/l_Jsinh(x)
(3a2 —4ab + 8b2) tan~" (sinh(x)) _ b7 tan ( Va+b ) N (3a — 4b) tanh(x)sech(x) N tanh(x)sech’(x)
8a3 BVa+ b 8a2 4q

[Out] ((3*a”2 - 4%a*b + 8*b~2)*ArcTan[Sinh[x]])/(8%a~3) - (b~ (5/2)*ArcTan[(Sqrt[b
1*Sinh[x])/Sqrt[a + b]])/(a"3*Sqrtla + b]l) + ((3*a - 4*b)*Sech[x]*Tanh[x])/
(8%a~2) + (Sech[x]~3*Tanh[x])/(4*a)

Rubi [A] time = 0.138285, antiderivative size = 90, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 15, e

integrand size
0.4, Rules used = {3186, 414, 527, 522, 203, 205}

o 5/2 -1 \/Esinh(x)
(3112 —4ab + 8b2) tan ! (sinh(x)) _ b tan ( Jaib ) s (3a — 4b) tanh(x)sech(x) s tanh(x)sech’(x)
8a3 B\Va+Db 8a? 4a

Antiderivative was successfully verified.

[In] Int[Sech[x]~5/(a + b*Cosh[x]"2),x]

[Out] ((3*a”2 - 4xa*b + 8*b~2)*ArcTan[Sinh[x]])/(8%¥a~3) - (b~ (5/2)*ArcTan[(Sqrt[b
1*Sinh[x])/Sqrt[a + b]])/(a"3*Sqrtla + b]) + ((3*a - 4*b)*Sech[x]*Tanh[x])/
(8*%a~2) + (Sech[x]~3*Tanh([x])/(4*a)

Rule 3186

Int[sinl(e_.) + (f_)*(x_)]1"(m_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"
(p_.), x_Symbol] :> With[{ff = FreeFactors[Cos[e + fx*x], x]}, -Dist[ff/f, S
ubst [Int[(1 - £f£f72%xx72)"((m - 1)/2)*(a + b - b*ff~2*x~2)"p, x], x, Cosle +
f*x]1/££f], x1] /; FreeQ[{a, b, e, f, p}, x] & IntegerQ[(m - 1)/2]

Rule 414

Int[((a_) + (b_)*(x_)"(n_ )~ (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> -Simp[(b*x*(a + b*x™n) " (p + 1)*(c + d*x"n)~(q + 1))/(a*xn*(p + 1)*x(bxc -
axd)), x] + Dist[1/(a*nx(p + 1)*(b*c - a*d)), Int[(a + bxx™n) (p + 1)*(c +
d*x"n) “g*Simp[bxc + nx(p + 1)*(b*xc - a*xd) + dxbx(nx(p + q + 2) + 1)*x"n, x]
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, xJ, x] /; FreeQ[{a, b, ¢, d, n, g}, x] && NeQ[b*c - axd, 0] && LtQ[p, -1]
& !'( !IntegerQ[p] && IntegerQ[ql && LtQ[g, -1]) &% IntBinomialQ[a, b, c,
d, n, p, q, x]

Rule 527

Int[((a)) + (b_)*(x_ )" )" (p)*((c) + (d_)*(x_)"(m_))"(q_.)*x((e ) + (£
_D*(x_)"(n_)), x_Symbol] :> -Simp[((b*e - a*xf)*x*x(a + bxx™n) (p + 1)*(c +
d*x™n)~(q + 1))/ (a*n*x(b*xc - a*xd)*(p + 1)), x] + Dist[1/(a*n*(b*c - a*xd)*(p
+ 1)), Int[(a + b*x™n) " (p + 1)*x(c + d*x"n) “q*Simp[c*(bxe - axf) + exnx(b*c
- axd)*(p + 1) + dx(bxe - axf)*(nx(p + q + 2) + 1)*x"n, x], x], x] /; FreeQ
[{a, b, ¢, d, e, f, n, q}, x] && LtQ[p, -1]

Rule 522

Int[(Ce ) + (£_)*x(x_)"(m_))/(((a) + (b_)*(x_)"(m_))*((c_) + (d_.)*x(x_)"(
n_))), x_Symbol] :> Dist[(bxe - axf)/(b*c - a*xd), Int[1/(a + b*x"n), x], xI]
- Dist[(d*e - cxf)/(b*c - axd), Int[1/(c + d*x"n), x], x] /; FreeQ[{a, b,
c, d, e, £, n}, x]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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5
f M dx = Subst [ f ( 1 dx, x, sinh(x)]

a + bcosh?(x) 1+ x2)3 (u +b+ be)

st ( f (_%rﬂ dx, x, sinh(x))

1+x2)2(a+b+bx2)

3 Sub
_ sech”(x) tanh(x) ~

4a 4a
3a2—ab+4b%+(3a-4b)bx? .
_ (3a —4b)sech(x) tanh(x) N sech3(x) tanh(x) N Subst (f (1+22)(a+b+b22) dx, x, smh(x))
B 842 4a 842
3 1 : 2
_ (3a —4b)sech(x) tanh(x) sech®(x) tanh(x) b” Subst (f e 46X, smh(x)) (3‘1 44
B 8a2 " 4a - a3 "

) -1 \/Esinh(x)
~ (3a2 —4ab + 8b2) tan~(sinh(x)) ~ b2 tan ( Jith ) . (3a — 4b)sech(x) tanh(x) . sech’(

8a3 a3Va+b 8a?

Mathematica [A] time = 0.291266, size = 86, normalized size = 0.96

gp5l2 tan—l( mjch&))
2 2 -1 X 2 3 b
2 (311 —4ab + 8b ) tan (tanh (E)) + 2a“ tanh(x)sech™(x) + N + a(3a — 4b) tanh(x)sech(x)
8a3

Antiderivative was successfully verified.

[In] Integrate[Sech[x]~5/(a + b*Cosh[x]~2),x]

[Out] ((8*b~(5/2)*ArcTan[(Sqrt[a + b]*Csch[x])/Sqrt[b]])/Sqrtla + bl + 2x(3*a”"2 -
4dxaxb + 8*%b~2)*ArcTan[Tanh[x/2]] + a*x(3*a - 4xb)*Sech[x]*Tanh[x] + 2*a~2*S

ech[x] ~3*Tanh[x])/(8%a"3)

Maple [B] time = 0.048, size = 274, normalized size = 3.

—;—327; arctan (% (2 tanh (x/2) Va + b+ 2 \/E) %) —% - :—ab; arctan (% (2 tanh (x/2) Va + b -2 ‘/E) %) \/al—+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sech(x)~5/(a+b*cosh(x)~2),x)
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[Out] -b~(5/2)/a~3/(a+b)~(1/2)*arctan(1/2*(2*xtanh(1/2*x)*(a+b)~(1/2)+2*a~(1/2))/b
~(1/2))-b"(5/2)/a"3/(a+b) " (1/2) *arctan(1/2* (2*tanh (1/2*x) * (a+b) " (1/2)-2*a" (
1/2))/b"(1/2))-5/4/a/(tanh(1/2*x) ~2+1) “4xtanh (1/2*x) ~7+1/a"2/(tanh(1/2*x) "2

+1) “4*xtanh (1/2*x) “7*b+3/4/a/ (tanh (1/2*x) "2+1) “4*xtanh (1/2*x) ~5+1/a"2/(tanh (1

/2%x) "2+1) "4*xtanh (1/2*x) “5%b-3/4/a/ (tanh (1/2*x) "2+1) “4*xtanh (1/2*x) ~3-1/a"2/

(tanh (1/2%x) ~2+1) “4*xtanh (1/2*x) “3*b+5/4/a/(tanh (1/2*x) "2+1) “4xtanh (1/2*x) -1
/a”2/(tanh(1/2%x) ~2+1) “4xtanh (1/2#*x) *b+3/4/a*xarctan(tanh(1/2*x))-1/a"2xb*ar
ctan(tanh(1/2#*x))+2/a"3*arctan(tanh(1/2*x))*b~2

Maxima [F] time = 0., size = 0, normalized size = 0.

(Ba-4b)e"9 + (11a—-4b)e®® — (11a — 4b)e®Y — (3a — 4 b)e* s (3 a’>—4ab+8 bz) arctan (e*) f
4 (aze(s ) + 4020 + 6a2e4Y) + 4g262%) 4+ az) 4a 16 (a3be(4“

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~5/(atb*cosh(x)~2),x, algorithm="maxima"

[Out] 1/4*%((3*a - 4xb)*e”(7xx) + (11%a - 4*xb)*e”(5xx) - (11*a - 4*xb)*e”(3*x) - (3
*a - 4xb)*e”x)/(a"2xe” (8xx) + 4*a~2xe” (6*x) + 6*xa~2xe” (4xx) + 4*xa”2*e” (2*x)

+ a”2) + 1/4%(3*%a”2 - 4xaxb + 8xb~2)*arctan(e”x)/a”3 - 32xintegrate(1/16x*(
b"3*e” (3*x) + b~ 3*e"x)/(a"3*bke” (4*x) + a~3xb + 2% (2*¥a"4 + a"3x*b)*e”(2*x)),

x)

Fricas [B] time = 2.70816, size = 8682, normalized size = 96.47

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~5/(atb*cosh(x)~2),x, algorithm="fricas")

[Out] [1/4*((3*a”2 - 4*xaxb)*cosh(x)”7 + 7*(3*a"2 - 4*axb)*cosh(x)*sinh(x)”6 + (3%
a”2 - 4*axb)*sinh(x)”7 + (11%a~2 - 4*a*xb)*cosh(x)”"5 + (21*x(3*a~2 - 4*ax*b)*c
osh(x)"2 + 11*%a”2 - 4*xaxb)*sinh(x)~5 + 5x(7*(3*a”"2 - 4*xaxb)*cosh(x)~3 + (11

*a~2 - 4*axb)*cosh(x))*sinh(x)~4 - (11*a”2 - 4*a*b)*cosh(x)~3 + (35%(3*a~2

- 4xaxb)*cosh(x)”™4 + 10x(11*xa~2 - 4*a*b)*cosh(x)”"2 - 11*xa”2 + 4xaxb)*sinh(x

)73 + (21%(3*a”2 - 4x*xaxb)*cosh(x)"5 + 10*%(11*a”2 - 4x*xaxb)*cosh(x)~3 - 3*(11

*a"2 - 4*axb)*cosh(x))*sinh(x)"2 + 2*%(b"2*cosh(x)~8 + 8*b~2*cosh(x)*sinh(x)
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7 + b72*sinh(x)78 + 4%b~2xcosh(x) "6 + 4*(7*b~2*cosh(x)”2 + b~2)*sinh(x)~6
+ 6xb~2*cosh(x) "4 + 8*(7*b~2xcosh(x)~3 + 3*b~2*cosh(x))*sinh(x)~5 + 2*(35%b
~2%cosh(x) 4 + 30*b"2*cosh(x)~2 + 3*b~2)*sinh(x) "4 + 4*b~2xcosh(x)~2 + 8*(7
*b~2%cosh(x) "5 + 10*b"2*cosh(x) "3 + 3*b~2*cosh(x))*sinh(x)~3 + 4% (7*b~2*cos
h(x)"6 + 15%b~2*cosh(x)~4 + 9*%b"2*cosh(x)"2 + b™2)*sinh(x)"2 + b~2 + 8*x(b"2
xcosh(x)~7 + 3*%b~2*cosh(x) "5 + 3*b"2xcosh(x)”3 + b~ 2*cosh(x))*sinh(x))*sqrt
(-b/(a + b))*log((b*cosh(x) "4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 - 2% (2%
a + 3*b)*cosh(x)”2 + 2*x(3*b*xcosh(x)~2 - 2*a - 3*b)*sinh(x)~2 + 4*(b*cosh(x)
~3 - (2*a + 3*b)*cosh(x))*sinh(x) - 4*((a + b)*cosh(x)~3 + 3*(a + b)*cosh(x
Y*sinh(x)"2 + (a + b)*sinh(x)"3 - (a + b)*cosh(x) + (3*(a + b)*cosh(x)"2 -
a - b)*sinh(x))*sqrt(-b/(a + b)) + b)/(b*cosh(x)~4 + 4*bxcosh(x)*sinh(x)"3
+ bxsinh(x) "4 + 2x(2*a + b)*cosh(x)~2 + 2*x(3*b*cosh(x)”2 + 2%a + b)*sinh(x)
~2 + 4x(b*cosh(x)~3 + (2*a + b)*cosh(x))*sinh(x) + b)) + ((3*a”2 - 4xaxb +
8*b~2)*cosh(x) "8 + 8x(3*a”2 - 4*a*b + 8*b~2)*cosh(x)*sinh(x)~7 + (3*a"™2 - 4
*axb + 8*b~2)*sinh(x) 8 + 4*(3*a”2 - 4xaxb + 8%b~2)*cosh(x)"6 + 4*x(7*(3*a”~2
- 4xaxb + 8%b~2)*cosh(x)”2 + 3*a”™2 - 4xaxb + 8*b~2)*sinh(x) "6 + 8x(7*(3*a”
2 - 4xa*xb + 8xb~2)*cosh(x)~3 + 3*(3*¥a”2 - 4*axb + 8*b~2)*cosh(x))*sinh(x)~5
+ 6*%(3*a”2 - 4*xaxb + 8%b~2)*cosh(x) 4 + 2*x(35%(3*a~2 - 4*axb + 8*b~2)*cosh
(x)74 + 30%(3*a"2 - 4*xaxb + 8*b~2)*cosh(x) ™2 + 9*a”2 - 12*axb + 24%b~2)*sin
h(x)~4 + 8% (7*(3*a”2 - 4*axb + 8*b~2)*cosh(x)”5 + 10%(3*a”2 - 4xaxb + 8*b~2
Yxcosh(x)~3 + 3*%(3*a”2 - 4*axb + 8%b~2)*cosh(x))*sinh(x)~3 + 4x(3*%a"2 - 4*a
*b + 8*b~2)*cosh(x)”2 + 4x(7*(3*a”2 - 4xaxb + 8*b~2)*cosh(x)~6 + 156*%(3*a~2
- 4xaxb + 8%b~2)*cosh(x)~4 + 9*(3*a”2 - 4*a*b + 8*xb~2)*cosh(x)"2 + 3*a"2 -
4*axb + 8*b~2)*sinh(x)”2 + 3*a”2 - 4*axb + 8*b~2 + 8x((3*a”2 - 4xaxb + 8%b~
2)*xcosh(x) "7 + 3*(3*a”2 - 4*xa*xb + 8*xb~2)*cosh(x)~5 + 3*(3*¥a~2 - 4*axb + 8*b
~2)*cosh(x)"3 + (3*a"2 - 4xaxb + 8*b~2)*cosh(x))*sinh(x))*arctan(cosh(x) +
sinh(x)) - (3*a”2 - 4*xaxb)*cosh(x) + (7*(3*a”~2 - 4*a*b)*cosh(x)"6 + 5*x(1l1x*a
2 - 4xaxb)*cosh(x)”™4 - 3*x(11xa”2 - 4xaxb)*cosh(x)”2 - 3*a~2 + 4x*ax*b)*sinh(
x))/(a"3*cosh(x) "8 + 8*a~3*cosh(x)*sinh(x)~7 + a~3*sinh(x)~8 + 4*a~3*cosh(x
)76 + 6%a~3*cosh(x) "4 + 4*x(7*a~3xcosh(x)”2 + a~3)*sinh(x)~"6 + 8x(7*a~3*cosh
(x)73 + 3*a"3*cosh(x))*sinh(x)~5 + 4*a~3*cosh(x)”2 + 2*x(35*xa~3*cosh(x)"4 +
30*a~3*cosh(x) "2 + 3*a~3)*sinh(x)~4 + 8*(7*a~3*cosh(x)”5 + 10*a~3*cosh(x)~3
+ 3*a”3*cosh(x))*sinh(x)~3 + a~3 + 4*(7*a”"3*cosh(x)~6 + 15%a~3*cosh(x)"4 +
9*a~3*cosh(x)~2 + a~3)*sinh(x)"2 + 8*(a"3*cosh(x)~7 + 3*a~3xcosh(x)”5 + 3%
a”~3*xcosh(x) "3 + a~3*cosh(x))*sinh(x)), 1/4*x((3*a”~2 - 4x*xaxb)*cosh(x)”7 + 7*(
3*%a”~2 - 4*axb)*cosh(x)*sinh(x)"6 + (3*a”"2 - 4*axb)*sinh(x)”7 + (11*a”2 - 4x*
a*b)*cosh(x)~5 + (21*%(3*a”2 - 4*axb)*cosh(x)”~2 + 11*a”2 - 4xax*xb)*sinh(x)~5
+ b5x(7x(3*a”2 - 4xaxb)*cosh(x)”"3 + (11*a~2 - 4x*axb)*cosh(x))*sinh(x)"4 - (1
1*%a”~2 - 4xaxb)*cosh(x) 3 + (35%(3*a”~2 - 4xaxb)*cosh(x)”4 + 10x(11*a”~2 - 4xa
*b)*cosh(x) "2 - 11*a”™2 + 4xaxb)*sinh(x)”3 + (21*(3*a~2 - 4*axb)*cosh(x)”5 +
10%x(11*a”~2 — 4xaxb)*cosh(x)”3 - 3*(11*a”~2 - 4*xaxb)*cosh(x))*sinh(x)”2 - 4x*
(b~2*cosh(x) "8 + 8*b"2*cosh(x)*sinh(x)~7 + b "2*sinh(x)~8 + 4*b~2xcosh(x) "6
+ 4% (7*b~2*cosh(x) "2 + b~2)*sinh(x) "6 + 6*b~2xcosh(x)~4 + 8*(7*b~2*cosh(x)”
3 + 3*b"2*cosh(x))*sinh(x)~5 + 2*(35*b~2*cosh(x)~4 + 30%b~2*cosh(x)~2 + 3x*b
~2)*sinh(x) "4 + 4*xb~2*xcosh(x)~2 + 8*(7*b"2*cosh(x)”"5 + 10*b~2*cosh(x)~3 + 3
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*b~2%cosh(x))*sinh(x) "3 + 4x(7*b~2*cosh(x)~6 + 15%xb~2*cosh(x)~4 + 9*b~2*cos
h(x)"2 + b™2)*sinh(x)”"2 + b~2 + 8*(b~2*cosh(x)~7 + 3*b~2*cosh(x)”5 + 3*b~2x%
cosh(x)~3 + b~ 2*cosh(x))*sinh(x))*sqrt(b/(a + b))*arctan(1/2*sqrt(b/(a + b)
Y*(cosh(x) + sinh(x))) - 4*x(b"2*cosh(x)~8 + 8*b~2*cosh(x)*sinh(x)~7 + b~ 2%s
inh(x)"8 + 4%b"2*cosh(x)”6 + 4*x(7*b~2*xcosh(x)”2 + b~2)*sinh(x)”"6 + 6*xb~2*co
sh(x)~4 + 8x(7*b~2xcosh(x)~3 + 3*b~2*cosh(x))*sinh(x)~5 + 2*(35*b~2*cosh(x)
4 + 30*%b~2*cosh(x)”2 + 3*b~2)*sinh(x) "4 + 4%b~2xcosh(x) "2 + 8*(7*b~2*cosh(
x)75 + 10*b~2*cosh(x) "3 + 3*b~2*cosh(x))*sinh(x)~3 + 4*(7*b~2*cosh(x)”"6 + 1
5%b~2%cosh(x) "4 + 9*b"2*cosh(x)"2 + b~2)*sinh(x)"2 + b~2 + 8% (b~ 2*cosh(x)”"7
+ 3xb~2*cosh(x) "5 + 3*%b~2xcosh(x)~3 + b~2*cosh(x))*sinh(x))*sqrt(b/(a + b)
Y¥arctan(1/2*(b*cosh(x)~3 + 3*b*cosh(x)*sinh(x)~2 + b*sinh(x)~3 + (4*a + 3%
b)*cosh(x) + (3*b*cosh(x)"2 + 4*a + 3%b)*sinh(x))*sqrt(b/(a + b))/b) + ((3*
a~2 - 4x*axb + 8*b"2)*cosh(x)"8 + 8+(3*a”2 - 4*axb + 8*b~2)*cosh(x)*sinh(x)”
7 + (3*a”2 - 4xaxb + 8%b~2)*sinh(x)~8 + 4*(3*a”2 - 4*xa*xb + 8%b~2)*cosh(x)~6
+ 4% (7x(3*a”2 - 4xaxb + 8%b~2)*cosh(x)~2 + 3*a”™2 - 4xa*xb + 8%b~2)*sinh(x)”
6 + 8% (7*(3*%a"2 - 4*axb + 8*b~2)*cosh(x)”3 + 3*(3*a”2 - 4xaxb + 8*b~2)*cosh
(x))*sinh(x)7"5 + 6%(3*%a”2 - 4*axb + 8*b~2)*cosh(x)”™4 + 2%(35%x(3*a”2 - 4xax*b
+ 8*%b~"2)*cosh(x) "4 + 30%(3*a”2 - 4*a*xb + 8*b~2)*cosh(x)~2 + 9*a”2 - 12*axb
+ 24%b~2)*sinh(x) "4 + 8*%(7*(3*xa"2 - 4xaxb + 8*b~2)*cosh(x)”5 + 10*x(3*a"2 -
4xaxb + 8*b~2)*cosh(x)”3 + 3%(3*a”2 - 4*axb + 8*b~2)*cosh(x))*sinh(x)~3 +
4% (3%a~2 - 4*axb + 8*b~2)*cosh(x)”2 + 4% (7x(3*a”2 - 4xa*xb + 8%b~2)*cosh(x)”
6 + 156%(3*a”2 - 4*a*b + 8*b~2)*cosh(x)"4 + 9%(3*xa”2 - 4*axb + 8*b~2)*cosh(x
)72 + 3%a”2 - 4*axb + 8*b"2)*sinh(x)”"2 + 3*a”2 - 4x*xaxb + 8*xb"2 + 8% ((3*xa”2
- 4xaxb + 8*b~2)*cosh(x)~7 + 3*%(3*%a”2 - 4*axb + 8*b~2)*cosh(x)~5 + 3*(3*a"2
- 4*axb + 8*b"2)*cosh(x)~3 + (3*a”2 - 4*axb + 8*xb~2)*cosh(x))*sinh(x))*arc
tan(cosh(x) + sinh(x)) - (3*a”™2 - 4*axb)*cosh(x) + (7*(3*a”"2 - 4*a*xb)*cosh(
x)76 + bx(11xa~2 - 4*axb)*cosh(x)”4 - 3*x(11xa~2 - 4*axb)*cosh(x)”2 - 3*a”~2
+ 4xaxb)*sinh(x))/(a"3*cosh(x) "8 + 8*a~3*cosh(x)*sinh(x)”7 + a~3*sinh(x)~8
+ 4*a”3*cosh(x) "6 + 6*a~3*cosh(x) 4 + 4*x(7*a"3*cosh(x)”2 + a~3)*sinh(x)"6 +
8% (7T*a"3*cosh(x) "3 + 3*a~3*cosh(x))*sinh(x)”5 + 4*a”~3*cosh(x)"2 + 2%(35*a”
3*cosh(x) "4 + 30*a~3*cosh(x) "2 + 3*a”~3)*sinh(x)~4 + 8*(7*a"3*cosh(x)"5 + 10
*a”~3*cosh(x) "3 + 3*a~3*cosh(x))*sinh(x)~3 + a~3 + 4*x(7*a”~3*cosh(x)~6 + 15%a
~3*cosh(x)~4 + 9*a~3*cosh(x)"2 + a~3)*sinh(x)~2 + 8*(a~3*cosh(x)~7 + 3*a~3*
cosh(x)~5 + 3*a~3*cosh(x)~3 + a~3*cosh(x))*sinh(x))]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)**5/(atb*xcosh(x)**2) ,x)



[Out] Timed out
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Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sech(x)~5/(atb*cosh(x)~2),x, algorithm="giac")

[Out] Exception raised: TypeError
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1

3.33 dax

(a+l7cosh2(x))2

Optimal. Leaf size=65

-1 { v/atanh(x)
(2a + b) tanh ( N ) bsinh(x) cosh(x)

2a%2(a + b)3/? B 2a(a + b) (a +b coshz(x))

[Out] ((2*%a + b)*ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + b]])/(2*a~(3/2)*(a + b)~(3/2)
) - (b*Cosh[x]*Sinh[x])/(2*a*(a + b)*(a + b*Cosh[x]~2))

Rubi [A] time = 0.0574036, antiderivative size = 65, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 10, L

integrand size
0.4, Rules used = {3184, 12, 3181, 208}

—1 [ v/atanh(x)
(2a + b) tanh ( N ) b sinh(x) cosh(x)

2a%2(a + b)3? B 2a(a + b) (a +b coshz(x))

Antiderivative was successfully verified.

[In] Int[(a + b*Cosh[x]~2)"(-2),x]

[Out] ((2*%a + b)*ArcTanh[(Sqrt[a]*Tanh[x])/Sqrtla + bl]l)/(2*a~(3/2)*(a + b)~(3/2)
) - (b*Cosh[x]*Sinh[x])/(2*a*(a + b)*(a + b*Cosh[x]~2))

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> -Simp[(b*Co
sle + f*x]xSin[e + fxx]*(a + bxSinle + fxx]72)7(p + 1))/ (2*xaxfx(p + 1)*x(a +
b)), x] + Dist[1/(2xax(p + 1)*(a + b)), Int[(a + b*Sinle + f*x]"2) " (p + 1)
*xSimp [2%xa*x(p + 1) + bx(2xp + 3) - 2*bx(p + 2)*Sinle + f*x]~2, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 3181
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Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps
f -2a-b
f 1 dx = — b COSh(X) Sinh(x) _ a+bcosh2(x) X
(a + bcoshz(x))z 2a(a +b) (a +0b coshz(x)) 2a(a +b)
__ bcosh(x)sinh(x) N (20 +) f a+hcosh2(r) dx

2a(a +b) (a +0b coshZ(x)) 2a(a +b)

3 b cosh(x) sinh(x) N (2 +b) Subst (f e % coth(x))
2a(a + b) (a +b coshz(x)) 2a(a + b)

~1 { /atanh(x)
- (2a+ b) tanh ( Va+b ) B b cosh(x) sinh(x)
2a%2(a + b)3? 2a(a + b) (a +b coshz(x))

Mathematica [A] time = 0.213622, size = 68, normalized size = 1.05

~1 { /atanh(x)
(2a + b) tanh ( N ) bsinh(2x)
2a32(a + b)32 2a(a + b)(2a + b cosh(2x) + b)

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cosh([x]~2)~(-2),x]

[Out] ((2*a + b)*ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + b]])/(2*¥a~(3/2)*(a + b)~(3/2)
) - (b*Sinh[2*x])/(2*ax(a + b)*(2%a + b + b*Cosh[2*x]))

Maple [B] time = 0.036, size = 230, normalized size = 3.5

1 ( (tanh (x/2))° b tanh (x/2)
-2 K N . . 2 +1 —2
(tanh (x/2))* a + b (tanh (x/2))* - 2 a (tanh (x/2))” + 2 (tanh (x/2))°b+a + b a(a+b) a(a+Db)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~2)"2,x)

[Out] -2*(1/2*b/a/(a+b)*tanh(1/2*x) "3+1/2*b/a/(a+b)*tanh(1/2*x))/(tanh(1/2*x) ~4*a
+b*tanh (1/2*x) “4-2xaxtanh (1/2*x) ~2+2*xtanh (1/2*x) “2xb+a+b)+1/2/(a+b) ~(3/2)/a
~(1/2)*1n((a+b) " (1/2)*tanh (1/2*x) ~2+2*a~ (1/2) *tanh (1/2*x)+(a+b)~(1/2))-1/2/
(a+b)~(3/2)/a~(1/2)*1n((a+b) ~(1/2)*tanh (1/2*x) "2-2*a~ (1/2) *tanh (1/2*x)+(a+b

)" (1/2))+1/4/a~(3/2)/(a+b) " (3/2) *bx1n((a+b) ~(1/2) *tanh (1/2*x) ~2+2*a”~ (1/2) *t
anh(1/2*x)+(a+b)~(1/2))-1/4/a~(3/2)/(a+b) ~(3/2) *b*1n((a+b) ~(1/2) *tanh (1/2*x

) "2-2%a”~ (1/2)*tanh (1/2%x)+(a+b) ~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~2)72,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 2.38822, size = 3090, normalized size = 47.54

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~2)72,x, algorithm="fricas")

[Out] [1/4*%(4*a~2*xb + 4xa*xb™2 + 4*(2*a”3 + 3*a"2*xb + a*xb~2)*cosh(x)”2 + 8*x(2*a”3
+ 3*%a”"2*%b + a*b”2)*cosh(x)*sinh(x) + 4*x(2*a”~3 + 3*a~2xb + a*b~2)*sinh(x) "2

+ ((2%axb + b"2)*cosh(x)"4 + 4% (2*a*b + b"2)*cosh(x)*sinh(x)"3 + (2*a*b + b
“2)*sinh(x) "4 + 2*x(4*a”2 + 4*axb + b~2)*cosh(x)"2 + 2% (3*(2*a*b + b~2)*cosh
(x)72 + 4%a”2 + 4*axb + b72)*sinh(x)"2 + 2*axb + b"2 + 4% ((2*xa*xb + b~2)*cos
h(x)"3 + (4%a”2 + 4*axb + b~2)*cosh(x))*sinh(x))*sqrt(a”2 + axb)*log((b~2*c
osh(x)~4 + 4xb~2*cosh(x)*sinh(x)~3 + b~ 2*sinh(x)~4 + 2*%(2*a*xb + b~2)*cosh(x

)72 + 2% (3%b"2*cosh(x) "2 + 2*axb + b~2)*sinh(x)"2 + 8*a”2 + 8*axb + b™2 + 4
*(b~2xcosh(x)~3 + (2*axb + b~2)*cosh(x))*sinh(x) - 4x(b*cosh(x)~2 + 2%b*cos
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h(x)*sinh(x) + b*sinh(x)72 + 2%a + b)*sqrt(a”™2 + axb))/(b*cosh(x)~4 + 4*b*c
osh(x)*sinh(x)~3 + b*sinh(x)~4 + 2*%(2*a + b)*cosh(x)~2 + 2% (3*b*cosh(x)~2 +
2%a + b)*sinh(x) "2 + 4*x(b*cosh(x)"3 + (2%a + b)*cosh(x))*sinh(x) + b)))/(a
“4xb + 2%a”3*b72 + a"2*%b"3 + (a"4*b + 2*%a”3*b"2 + a"2*xb"3)*cosh(x)"4 + 4x*(a
“4xb + 2%a”3*b"2 + a"2*%b"3)*cosh(x)*sinh(x) "3 + (a"4*b + 2*xa~3*%b"2 + a~2*b”
3)*sinh(x) "4 + 2*x(2*¥a”5 + 5*a~4xb + 4%a~3*b"2 + a~2%b~3)*cosh(x)"2 + 2x(2*a
5 + B*a"4xb + 4*a”3*b"2 + a"2%b"3 + 3*(a”4*b + 2*xa~3*b"2 + a~2%b~3)*cosh(x
)"2)*sinh(x) "2 + 4x((a"4*xb + 2*a~3*%b"2 + a"2*b~3)*cosh(x)”"3 + (2*a~5 + 5xa”
4xb + 4*xa~3*%b"2 + a"2*xb"3)*cosh(x))*sinh(x)), 1/2%(2*a"2%b + 2xa*xb”2 + 2% (2
*a~3 + 3*%a”2*b + a*xb"2)*cosh(x)"2 + 4%(2*%a”3 + 3*a"2*b + a*b~2)*cosh(x)*sin
h(x) + 2*x(2*a”~3 + 3*a"2%b + a*b”2)*sinh(x)"2 + ((2*a*b + b~2)*cosh(x)"4 + 4
*(2*%axb + b~2)*cosh(x)*sinh(x)~3 + (2*a*xb + b~2)*sinh(x)~4 + 2*(4*a~2 + 4xa
*b + b72)*cosh(x) "2 + 2% (3% (2*a*xb + b~2)*cosh(x)”2 + 4*a”2 + 4*xaxb + b~2)*s
inh(x)72 + 2%a*b + b™2 + 4x((2*xaxb + b~ 2)*cosh(x)”3 + (4*a”2 + 4*xaxb + b~2)
xcosh(x))*sinh(x))*sqrt(-a~2 - axb)*arctan(1l/2x(b*cosh(x)”2 + 2xb*cosh(x)x*s
inh(x) + b*sinh(x)"2 + 2*a + b)*sqrt(-a”2 - axb)/(a”2 + axb)))/(a"4*b + 2*a
“3%b72 + a”2*b”3 + (a"4*b + 2%a~3%b"2 + a"2*b”3)*cosh(x)"4 + 4x(a"4xb + 2*a
“3%b"2 + a"2*b"3)*cosh(x)*sinh(x)”3 + (a”4*xb + 2*xa~3*xb"2 + a~2*b~3)*sinh(x)
4 + 2%(2*%a”5 + 5*a~4*xb + 4%a~3%b"2 + a"2*b”"3)*cosh(x)"2 + 2*(2*¥a”5 + 5*a”4
*b + 4%a"3*%b72 + a"2*%b"3 + 3x(a"4*b + 2*a”3*b"2 + a"2*xb"3)*cosh(x)~2)*sinh(
x)72 + 4x((a~4*b + 2*¥a”3*b"2 + a"2*xb"3)*cosh(x)"3 + (2*%a”5 + 5*a~4*xb + 4xa”
3*b~2 + a"2*b~3)*cosh(x))*sinh(x))]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)**2)**2,x)

[Out] Timed out

Giac [A] time = 1.22918, size = 140, normalized size = 2.15

(2x)
(2a + b) arctan (M)

2Nt ) 2629 + be@¥) 4+ p
2 (gZ + ab) —a2 —ab (a2 + ab) (be(‘”) + 4 aeY) + 2 pe¥) + b)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(at+b*cosh(x)~2)72,x, algorithm="giac")

[Out] 1/2*(2*a + b)*arctan(l/2x(bxe”(2*x) + 2*a + b)/sqrt(-a”2 - axb))/((a"2 + ax
b)*sqrt(-a~2 - a*b)) + (2xaxe”(2*x) + b*e”(2xx) + b)/((a"2 + a*b)*(b*xe” (4*x
) + 4xaxe”(2xx) + 2xbxe”(2%x) + b))
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1

3.34 - dx
(a+l7cosh2(x))
Optimal. Leaf size=107
-1 \/Etanh(x)
(8512 +8ab+ 3b2) tanh ( Vatb ) _ 3b(2a +b) sinh(x) cosh(x) _ bsinh(x) cosh(x)
8a%2(a + by 8a2(a+b)? (a +beosh () 4a(a + b) (a + bcosh?(x))’

[Out] ((8*a~2 + 8*a*b + 3xb~2)*ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + b]])/(8xa~(5/2)
*(a + b)~(5/2)) - (b*Cosh[x]*Sinh([x])/(4*a*x(a + b)*(a + bxCosh[x]"2)"2) - (
3xbx(2*a + b)*Cosh[x]*Sinh[x])/(8*a"2*x(a + b) 2x(a + b*Cosh[x]~2))

Rubi [A] time = 0.122786, antiderivative size = 107, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 10, Ll L

integrand size
0.5, Rules used = {3184, 3173, 12, 3181, 208}

’ 2 -1 { y/atanh(x)
(8’1 +8ab + 3b )tanh (W) _ 3b(2a + b)sinh(x) cosh(x) b sinh(x) cosh(x)
8a%2(a + b)>/? 8a%(a + b)? (u +b coshz(x)) da(a +b) (a +b Coshz(x))z

Antiderivative was successfully verified.

[In] Int[(a + b*Cosh[x]~2)"(-3),x]

[Out] ((8*a"2 + 8xa*b + 3*b~2)*ArcTanh[(Sqrt[al]*Tanh[x])/Sqrtla + bl])/(8*a~(5/2)
*(a + b)7(5/2)) - (b*Cosh[x]*Sinh([x])/(4*ax(a + b)*x(a + bxCosh[x]"2)"2) - (
3xb* (2xa + b)*Cosh[x]*Sinh[x])/(8*a~2x(a + b) "2x(a + b*Cosh[x]~2))

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
s[e + fxx]*Sin[e + f*xx]x(a + b*Sinf[e + £f*x]72)"(p + 1))/ (2*axfx(p + 1)*(a +
b)), x] + Dist[1/(2*ax(p + 1)*(a + b)), Int[(a + b*Sinle + £*x]72)"(p + 1)
*Simp [2%a*x(p + 1) + bx(2*p + 3) - 2xbx(p + 2)*Sinle + f*x]172, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 3173

Int[((a_) + (b_.)xsin[(e_.) + (£_.)*x(x_)]172) " (p_)*((A_.) + (B_.)*sin[(e_.)
+ (f_.)*(x_)]172), x_Symbol] :> -Simp[((Axb - a*B)*Cos[e + f*x]*Sin[e + fx*x]
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x(a + bxSinf[e + f*x]72)"(p + 1))/ (2%xaxf*x(a + b)*(p + 1)), x] - Dist[1/(2*ax
(a + b)x(p + 1)), Int[(a + b*Sinle + f*x]72)"(p + 1)*Simp[a*xB - Ax(2%ax(p +
1) + bx(2xp + 3)) + 2x(A*b - a*B)*(p + 2)*Sin[e + f*x]~2, x], x], x] /; Fr
eeQ[{a, b, e, f, A, B}, x] && LtQ[p, -1] && NeQ[a + b, 0]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2xx"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, f}, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
—4a-3b+2b coshz(x) d
f 1 = b cosh(x) sinh(x) (a+b coshz(x))z
3t T 2
(a +b coshz(x)) 4a(a + b) (a +b Coshz(x)) da(a +b)

f —8a2—-8ab-31>
b cosh(x) sinh(x) ~ 3b(2a + b) cosh(x) sinh(x) ~

a+b coshz(x)

4a(a + b) (a +b coshz(x))2 8a%(a + b)? (ﬂ +b COShZ(x)) 8a(a + by?

(8a% + 8ab + 312) [

b cosh(x) sinh(x) ~ 3b(2a + b) cosh(x) sinh(x) N
 da(a+b)(a+beosh®() 8@+ bR (a+beosh’(x)) 8a%(a + b)?
b cosh(x) sinh(x) _ 3b(2a + b) cosh(x) sinh(x) . (8a2 + 8ab + 3b2) Subst ( f ;

4a(a + b) (a +b coshz(x))2 8a%(a + b)? (‘1 +b COShZ(x))

’ 5 _1 { Yatanh(x)
(8u + 8ab + 3b )tanh (—m ) b cosh(x) sinh(x) ~ 3b(2a + b) cosh(x) si

8a%/%(a + ) ) 4a(a+b) (u +b coshz(x))2 8a2(a + b)? (ﬂ + b cos
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Mathematica [A] time = 0.588333, size = 106, normalized size = 0.99

2 2 -1 \/Etanh(x)
(8a%+8ab+30%) tanh ( Vo ) Vb sinh(2v)(1642+3b(2a-+b) cosh(2x)+16ab+3?)
(a+b)52 B (a+b)2(2a+b cosh(2x)+b)2

8ad/?
Antiderivative was successfully verified.

[In] Integrate[(a + b*Cosh[x]~2)~(-3),x]

[Out] (((8%a”2 + 8*axb + 3*b~2)*ArcTanh[(Sqrt[a]l*Tanh[x])/Sqrtla + b]])/(a + b)~(
5/2) - (Sqrtlal*bx(16*a~2 + 16%axb + 3*b~2 + 3*xb*(2*a + b)*Cosh[2*x])*Sinh[
2xx])/((a + b)"2x(2%a + b + b*xCosh[2xx])~2))/(8*a~(5/2))

Maple [B] time = 0.047, size = 468, normalized size = 4.4

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~2)"3,x)

[Out] -2*(1/8*b*x(8*a+3*b)/(a+b)/a"2*xtanh(1/2*x) " 7-1/8*b* (8*a~2-13*a*b-9*b~2)/(a+b
)"2/a"2xtanh (1/2%x) ~5-1/8%b* (8*a~2-13*%a*xb-9*b~2) /(a+b) ~2/a"2*tanh (1/2*x) ~3+
1/8%b* (8xa+3*b) /(a+b)/a~2*tanh (1/2*x) )/ (tanh (1/2*x) ~4*a+bxtanh (1/2*x) “4-2%*a
xtanh (1/2%x) ~2+2*xtanh (1/2*x) ~2*b+a+b) ~2+1/2/ (a~2+2*xa*xb+b~2) /a~(1/2) / (a+b) ~(
1/2)*1n((a+b) " (1/2) *tanh(1/2*x) "2+2*a~ (1/2) *tanh (1/2*x)+(a+b) ~(1/2))+1/2/a"
(3/2)/(a™2+2*a*xb+b~2) /(a+b) ~(1/2)*1n((a+b) " (1/2) *tanh (1/2*x) ~2+2*a~ (1/2) *ta
nh(1/2*x)+(a+b)~(1/2))*b+3/16/a"(5/2)/ (a~2+2*a*xb+b~2) /(a+b) ~(1/2)*1n((a+b) "~
(1/2)*tanh(1/2*x) ~2+2*a~ (1/2) *tanh (1/2*x)+(a+b) ~(1/2) ) ¥b~2-1/2/(a~2+2*a*b+b
~2)/a~(1/2)/(a+b) " (1/2)*1n((a+b) ~(1/2) *tanh(1/2*x) "2-2*a~(1/2) *tanh (1/2*x) +
(a+b)~(1/2))-1/2/a~(3/2)/(a"2+2*a*xb+b~2) /(a+b) ~(1/2) *1n((a+b) " (1/2) *tanh(1/
2xx) "2-2*a~ (1/2)*tanh (1/2*x)+(a+b) ~(1/2))*b-3/16/a"(5/2) / (a~2+2*a*xb+b"2) /(a
+b) " (1/2)*1n((a+b) ~(1/2) *tanh (1/2*x) "2-2*%a”~ (1/2) *tanh (1/2*x)+(a+b) " (1/2) ) *b
-2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~2)73,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 2.82081, size = 11926, normalized size = 111.46

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~2)73,x, algorithm="fricas")

[Out] [1/16%(4*(8*a~4xb + 16*%a”3*b~2 + 11%a”~2%b~3 + 3*a*b~4)*cosh(x)~6 + 24x*(8*a”
4xb + 16*a~3%b"2 + 11*a”2*b~3 + 3*a*b~4)*cosh(x)*sinh(x)”5 + 4*x(8*a~4*xb + 1
6*%a"3*%b"2 + 11%a”"2*b~3 + 3*a*b”"4)*sinh(x)”6 + 24*a”~3*%b"2 + 36*%a"2xb"3 + 12%
axb”4 + 12%(16*a”5 + 40*a~4xb + 38*a~3*%b"2 + 17*a"2*xb"3 + 3*a*xb~4)*cosh(x)”
4 + 12%x(16*a"5 + 40*a~4*b + 38*a”3*b~2 + 17*a"2%b~3 + 3*xaxb”4 + 5*x(8xa~4x*b
+ 16%a"3*b"2 + 11%a"2*b~3 + 3*axb”4)*cosh(x) 2)*sinh(x)~4 + 16x(5%(8*xa~4x*b
+ 16*%a”3*b"2 + 11*xa~2%b~3 + 3*a*b”4)*cosh(x)”~3 + 3x(16%a~5 + 40*a"4*b + 38x%
a"3*b~2 + 17%a"2*b~3 + 3*axb”4)*cosh(x))*sinh(x)~3 + 4*x(40%a"4*xb + 80*a~3*b
"2 + 49%a”2*%b”3 + 9*axb~4)*xcosh(x)"2 + 4*(40*a"4*xb + 80*a~3*b"2 + 49%a”2*b”
3 + 9*%axb™4 + 15x(8*a~4*b + 16*a”3*b"2 + 11*a~2*b~3 + 3*a*xb~4)*cosh(x)"4 +
18%(16*a~5 + 40xa~4x*xb + 38*%a~3*b~2 + 17*a"2%b~3 + 3*a*xb~4)*cosh(x) ~2)*sinh(
x)72 + ((8xa~2%b~2 + 8*a*b”3 + 3*b~4)*cosh(x)~8 + 8*(8*a”"2*b”~2 + 8*axb~3 +
3*b~4)*cosh(x)*sinh(x) "7 + (8*a~2*b"2 + 8*axb”3 + 3*b~4)*sinh(x)~8 + 4% (16x*
a~3%b + 24*a”2*b"2 + 14*axb~3 + 3*b~4)*cosh(x)”"6 + 4*x(16*a~3*b + 24*a”2*b"2
+ 14*a*xb”™3 + 3*b~4 + 7*(8*%a"2*b"2 + 8*a*xb~3 + 3*b~4)*cosh(x) "2)*sinh(x)~6
+ 8x(7*(8*a"2*b"2 + 8*axb~3 + 3*%b~4)*cosh(x)”3 + 3*%(16*a~3*b + 24*a~2%b"2 +
14*xa*xb~3 + 3xb~4)*cosh(x))*sinh(x)”5 + 2*x(64*xa~4 + 128+a~3*b + 112*%a~2*xb~2
+ 48*a*b”3 + 9*b~4)*cosh(x)"4 + 2% (35%(8*a”2*xb"2 + 8*xaxb~3 + 3*b~4)*cosh(x
)74 + 64%xa”4 + 128*%a~3%b + 112*%a”"2%b"2 + 48*axb~3 + 9*xb~4 + 30%(16*a"3*b +
24%a"2%b"2 + 14*a*xb”3 + 3*b~4)*cosh(x) "2)*sinh(x) "4 + 8*xa~2%b~2 + 8*a*b”3 +
3*%b"4 + 8% (7*(8*xa"2*b"2 + 8*axb~3 + 3*b"4)*cosh(x)"5 + 10*%(16*a"3*b + 24x*a
“2%b72 + 14*a*b”3 + 3*b~4)xcosh(x)"3 + (64*a”4 + 128*a”~3*b + 112%a~2%b"2 +
48*%a*xb~3 + 9*b~4)*cosh(x))*sinh(x)~3 + 4x(16%a~3*b + 24*a”2*b~2 + 14*axb~3
+ 3*b74)*cosh(x) "2 + 4% (7*(8*a”2*%b"2 + 8*a*xb~3 + 3*b~4)*cosh(x)”6 + 15x(16x*
a~3%b + 24*a”2*b"2 + 14*axb~3 + 3*b"4)*cosh(x) "4 + 16*a”~3*b + 24*a~2%b"2 +
14xa*xb”™3 + 3*b~4 + 3*%(64*a”~4 + 128%a~3*b + 112%a~2%b”"2 + 48*a*xb”3 + 9*b~4)x*
cosh(x)"2)*sinh(x) 2 + 8*((8*xa~2xb~2 + 8*a*b~3 + 3*b~4)*cosh(x)~7 + 3*(16*a
“3%b + 24*a”2*b”2 + 14*axb~3 + 3*%b~4)*cosh(x)”5 + (64*xa~4 + 128+a"3*b + 112
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*a"2*b"2 + 48%ax*b”3 + 9*b~4)*cosh(x)”"3 + (16*a~3*b + 24*a~2%b~2 + 14*a*xb~3
+ 3%b74)*cosh(x))*sinh(x))*sqrt(a”2 + a*b)*log((b~2*cosh(x)~4 + 4*b~2*cosh(
x)*sinh(x) "3 + b~ 2*sinh(x) "4 + 2x(2xa*b + b~2)*cosh(x)”~2 + 2*x(3*¥b~2*xcosh(x)
"2 + 2%a*xb + b72)*sinh(x)”"2 + 8%a”2 + 8*a*xb + b72 + 4*x(b"2*cosh(x)”3 + (2*a
*b + b~2)*cosh(x))*sinh(x) - 4*(b*cosh(x)~2 + 2xb*cosh(x)*sinh(x) + b*sinh(
X)72 + 2xa + b)*sqrt(a”2 + axb))/(b*cosh(x)~4 + 4*bxcosh(x)*sinh(x)~3 + bxs
inh(x)~4 + 2*x(2*a + b)*cosh(x)”2 + 2*%(3*b*cosh(x)~2 + 2*a + b)*sinh(x)"2 +
4x(b*cosh(x)~"3 + (2*a + b)*cosh(x))*sinh(x) + b)) + 8*x(3*%(8*a~4*b + 16*a” 3%
b"2 + 11*a”2%b~3 + 3*a*b”4)*cosh(x)”"5 + 6x(16*a~5 + 40*a"4*b + 38*a~3*xb~2 +
17*a”"2*b~3 + 3*a*b~4)*cosh(x)”3 + (40*a"4*b + 80*a~3*%b~2 + 49*%a”2*b"3 + 9%
axb~4)*xcosh(x))*sinh(x))/((a”6*b"2 + 3*a"5xb~3 + 3*a~4*b~4 + a~3%b~5)*cosh(
X)78 + 8x(a"6xb"2 + 3*a”b*b”3 + 3*a~4*b~4 + a~3%b~5)*cosh(x)*sinh(x)”7 + (a
“6*b"2 + 3*a~5*%b"3 + 3*a~4*b”"4 + a”3*b~5)*sinh(x)”"8 + a“6*%b"2 + 3*%a”"5%b~3 +
3*a~4*xb"4 + a"3*b~5 + 4x(2*%a”7xb + 7*a"6*%b"2 + 9*a~5*xb”"3 + 5%a"4*%b"4 + a”3
*b~5)*cosh(x) "6 + 4*x(2*a”~7xb + 7*a~6%b~2 + 9*a~5*xb~3 + 5*xa~4*b~4 + a~3*b”~5
+ 7x(a”"6*b"2 + 3*a~5*%b~3 + 3*a"4*b"4 + a~3*b~5)*cosh(x)"2)*sinh(x)"6 + 8*(7
*(a”6*b”2 + 3*a”"5*b"3 + 3*xa~4%b~4 + a~3*b”5)*cosh(x)”"3 + 3x(2*a"T7*b + 7*a"6
*b~2 + 9*a”5*b”3 + 5*a~4*xb~4 + a~3*b~5)*cosh(x))*sinh(x)"5 + 2x(8*a~8 + 32%
a~7+b + B51*a"6*b”2 + 41*a"5xb~3 + 17*a"4*b"4 + 3*a~3*b"5)*cosh(x)”4 + 2% (8%
a"8 + 32%a”7xb + bl*a"6xb"2 + 41%a"5xb~3 + 17xa"4xb~4 + 3*xa~3*b"5 + 35%x(a”6
*b~2 + 3*%a”5*b"3 + 3*a~4*b~4 + a~3*b"5)*cosh(x)”"4 + 30*x(2*xa~7*b + 7*a"6%b"2
+ 9*%a”b*b~3 + 5*a~4*xb~4 + a~3*b~5)*cosh(x)”"2)*sinh(x)~4 + 8*(7*(a”"6*b~2 +
3*a”"5*b”"3 + 3*a~4*b~4 + a~3*b~5)*cosh(x)”5 + 10*x(2*xa~7*b + 7*a~6*b~2 + 9*a”
5%¥b"3 + 5*a~4%b”"4 + a”3*b~5)*cosh(x)”"3 + (8*a~8 + 32%a”7*xb + 51*xa”6*b"2 + 4
1*%a”5*b~3 + 17+*a"4*b"4 + 3*a”~3*b~5)*cosh(x))*sinh(x)~3 + 4*(2*a”7*b + 7*a"6
*b~2 + 9*%a”5*b”"3 + 5*a~4*b"4 + a~3*%b~5)*cosh(x) "2 + 4*x(2*a”~7xb + T*a~6%b"2
+ 9*%a”5*b”3 + 5*a~4*xb"4 + a~3*%b"5 + 7*(a"6*xb"2 + 3*xa~5*%b"3 + 3*a"4*b"4 + a”
3*b~5)*cosh(x) "6 + 15x(2*a~7*b + 7*a"6*b~2 + 9*a~5xb~3 + 5*xa~4*b~4 + a~3*b”
5)*cosh(x) "4 + 3*(8*a~8 + 32*a”7#b + 51*a”"6*b”~2 + 41*a~5xb~3 + 17*a"4*b"4 +
3*a”~3*b”5)*cosh(x)"2)*sinh(x) "2 + 8*%((a”6*b”2 + 3*a"5*xb~3 + 3*a~4*b~4 + a”
3*b75)*cosh(x) "7 + 3*%(2*a"7*b + 7*a"6xb"2 + 9*a~5xb~3 + 5*xa”4*b"4 + a~3*b”5
)Y*cosh(x)”5 + (8*%a™8 + 32*a~7*b + 51*a~6%b~2 + 41*a~5%b~3 + 17*a~4%b"4 + 3%
a~3*%b~5)*cosh(x)~3 + (2*xa~7xb + 7*a~6*%b~2 + 9*a”~5*xb~3 + 5xa~4%b~4 + a~3*b~5
Yxcosh(x))*sinh(x)), 1/8%(2x(8*a~4*b + 16%a~3%b~2 + 11*a”2*b~3 + 3*a*xb~4)*c
osh(x)76 + 12%(8%a~4xb + 16*a”3*b"2 + 11%a"2*b~3 + 3*axb”4)*cosh(x)*sinh(x)
5 + 2%(8*%a"4x*b + 16*a~3*b"2 + 11%a”2%b"3 + 3*a*b"4)*sinh(x)"6 + 12*a”3*b"2
+ 18%a"2*b~3 + 6xaxb”4 + 6x(16*a”5 + 40*a~4*b + 38*%a~3*b"2 + 17xa”"2x%b"3 +
3*a*b~4)*cosh(x) "4 + 6x(16%a~5 + 40*a~4*b + 38*a~3*b~2 + 17+a"2%b~3 + 3*axb
4 + 5*x(8*a"4xb + 16*a~3%b"2 + 11%a~2*%b”3 + 3*a*b~4)*cosh(x)~2)*sinh(x)"4 +
8% (5% (8*a~4*b + 16*a~3*b~2 + 11*a”2*%b”3 + 3*a*b~4)*cosh(x)~3 + 3*(16*a”5 +
40*a”4*xb + 38*a~3%b"2 + 17*a”2*b”3 + 3*a*xb~4)*cosh(x))*sinh(x) "3 + 2*(40*a
~4xb + 80*%a”3*b”"2 + 49*%a~2*b"3 + 9*axb”4)*cosh(x) "2 + 2*x(40*a~4*b + 80*a 3%
b~2 + 49%a~2xb"3 + 9*axb”4 + 15%x(8*a~4xb + 16%a~3*%b"2 + 11*a”"2*b”"3 + 3xaxb”
4)*xcosh(x)~4 + 18+ (16*a”5 + 40*a~4*xb + 38*xa~3%b~2 + 17*a"2*b”3 + 3*axb~4)x*c
osh(x)"2)*sinh(x)"2 + ((8*a"2*b~2 + 8*axb”3 + 3*b~4)*cosh(x)”8 + 8*(8*xa~2*b
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"2 + 8*a*b”3 + 3*b”"4)*cosh(x)*sinh(x)~7 + (8*%a"2*b~2 + 8*a*xb~3 + 3%b~4)*sin
h(x)7"8 + 4x(16*a~3%b + 24*a”2*b”2 + 14*a*xb~3 + 3*b~4)*cosh(x)”6 + 4*x(16*a~3
*b + 24*a”2*%b72 + 14*axb~3 + 3*%b~4 + T*(8*a"2*xb"2 + 8*axb~3 + 3*b~4)*cosh(x
)"2)*sinh(x) "6 + 8% (7*(8*a"2*xb~2 + 8*a*xb~3 + 3*b~4)*cosh(x)”~3 + 3*x(16*a~3*b
+ 24*%a”"2*b"2 + 14%a*xb~3 + 3*b"4)*cosh(x))*sinh(x)"5 + 2% (64*a”4 + 128*a”3x*
b + 112*a~2%b"2 + 48*%a*xb~3 + 9*¥b~4)*cosh(x)"4 + 2x(35%(8*a~2*b~2 + 8*a*xb~3
+ 3*b74)*cosh(x) "4 + 64%a~4 + 128*a”3*b + 112*a~2xb~2 + 48*axb”3 + 9*b~4 +
30*%(16*a~3*b + 24*a~2%b~2 + 14*a*b”3 + 3*b~4)*cosh(x) 2)*sinh(x) 4 + 8*a~2x%
b"2 + 8*axb~3 + 3*%b74 + 8k (7*(8*a"2*xb"2 + 8xa*xb~3 + 3*b~4)*cosh(x)”"5 + 10%(
16*a”~3*b + 24%a~2+%b"2 + 14*a*xb”™3 + 3*b~4)*cosh(x)"3 + (64*a”4 + 128*a”3*b +
112%a"2*b"2 + 48%a*b”™3 + 9*b~4)*cosh(x))*sinh(x) "3 + 4*x(16*a”3xb + 24*a~2x*
b~2 + 14*axb~3 + 3*b~4)*cosh(x) 2 + 4x(7x(8*xa~2%b~2 + 8*a*b”™3 + 3*b~4)*cosh
(x)76 + 15%(16*a"3*b + 24*a~2*xb~2 + 14*a*xb~3 + 3*b~4)*cosh(x)~4 + 16*a~3%*b
+ 24%3"2%b"2 + 14xaxb”3 + 3*b~4 + 3*x(64*a”"4 + 128*a"3*b + 112*%a~2%b"2 + 48%
axb”3 + 9*b"4)*cosh(x)"2)*sinh(x)"2 + 8*((8*%a”"2*b”"2 + 8*a*xb~3 + 3*b~4)*cosh
(x)77 + 3*%(16%a"3*b + 24*a~2%b~2 + 14*a*xb~3 + 3*b~4)*cosh(x)~5 + (64*xa~4 +
128*a~3%b + 112%a"2%b~2 + 48*a*b”~3 + 9*b~4)*cosh(x)~3 + (16*a”3*b + 24xa~2%
b~2 + 14xa*b”3 + 3*b~4)*cosh(x))*sinh(x))*sqrt(-a”2 - axb)*arctan(1/2*(b*co
sh(x)~2 + 2*bxcosh(x)*sinh(x) + b*sinh(x)~2 + 2%a + b)*sqrt(-a~2 - ax*b)/(a”
2 + axb)) + 4*x(3*(8*a"4*xb + 16%a~3*%b"2 + 11*a”2*b"3 + 3*a*xb~4)*cosh(x)"5 +
6% (16*a”5 + 40*a"4*b + 38*a~3*%b"2 + 17*a"2*b"3 + 3*a*b~4)*cosh(x)"3 + (40*a
~4xb + 80%a~3*b"2 + 49*%a”2*xb"3 + 9*axb”4)*cosh(x))*sinh(x))/((a"6%b"2 + 3*a
“5%b~3 + 3*a"4*b"4 + a~3*b"5)*cosh(x) "8 + 8*%(a"6*b"2 + 3*a~5xb~3 + 3*xa~4x*b”
4 + a~3*b~5)*cosh(x)*sinh(x)”7 + (a”6%b”2 + 3*a~bxb~3 + 3*a~4*xb~4 + a~3*b”5
)*sinh(x)78 + a”6*%b”2 + 3*a"b*b~3 + 3*a~4*b"4 + a~3*b”5 + 4*x(2*xa”~7*xb + Txa”
6%b"2 + 9*%a”"5*b”"3 + 5*a~4*b~4 + a~3*b"5)*cosh(x)"6 + 4x(2*xa~T*b + T*a"6*%b"2
+ 9%a”5*b”"3 + b*a~4*b~4 + a~3*%b”5 + 7*x(a"6*xb"2 + 3*xa~5*%b"3 + 3*a"4*b"4 + a
~3%b~5)*cosh(x) "2)*sinh(x) "6 + 8*(7*(a"6*b”2 + 3*a~5b*b~3 + 3*xa~4%b~4 + a~3*
b~5)*cosh(x) "3 + 3*%(2*a”7*b + 7*a"6xb~2 + 9*xa~5*b~3 + 5*a"4*b~4 + a~3*b~5)*
cosh(x))*sinh(x)"5 + 2*(8*a”~8 + 32*a”7+b + 51*a”6*b”2 + 41*a~5*xb~3 + 17*a"4
*b~4 + 3*a”"3*b"5)*cosh(x)"4 + 2%(8*a”8 + 32*a”7*b + 51*a~6xb"2 + 41*a"5%b"3
+ 17xa"4*xb~4 + 3*a~3*b~5 + 35%(a”6*b"2 + 3*a~5%b”~3 + 3*a"4%b"4 + a~3*b"5)*
cosh(x) ™4 + 30%(2*a"7xb + 7*a~6%b~2 + 9*a~5%b~3 + 5*a~4*b~4 + a~3*b~5)*cosh
(x)"2)*sinh(x)"4 + 8x(7*(a"6%b”"2 + 3*a~b*xb~3 + 3*a~4*b~4 + a~3*b~5)*cosh(x)
“5 + 10*%(2*%a”7*b + 7*a"6xb"2 + 9*a~5*b”3 + 5*a"4*xb"4 + a~3*b~5)*cosh(x)”3 +
(8*%a”8 + 32*%a”~7xb + 51l*a~6xb~2 + 41%xa"5xb~3 + 17*a"4*xb~4 + 3xa”3*xb~5)*cosh
(x))*sinh(x) "3 + 4*x(2*a”7*xb + 7*a"6*%b~2 + 9*a~5xb~3 + 5*a~4%b~4 + a~3*b~5)*
cosh(x)72 + 4%(2*%a”7*b + 7*a~6xb~2 + 9*a~5*b~3 + 5*a~4*xb~4 + a~3%b~5 + 7*(a
“6%b~2 + 3*%a”"5*b"3 + 3*a~4xb"4 + a~3*b~5)*cosh(x)"6 + 15x(2*xa~T7*b + T*a~6*b
"2 + 9%a”b*b”3 + 5*a"4*b~4 + a~3*%b~5)*cosh(x)”4 + 3*(8*xa"8 + 32%a”T7*b + 51k
a~6*¥b"2 + 41*%a”5*b”3 + 17*a~4xb"4 + 3*a”3*b~5)*cosh(x)"2)*sinh(x)"2 + 8*((a
“6*%b"2 + 3*%a”"5*b"3 + 3*a~4*b"4 + a~3*b"5)*cosh(x)”7 + 3*x(2*xa"Txb + T*a"6*b”
2 + 9%a"b*b”3 + 5*a~4*b~4 + a~3%b~5)*cosh(x)”5 + (8*a~8 + 32%a"T7*b + 51*a”6
*b72 + 41*%a”5*b”3 + 17*a~4xb~4 + 3*%a~3*b~5)*cosh(x)”"3 + (2*xa~7xb + 7*a~6*b”
2 + 9%a”5*b~3 + 5%xa~4*b"4 + a”~3*b~5)*cosh(x))*sinh(x))]



202

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)**2)**3,x)

[Out] Timed out

Giac [B] time = 1.59237, size = 308, normalized size = 2.88

(82 + 8ab + 30%) arctan (X2t ‘
aroa arctal\ ~ s .8 a%be®™ + 8 ab?e®?) + 33 + 48 a%e*™) + 72 a%he™¥) + 42 ab?e™? + 9
8 (a4 +2a%b + azbz) —a% —ab 4 (a4 +2a%b + uzbz)(be(4x) + 4 ae@x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~2)73,x, algorithm="giac")

[Out] 1/8*(8*a”2 + 8xa*b + 3*b~2)*arctan(1/2*x(bxe”(2*x) + 2%a + b)/sqrt(-a”2 - ax
b))/ ((a"4 + 2xa”3%b + a”2xb"2)*sqrt(-a”2 - axb)) + 1/4%(8xa~2*b*xe”(6*x) + 8
*axb"2%xe” (6xx) + 3xb"3*ke”(6*x) + 48*a~3%e” (4xx) + 72¥a"2xbxe” (4*xx) + 42x%axb
“2%e” (4*x) + 9*b73*xe” (4*xx) + 40%a"2xb*e” (2*x) + 40*axb"2xe”(2*x) + 9*%b~3*e”

(2%x) + 6*axb”2 + 3*b~3)/((a"4 + 2*xa~3%b + a~2*b"2) *(b*e” (4*x) + 4xaxe” (2*x

) + 2%b*xe”(2%x) + b)"2)
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335 [———dx

]:+cosh2(x)

Optimal. Leaf size=15

-1 { tanh(x)
tanh ( 7 )

V2

[Out] ArcTanh[Tanh[x]/Sqrt[2]]/Sqrt[2]

Rubi [A] time = 0.0117789, antiderivative size = 15, normalized size of antiderivative =

. . b f rul
1., number of steps used = 2, number of rules used = 2, integrand size = 8, e

integrand size
0.25, Rules used = {3181, 206}

Antiderivative was successfully verified.

[In] Int[(1 + Cosh[x]"2)~(-1),x]
[Out] ArcTanh[Tanh([x]/Sqrt[2]]/Sqrt[2]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2*x"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, f}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 211)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps
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dx = Subst ( 2 dx, x, coth(x))

J‘ 1
1 + cosh? (%)

( anh(x))

Mathematica [F] time = 0.0221849, size = 0, normalized size = 0.

1
f g dx
1 + cosh”(x)

Verification is Not applicable to the result.

[In] Integrate[(1 + Cosh([x]~2)~(-1),x]

[Out] Integrate[(1 + Cosh[x]~2)7(-1), x]

Maple [B] time = 0.012, size = 86, normalized size = 5.7

gln[((mh(g))z+manh(g)+1)((tanh( ) - VEtann (2) + )‘l)_gln[((mh( ) - Ve 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cosh(x)~2),x)

[Out] 1/8%2°(1/2)*1n((tanh(1/2*x)"2+2~(1/2)*tanh(1/2*x)+1)/(tanh(1/2*x)~2-2"(1/2)
xtanh (1/2*x)+1))-1/8%2"(1/2)*1n((tanh(1/2*x) ~2-2"(1/2)*tanh(1/2*x)+1)/(tanh
(1/2*x)"2427(1/2) *tanh(1/2*x)+1))

Maxima [B] time = 1.56939, size = 46, normalized size = 3.07

1 22 —el2%
_Zx/zlog(— V2-e 3]

242 + 629 4 3

Verification of antiderivative is not currently implemented for this CAS.



205

[In] integrate(1/(1+cosh(x)~2),x, algorithm="maxima")

[Out] -1/4xsqrt(2)*log(-(2*sqrt(2) - e~ (-2*x) - 3)/(2xsqrt(2) + e~ (-2%x) + 3))

Fricas [B] time = 2.12362, size = 215, normalized size = 14.33

3(2\/5—3)cosh(x)2—4(3\/5—4)cosh(x)sinh(x)+3(2\/§—3)sinh(x)2+2\/§—3

cosh (x)2 + sinh (x)2 +3

1
Z\/Elog -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~2),x, algorithm="fricas")

[Out] 1/4*sqrt(2)*log(-(3*%(2*sqrt(2) - 3)*cosh(x)~2 - 4*(3*sqrt(2) - 4)*cosh(x)*s
inh(x) + 3*%(2*sqrt(2) - 3)*sinh(x)~"2 + 2*sqrt(2) - 3)/(cosh(x)”2 + sinh(x)~

2 + 3))

Sympy [B] time = 0.951359, size = 60, normalized size = 4.

\/Elog (4 tanh? (;—C) - 4\/§tanh (g) + 4) \/Elog (4 tanh? (g) + 4\/5 tanh (;—C) + 4)
- +
4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)**2),x)

[Out] -sqrt(2)*log(4*tanh(x/2)**2 - 4xsqrt(2)*tanh(x/2) + 4)/4 + sqrt(2)*log(4*ta
nh(x/2)*x2 + 4xsqrt(2)*tanh(x/2) + 4)/4

Giac [B] time =1.23112, size = 46, normalized size = 3.07

1 22 -9 —
ZﬁlOg(—M)

22 4629 +3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1+cosh(x)~2),x, algorithm="giac")

[Out] 1/4*sqrt(2)*log(-(2*sqrt(2) - e~ (2xx) - 3)/(2*sqrt(2) + e~ (2*x) + 3))
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1

3.36 _ dx
(1+Cosh2(x))
Optimal. Leaf size=35
—1 ( tanh(x)
3tanh ( V2 ) _ sinh(x) cosh(x)
42 4 (coshz(x) + 1)

[Out] (3*ArcTanh[Tanh[x]/Sqrt[2]])/(4xSqrt[2]) - (Cosh[x]*Sinh[x])/(4x(1 + Coshl[x
172))

Rubi [A] time = 0.02523006, antiderivative size = 35, normalized size of antiderivative =
number of rules

1., number of steps used = 4, number of rules used = 4, integrand size = 8, “ntegrand size
0.5, Rules used = {3184, 12, 3181, 206}

tanh(x)

-1
3 tanh (T) _ sinh(x) cosh(x)

442 4 (coshz(x) + 1)

Antiderivative was successfully verified.

[In] Int[(1 + Cosh[x]"2)~(-2),x]

[Out] (3*%ArcTanh[Tanh[x]/Sqrt[2]])/(4xSqrt[2]) - (Cosh[x]*Sinh[x])/(4*(1 + Cosh[x
172))

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> -Simp[(b*Co
sle + f*x]xSin[e + fxx]*(a + bxSinle + fxx]72)7(p + 1))/ (2*xaxfx(p + 1)*x(a +
b)), x] + Dist[1/(2xax(p + 1)*(a + b)), Int[(a + b*Sinle + f*x]"2) " (p + 1)
*xSimp [2%xa*x(p + 1) + bx(2xp + 3) - 2*bx(p + 2)*Sinle + f*x]~2, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 3181
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Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 206
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/

Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps

——dx = -
1+ Coshz(x))z 4 (1 + coshz(x)) 4 1+ cosh?(x)

_ cosh(x) sinh(x) N 3 f 1 i
4 (1 + coshz(x)) 4J 1+ coshz(x)

f 1 _ cosh(x)sinh(x) 1 3 i
(

cosh(x)sinh(x) 3 ( 1 )
= - + — Subst ———dx, x, coth(x
4 (1 + coshZ(x)) 4 f 1-2x? ©
-1 [ tanh(x)
B 3tanh ( V2 ) ~ cosh(x) sinh(x)
42 4(1 + cosh’(v))

Mathematica [A] time = 0.127925, size = 35, normalized size = 1.

-1 [ tanh(x)
3tanh ( V2 ) __ sinh(2x)
42 4(cosh(2x) + 3)

Antiderivative was successfully verified.

[In] Integrate[(1 + Cosh[x]~2)~(-2),x]

[Out] (3*%ArcTanh[Tanh[x]/Sqrt[2]])/(4xSqrt[2]) - Sinh[2*x]/(4*(3 + Cosh[2*x]))

Maple [B] time = 0.014, size = 113, normalized size = 3.2

—% (% (tanh(;—c))3 N %tanh (g)) ((tanh (’25))4 n 1)_1 " % ln[((tanh (g))z V2 tanh(;—c) " 1) ((tanh (’Z—C))z -
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cosh(x)”"2)"2,x)

[Out] -1/2*(1/2*tanh(1/2*x)"3+1/2*tanh(1/2*x))/(tanh(1/2*x)~4+1)+3/32%27(1/2)*1n(
(tanh (1/2%x) ~2+27(1/2)*tanh(1/2*x)+1)/(tanh(1/2*x) ~2-27(1/2) *tanh (1/2*x)+1)
)-3/32%27(1/2) *1n((tanh(1/2*x) ~2-2"(1/2) *tanh (1/2*x)+1) / (tanh (1/2*x) ~2+2~ (1
/2)*tanh(1/2*x)+1))

Maxima [B] time = 1.70208, size = 80, normalized size = 2.29

3 24229 -3 3e(29 41
= \2log| - _
16 2V2 +e29 +3) 2 (6 e(=2%) 4 p(=4%) 4 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~2)"2,x, algorithm="maxima"

[Out] -3/16%sqrt(2)*log(-(2*sqrt(2) - e~ (-2*x) - 3)/(2*sqrt(2) + e~ (-2*x) + 3))
1/2x(3xe”~(-2xx) + 1)/(6%e”(-2*x) + e~ (-4*x) + 1)

Fricas [B] time = 2.12037, size = 728, normalized size = 20.8

24 cosh (x)2 +3 (\/5 cosh (x)4 + 42 cosh (x) sinh (x)3 +/2sinh (x)4 +6 (\/5 cosh (x)2 + \/E) sinh (x)2 + 62 cosl

16 (cosh (x)4 + 4 cosh (x) sinh (x)3 + sinh

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~2)72,x, algorithm="fricas")

[Out] 1/16%(24*cosh(x)~2 + 3*(sqrt(2)*cosh(x)”~4 + 4*sqrt(2)*cosh(x)*sinh(x)~3 + s
qrt(2)*sinh(x) "4 + 6*(sqrt(2)*cosh(x)”2 + sqrt(2))*sinh(x)~2 + 6%sqrt(2)*co
sh(x) "2 + 4*x(sqrt(2)*cosh(x)~3 + 3*sqrt(2)*cosh(x))*sinh(x) + sqrt(2))x*log(
-(3*x(2*sqrt(2) - 3)*cosh(x)”2 - 4x(3xsqrt(2) - 4)*cosh(x)*sinh(x) + 3*(2xsq
rt(2) - 3)*sinh(x)72 + 2*xsqrt(2) - 3)/(cosh(x)"2 + sinh(x)~2 + 3)) + 48%*cos
h(x)*sinh(x) + 24*sinh(x)~2 + 8)/(cosh(x)~4 + 4xcosh(x)*sinh(x)~3 + sinh(x)
4 + 6%(cosh(x)”2 + 1)*sinh(x)72 + 6*cosh(x)”2 + 4*x(cosh(x)~3 + 3*cosh(x))*
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sinh(x) + 1)

Sympy [B] time = 6.58456, size = 211, normalized size = 6.03

3\/510g (4 tanh? (g) - 4\/§tanh (;—C) + 4) tanh? (g) 3\/Elog (4 tanh? (JZ—C) - 4\/§tanh (g) + 4) 3\/§log (4 tanh
- 16 tanh* (g) +16 B 16 tanh* (;—C) +16 ¥

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)**2)**2,x)

[Out] -3*sqrt(2)*log(4*tanh(x/2)**2 - 4*sqrt(2)*tanh(x/2) + 4)*tanh(x/2)**4/(16%t
anh(x/2)**4 + 16) - 3*sqrt(2)*log(4*tanh(x/2)**2 - 4xsqrt(2)*tanh(x/2) + 4)
/(16%tanh(x/2)**4 + 16) + 3%sqrt(2)*log(4*tanh(x/2)**2 + 4*sqrt(2)*tanh(x/2

) + 4)xtanh(x/2)**4/(16*%tanh(x/2)**4 + 16) + 3*sqrt(2)*log(4*tanh(x/2)**2 +
4xsqrt (2)*tanh(x/2) + 4)/(16%tanh(x/2)**4 + 16) - 4xtanh(x/2)**3/(16%tanh(
x/2)**4 + 16) - 4xtanh(x/2)/(16*tanh(x/2)**4 + 16)

Giac [B] time = 1.35931, size = 80, normalized size = 2.29

3 242 -¢@9 -3 3e@9 +1
— \/Elog - +
16 2V2+e@0 +3 ) 2(e49 + 620 +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~2)72,x, algorithm="giac")

[Out] 3/16%*sqrt(2)*log(-(2*sqrt(2) - e~ (2*xx) - 3)/(2*sqrt(2) + e~ (2xx) + 3)) + 1/
2% (3xe” (2%x) + 1)/(e”(4*x) + 6%e”(2%x) + 1)



211

1
3.37 s dx
(1+Cosh2(x))
Optimal. Leaf size=51
—1 ( tanh(x)
19 tanh ( N )_ 9 sinh(x) cosh(x) ~ sinh(x) cosh(x)
32v2 32 (cosh?(x) +1) 8 (cosh(x) + 1)2

[Out] (19*ArcTanh[Tanh[x]/Sqrt[2]1]1)/(32*Sqrt[2]) - (Cosh[x]*Sinh[x])/(8%(1 + Cosh
[x]72)72) - (9*Cosh[x]*Sinh[x])/(32x(1 + Cosh[x]~2))

Rubi [A] time = 0.0512598, antiderivative size = 51, normalized size of antiderivative =
1., number of steps used = 5, number of rules used = 5, integrand size = 8, %ﬂ:ﬁs =
0.625, Rules used = {3184, 3173, 12, 3181, 206}

-1 ( tanh(x)
19 tanh (T) _ 9sinh(x) cosh(x)  sinh(x) cosh(x)

32v2 32 (cosh’(x) +1) 8 (cosh?() +1)’

Antiderivative was successfully verified.

[In] Int[(1 + Cosh[x]"2)~(-3),x]

[Out] (19*ArcTanh[Tanh[x]/Sqrt[2]1])/(32%Sqrt[2]) - (Cosh[x]*Sinh[x])/(8*(1 + Cosh
[x]72)72) - (9*Cosh[x]*Sinh[x])/(32%(1 + Cosh[x]~2))

Rule 3184

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)1"2)"(p_), x_Symbol] :> -Simp[(b*Co
sle + fxx]*Sin[e + fxx]x(a + b*Sinf[e + f*xx]72)7(p + 1))/ (2*axfx(p + 1)*(a +
b)), x] + Dist[1/(2*xax(p + 1)*(a + b)), Int[(a + b*Sinle + f*x]"2)"(p + 1)
*xSimp [2%a*x(p + 1) + bx(2xp + 3) - 2*bx(p + 2)*Sinle + f*x]~2, x], x], x] /;
FreeQ[{a, b, e, f}, x] && NeQ[a + b, 0] && LtQ[p, -1]

Rule 3173

Int[((a_) + (b_.)*sinf[(e_.) + (£_)*(x_)]1"2)"(p_)*((A_.) + (B_.)*sin[(e_.)

+ (£f_.)*(x_)]172), x_Symbol] :> -Simp[((Axb - a*B)*Cos[e + f*x]*Sin[e + fx*x]
x(a + bxSin[e + f*x]72)"(p + 1))/ (2%axf*x(a + b)*(p + 1)), x] - Dist[1/(2*ax
(a + b)x(p + 1)), Int[(a + b*Sinle + f*x]72)"(p + 1)*Simp[a*xB - Ax(2%ax(p +
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1) + bx(2xp + 3)) + 2x(Axb - axB)x(p + 2)*Sinfe + f*x]72, x], x], x] /; Fr
eeQ[{a, b, e, £, A, B}, x] && LtQ[p, -1] && NeQ[a + b, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2*x"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, f}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
f 1 = — cosh(x) smh(x) f -7+2 Coshz(x) ix
(1 + COShz(X))3 8 (1 + coshZ(x) 8 1 + COShZ(x)
~ cosh(x) sinh(x) ~ 9cosh(x) sinh(x) 1 r 19 i
8 (1 + Coshz(x))z 32 (1 + Coshz(x)) 32 1+ cosh®(x)
~ cosh(x)sinh(x)  9cosh(x)sinh(x) 19 1

dx

7~ T | T
8 (1 n coshz(x)) 32 (1 + cosh (x)) 32J 1+ cosh(x)
cosh(x)sinh(x)  9cosh(x) smh(x) 1
_ _= S b ———dx, x, coth
8 (1 n coshz(x))z 32 (l + cosh (x)) 32 st (f 1— 252 % cot (x))

—1 ( tanh(x)

~ 19 tanh (T) _ cosh(x)sinh(x) 9 cosh(x)sinh(x)
322 8 (1 + coshz(x))2 32 (1 + COShz(x))

Mathematica [A] time = 0.170723, size = 51, normalized size = 1.

tanh(x)
19 tanh ( V2 ) 9 sinh(2x) ~ sinh(2x)
3242 32(cosh(2x) +3)  4(cosh(2x) + 3)2
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Antiderivative was successfully verified.

[In] Integrate[(1 + Cosh[x]~2)~(-3),x]

[Out] (19%ArcTanh[Tanh([x]/Sqrt[2]1])/(32*Sqrt[2]) - Sinh[2xx]/(4*(3 + Cosh[2*x])~2
) - (9%3inh[2xx])/(32%(3 + Cosh[2xx]))

Maple [B] time = 0.015, size = 129, normalized size = 2.5

(5 o G+ 3 omn G+ F e 5) 5 oo () (o (G 1)+ S (o 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cosh(x)~2)"3,x)

[Out] -1/4%(11/8*tanh(1/2%*x)~7+7/8*tanh(1/2*x) ~5+7/8*tanh(1/2*x) ~3+11/8*tanh(1/2%
x))/ (tanh(1/2%x)~4+1) "2+19/256*27 (1/2) *1n((tanh (1/2*x) ~2+27(1/2) *tanh (1/2*x
)+1)/(tanh(1/2*x) "2-2"(1/2) *tanh (1/2*x)+1))-19/256*2" (1/2)*1n((tanh (1/2*x) "
2-27(1/2) *tanh(1/2*x)+1) / (tanh (1/2*x) "2+27 (1/2) *tanh (1/2*x)+1))

Maxima [A] time = 1.71825, size = 112, normalized size = 2.2

19 Hoe-2 V2 —e29 -3 89720 1171 (4" 4196069 4+ 9
—_—— O p— —
128 & 16(

22 +e(29 4+ 3 126029 + 38 (-49) +126(-6) 4 ¢(-89) + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~2)73,x, algorithm="maxima"

[Out] -19/128*sqrt(2)*log(-(2*sqrt(2) - e~ (-2*x) - 3)/(2*sqrt(2) + e~ (-2*x) + 3))
- 1/16%(89*e” (-2*x) + 171%xe”(-4xx) + 19%e”(-6*x) + 9)/(12%e”(-2*x) + 38%xe”
(-4%x) + 12%e~(-6%x) + e~ (-8%x) + 1)

Fricas [B] time = 2.14874, size = 1935, normalized size = 37.94

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~2)73,x, algorithm="fricas")

[Out] 1/128%(1562%cosh(x)~6 + 912xcosh(x)*sinh(x)~5 + 152*sinh(x)~6 + 456% (5*cosh(
x)72 + 3)*sinh(x) "4 + 1368*cosh(x)~4 + 608*(5*cosh(x)~3 + 9*cosh(x))*sinh(x
)73 + 8%(285*cosh(x)”4 + 1026*%cosh(x)~2 + 89)*sinh(x)~2 + 712%cosh(x)"2 + 1
9% (sqrt (2)*cosh(x) "8 + 8*sqrt(2)*cosh(x)*sinh(x)~7 + sqrt(2)*sinh(x)~8 + 4x
(7*sqrt(2)*cosh(x) "2 + 3*sqrt(2))*sinh(x) "6 + 12xsqrt(2)*cosh(x)~6 + 8*(7*s
qrt(2)*cosh(x) "3 + 9*sqrt(2)*cosh(x))*sinh(x)~5 + 2%(35*%sqrt(2)*cosh(x)~4 +
90*sqrt (2)*cosh(x) "2 + 19%sqrt(2))*sinh(x)~4 + 38*sqrt(2)*cosh(x)~4 + 8% (7
*xsqrt (2) *cosh(x) "5 + 30*sqrt(2)*cosh(x)~3 + 19*sqrt(2)*cosh(x))*sinh(x)~3 +
4x (T*sqrt (2)*cosh(x) "6 + 45*sqrt(2)*cosh(x)~4 + B7*sqrt(2)*cosh(x)”2 + 3x*s
gqrt(2))*sinh(x)~2 + 12*sqrt(2)*cosh(x)”2 + 8*(sqrt(2)*cosh(x)~7 + 9*sqrt(2)
xcosh(x)75 + 19*%sqrt(2)*cosh(x)~3 + 3*sqrt(2)*cosh(x))*sinh(x) + sqrt(2))*1
og(-(3*(2*sqrt(2) - 3)*cosh(x)™2 - 4x(3xsqrt(2) - 4)*cosh(x)*sinh(x) + 3*(2
xsqrt(2) - 3)*sinh(x)”2 + 2*xsqrt(2) - 3)/(cosh(x)"2 + sinh(x)72 + 3)) + 16%
(67xcosh(x)~5 + 342xcosh(x)~3 + 89*cosh(x))*sinh(x) + 72)/(cosh(x)”~8 + 8*co
sh(x)*sinh(x)~7 + sinh(x)"8 + 4*(7*cosh(x)~2 + 3)*sinh(x)~6 + 12*cosh(x)~6
+ 8% (7*cosh(x)~3 + 9xcosh(x))*sinh(x)~5 + 2x(35*cosh(x)~4 + 90*cosh(x)~2 +
19)*sinh(x)~4 + 38*cosh(x)~4 + 8*(7*cosh(x)~5 + 30*cosh(x)~3 + 19*cosh(x))*
sinh(x)~3 + 4x(7*cosh(x)”™6 + 4b5*cosh(x)~4 + 57xcosh(x)”2 + 3)*sinh(x)"2 + 1
2*xcosh(x) "2 + 8*(cosh(x)~7 + 9%cosh(x)~5 + 19%cosh(x)~3 + 3*cosh(x))*sinh(x
) + 1)

Sympy [B] time = 35.8442, size = 428, normalized size = 8.39

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)**2)**3,x)

[Out] -19%sqrt(2)*log(4*tanh(x/2)**2 - 4xsqrt(2)*tanh(x/2) + 4)*tanh(x/2)*x8/(128
xtanh (x/2)**8 + 256xtanh(x/2)**4 + 128) - 38xsqrt(2)*log(4*tanh(x/2)**2 - 4
xsqrt (2) *tanh(x/2) + 4)*tanh(x/2)**4/(128*tanh(x/2)**8 + 256*tanh(x/2)**4 +

128) - 19*sqrt(2)*log(4xtanh(x/2)**2 - 4xsqrt(2)*tanh(x/2) + 4)/(128*tanh(
x/2)*x8 + 256*tanh(x/2)*x4 + 128) + 19%sqrt(2)*log(4*tanh(x/2)**2 + 4*sqrt(
2)*tanh(x/2) + 4)*tanh(x/2)**8/(128*tanh(x/2)**8 + 256xtanh(x/2)**4 + 128)
+ 38*sqrt(2) *log(4*xtanh(x/2)**2 + 4xsqrt(2)*tanh(x/2) + 4)*tanh(x/2)*x4/(12
8*tanh (x/2)**8 + 256%tanh(x/2)**4 + 128) + 19*sqrt(2)*log(4*tanh(x/2)**2 +
4xsqrt (2)*tanh(x/2) + 4)/(128%tanh(x/2)**8 + 256%tanh(x/2)**4 + 128) - 44xt
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anh (x/2) **7/(128*tanh (x/2) **8 + 256*tanh(x/2)**4 + 128) - 28*tanh(x/2)**5/(
128*tanh (x/2) **8 + 256%tanh(x/2)**4 + 128) - 28*xtanh(x/2)**3/(128*tanh(x/2)
**%8 + 256*xtanh(x/2)**4 + 128) - 44xtanh(x/2)/(128*tanh(x/2)**8 + 256*tanh(x
/2)*%%4 + 128)

Giac [A] time = 1.29837, size = 96, normalized size = 1.88

Y 5 2V2-e@0 —3) 1969 417140 1+ 8920 19
128 22 +eC@9 43 16 (€(4x) + 6020 +1)2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~2)73,x, algorithm="giac")

[Out] 19/128*sqrt(2)*log(-(2*sqrt(2) - e~ (2%x) - 3)/(2*sqrt(2) + e~ (2*x) + 3)) +
1/16%(19%e™(6%x) + 171xe”(4*x) + 89*e™(2*x) + 9)/(e”(4*x) + 6xe™(2%x) + 1)~
2
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338 [———dx

l—coshz(x)

Optimal. Leaf size=2

coth(x)

[Out] Coth[x]

Rubi [A] time = 0.0161028, antiderivative size = 2, normalized size of antiderivative =

. . number of rules
1., number of steps used = 3, number of rules used = 3, integrand size = 10, ——— =

integrand size
0.3, Rules used = {3175, 3767, 8}

coth(x)

Antiderivative was successfully verified.

[In] Int[(1 - Cosh[x]~2)"(-1),x]
[Out] Cothl[x]

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTriglu*xcosl[e + f*x]~(2+p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] &% EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol]l :> Simpla*x, x] /; FreeQ[a, x]

Rubi steps
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1
f—de = —fcschz(x) dx
1 — cosh”(x)

— i Subst( f 1dx, x, ~i coth(x))
= coth(x)

Mathematica [A] time = 0.0030269, size = 2, normalized size = 1.

coth(x)

Antiderivative was successfully verified.

[In] Integrate[(1 - Cosh[x]~2)~(-1),x]

[Out] Coth[x]

Maple [B] time = 0.011, size = 16, normalized size = 8.

1 x\ 1 x\\ !
5 tanh () + 5 (tann (5))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cosh(x)~2),x)

[Out] 1/2*%tanh(1/2*x)+1/2/tanh(1/2%x)

Maxima [B] time = 1.02105, size = 14, normalized size = 7.

2
29

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~2),x, algorithm="maxima"



[Out] -2/(e”(-2*x) - 1)
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Fricas [B] time = 2.02411, size = 69, normalized size = 34.5

2
cosh (x)2 + 2 cosh (x) sinh (x) + sinh (x)2 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~2),x, algorithm="fricas")

[Out] 2/(cosh(x)”"2 + 2%cosh(x)*sinh(x) + sinh(x)"2 - 1)

Sympy [B] time = 0.583891, size = 14, normalized size = 7.

X
tanh (5) . 1
2 Ztanh(g)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)**2),x)

[Out] tanh(x/2)/2 + 1/(2xtanh(x/2))

Giac [B] time = 1.25194, size = 14, normalized size = 7.

2
ex -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~2),x, algorithm="giac")

[Out] 2/(e”(2*x) - 1)
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1

3.39 dx

5 2
(1—cosh (x))
Optimal. Leaf size=11

3
coth(x) - coth”(x)

[Out] Coth[x] - Coth[x]~3/3

Rubi [A] time = 0.0180271, antiderivative size = 11, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 10, e -

0.2, Rules used = {3175, 3767}

integrand size

coth® (%)

coth(x) —

Antiderivative was successfully verified.

[In] Int[(1 - Cosh[x]~2)~(-2),x]
[Out] Coth[x] - Coth[x]~3/3

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcos[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] & EqQla + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] &% IGtQ[n/2, 0]

Rubi steps
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f(l—zdx = fcsch4(x) dx
1

- coshz(x))
=i Subst (f (1 + x2) dx, x, —i coth(x))

coth® (%)

= coth(x) —

Mathematica [A] time = 0.002769, size = 17, normalized size = 1.55

2 coth 1
COT(X) ~3 COth(X)CSChZ(x)

Antiderivative was successfully verified.

[In] Integrate[(1 - Cosh[x]~2)~(-2),x]

[Out] (2*Coth[x])/3 - (Coth[x]*Csch[x]"2)/3

Maple [B] time = 0.016, size = 32, normalized size = 2.9

g o (3) + grann 5) 3 s 3)) - 55 (enn 3))

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(1-cosh(x)"2)"2,x)

[Out] -1/24xtanh(1/2%x)~3+3/8*tanh(1/2*x)+3/8/tanh(1/2*x)-1/24/tanh(1/2%x) "3

Maxima [B] time = 1.10902, size = 66, normalized size = 6.

429 4

3 3(_2x) -3 e(““‘) + 6(_6 xX) — 1 3 (3 e(—z x) — 3 e(—4x) + e(—6x) — 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1-cosh(x)~2)72,x, algorithm="maxima")

[Out] 4x*xe” (-2%x)/(3*%e” (-2%x) - 3%e” (-4xx) + e~ (-6*xx) - 1) - 4/3/(3*%e” (-2%x) - 3*e
“(-4*xx) + e~ (-6*x) - 1)

Fricas [B] time = 1.98595, size = 286, normalized size = 26.
_ 8 (cosh (x) + 2 sinh (x))
3 (cosh (x)5 + 5 cosh (x) sinh (x)4 + sinh (x)5 + (10 cosh (x)2 - 3) sinh (x)3 — 3 cosh (x)3 + (10 cosh (x)3 -9 cosh

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~2)72,x, algorithm="fricas")

[Out] -8/3*(cosh(x) + 2*sinh(x))/(cosh(x)”5 + 5*cosh(x)*sinh(x)~4 + sinh(x)"5 + (
10*cosh(x) "2 - 3)*sinh(x)~3 - 3*cosh(x)”"3 + (10*cosh(x)”~3 - 9*cosh(x))*sinh
(x)"2 + (b%cosh(x)"4 - 9*%cosh(x)”"2 + 4)*sinh(x) + 2*cosh(x))

Sympy [B] time = 2.13489, size = 34, normalized size = 3.09

_tanh3 (g) .\ 3tanh(§) . 3 __ 1 _
24 8 8tanh(§) 24 tanh (5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)**2)**2,x)

[Out] -tanh(x/2)*%*3/24 + 3*xtanh(x/2)/8 + 3/(8%tanh(x/2)) - 1/(24*tanh(x/2)*%*3)

Giac [A] time = 1.28176, size = 24, normalized size = 2.18

4(3629 -1)
3 (00 1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1-cosh(x)~2)72,x, algorithm="giac")

[Out] -4/3%(3*xe”(2xx) - 1)/(e”(2%x) - 1)73
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1

3.40 dx

’ 3
(1—cosh (x))
Optimal. Leaf size=19

CothS(x) ~ 200th3(x)

z + coth(x)

[Out] Coth[x] - (2*Coth[x]~3)/3 + Coth[x]"5/5

Rubi [A] time = 0.0200164, antiderivative size = 19, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 2, integrand size = 10, e -

0.2, Rules used = {3175, 3767}

integrand size

Coth5(x) ~ 200th3(x)
5

+ coth(x)

Antiderivative was successfully verified.

[In] Int[(1 - Cosh[x]~2)~(-3),x]
[Out] Coth[x] - (2*Coth[x]~3)/3 + Coth[x]"5/5

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcos[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] & EqQla + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] &% IGtQ[n/2, 0]

Rubi steps
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f(1—3dx: —fcsch6(x)dx
1

- coshz(x))
= iSubst (f (1 +2x% + x4) dx, x, —icoth(x))

2coth3(x) N coth5(x)
3 5

= coth(x) —

Mathematica [A] time = 0.0038613, size = 27, normalized size = 1.42

8 coth 1 4
COT(X) + g COth(x)CSCh4(x) — E COth(X)CSChZ(x)

Antiderivative was successfully verified.

[In] Integrate[(1 - Cosh[x]~2)~(-3),x]

[Out] (8*Coth[x])/15 - (4*Coth[x]*Csch[x]~2)/15 + (Coth[x]*Csch[x]~4)/5

Maple [B] time = 0.016, size = 48, normalized size = 2.5

10 (3)) =g s (5) g (5) 5 omn 5)) - g o (5)) " 55 (on )

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cosh(x)"2)73,x)

[Out] 1/160*tanh(1/2*x) ~5-5/96%tanh(1/2*x) ~3+5/16xtanh(1/2*x)+5/16/tanh(1/2*x)-5/
96/tanh (1/2*x) ~3+1/160/tanh(1/2%*x)"5

Maxima [B] time = 1.09252, size = 150, normalized size = 7.89

16 (-2 32 ¢(~4%)

3 (529 —10el-49 + 106669 — 5659 4 100 _1) 3 (56020 —10el49 1+ 10el-69 — 56059 + (100 _1) 15|

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1-cosh(x)~2)73,x, algorithm="maxima")

[Out] 16/3*%e~(-2*x)/(5xe”(-2*x) - 10*%e~(-4*x) + 10*e”(-6*x) - 5*xe”(-8*x) + e~ (-10
*x) - 1) - 32/3*%e” (-4*x)/(5xe”(-2*x) - 10*e” (-4*x) + 10*e~(-6%x) - 5*e~ (-8%

x) + e (-10*x) - 1) - 16/15/(6xe” (-2*x) - 10%e~(-4#*x) + 10*e” (-6*x) - b*xe™(

-8%x) + e~ (-10*x) - 1)

Fricas [B] time = 2.0004, size = 626, normalized size = 32.95

15 (cosh (x)8 + 8 cosh (x) sinh (x)7 + sinh (x)8 + (28 cosh (x)2 - 5) sinh (x)6 —5 cosh (x)6 +2 (28 cosh (x)3 —15 cos

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~2)73,x, algorithm="fricas")

[Out] 16/15%(11%cosh(x) "2 + 18*cosh(x)*sinh(x) + 11*sinh(x)"2 - 5)/(cosh(x)"8 + 8
*cosh(x)*sinh(x)~7 + sinh(x)~8 + (28*cosh(x)”2 - 5)*sinh(x)~6 - 5%cosh(x)”"6

+ 2% (28*cosh(x) "3 - 15*cosh(x))*sinh(x)~5 + 5%(14*cosh(x)~4 - 15%cosh(x)”"2

+ 2)*sinh(x)~4 + 10*cosh(x)~4 + 4*x(14*cosh(x)~5 - 25%cosh(x)~3 + 10*cosh(x
))*sinh(x) "3 + (28*cosh(x)”"6 - 75xcosh(x)”4 + 60*cosh(x)”"2 - 11)*sinh(x)"2

- 11*cosh(x) "2 + 2*x(4*cosh(x)”"7 - 15*cosh(x)”5 + 20*cosh(x)~3 - 9*cosh(x))*
sinh(x) + 5)

Sympy [B] time = 7.84964, size = 54, normalized size = 2.84

tanh’ (g) B 5tanh’ (g) .\ 5tanh (;f) .\ 5 - 5 .\ 1
160 96 16 16tanh (3) 96tanh’(3) 160tanh’(3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)**2)**3,x)

[Out] tanh(x/2)**5/160 — 5%tanh(x/2)**3/96 + 5xtanh(x/2)/16 + 5/(16*tanh(x/2)) -
5/(96*tanh(x/2)**3) + 1/(160*tanh(x/2)**5)




Giac [A] time = 1.32176, size = 32, normalized size = 1.68

16 (10 e — 5629 11)
15 (0 -1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~2)73,x, algorithm="giac")

[Out] 16/15%(10%e~(4*x) - bxe~(2%x) + 1)/(e”(2*x) - 1)7b

226
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3.41 f \/ a+b Coshz(x) dx

Optimal. Leaf size=49

ina+ bcoshz(x)E (ix + §| - S)

bcosh?
cosh”(x) n

1

a

[Out] ((-I)*Sqrtl[a + b*Cosh[x] 2]*EllipticE[Pi/2 + Ix*x, -(b/a)])/Sqrt[1 + (b*Cosh
[x]~2)/a]

Rubi [A] time = 0.0308935, antiderivative size = 49, normalized size of antiderivative =

. . b f rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e e e

0.167, Rules used = {3178, 3177}

ina+ b cosh®(x)E (ix + §| - g)

b coshz(x)
a

integrand size

+1

Antiderivative was successfully verified.

[In] Int[Sqrtl[a + b*Cosh[x]~2],x]

[Out] ((-I)*Sqrtl[a + b*Cosh[x] 2]*EllipticE[Pi/2 + I*x, -(b/a)])/Sqrt[1 + (b*Cosh
[x]172)/al

Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrt[a
+ b*Sin[e + f*x]~2]/Sqrt[1 + (b*Sin[e + f*x]~2)/al], Int[Sqrt[l + (b*Sin[e +
f*xx]~2)/al, x], x] /; FreeQl[{a, b, e, f}, x] && !GtQ[a, O]

Rule 3177
Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]"2], x_Symbol] :> Simp[(Sqrt[a

1*EllipticE[e + f*x, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, 0]

Rubi steps
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12
\/—2 \a+ bcoshz(x)fﬁl + bcos: @ gy
a + bcosh®(x)dx =

14+ bcosjlz(x)

inJa+ bcoshz(x)E (g + ix| — S)

b coshz(x)
a

J

1+

Mathematica [A] time = 0.0760414, size = 53, normalized size = 1.08

i2a + b cosh(2x) + bE (ix |£)

2a+Db cosh(2x)+b
a+b

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cosh[x]~2],x]

[Out] ((-I)*Sqrt[2*a + b + b*Cosh[2*x]]*EllipticE[I*x, b/(a + b)])/Sqrt[(2*a + b
+ bxCosh[2xx])/(a + b)]

Maple [B] time = 0.191, size = 114, normalized size = 2.3

2
1 \/ a + b(cosh (x)) _(sinh (x))Z (aEllipticF [COSh (%) \/g, \/%] + bEllipticF {cosh (x) \/g, \/%] -b

sinh (x) a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cosh(x)~2)~(1/2),x)

[Out] ((at+b*cosh(x)~2)/a)”(1/2)*(-sinh(x)~2)~(1/2)*(a*EllipticF(cosh(x)*(-1/a*xb)~
(1/2),(-a/b)~(1/2))+b*EllipticF (cosh(x)*(-1/a*b) ~(1/2), (-a/b)~(1/2))-b*E1li
pticE(cosh(x)*(-1/a*xb)~(1/2),(-a/b)~(1/2)))/(-1/a*b)~(1/2)/sinh(x)/(a+b*cos

h(x)~2)7(1/2)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f \/bcosh (x)2 +adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~2)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(b*cosh(x)~2 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (\/b cosh (x)2 +a, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] integral(sqrt(b*cosh(x)~2 + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + b cosh? (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)**2)**(1/2),x)

[Out] Integral(sqrt(a + bxcosh(x)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f \/bcosh (x)2 +adx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(b*cosh(x)"2 + a), x)
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3.42 f \/1 + coshz(x) dx

Optimal. Leaf size=17
s T
—iE (zx + —| - 1)
2

[Out] (-I)*EllipticE[Pi/2 + Ixx, -1]

Rubi [A] time = 0.0094512, antiderivative size = 17, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 10, e o e

0.1, Rules used = {3177}

integrand size

. . Tt
—zE(zx+ —| —1)
2

Antiderivative was successfully verified.

[In] Int[Sqrt[1 + Cosh[x]~2],x]

[Out] (-I)*EllipticE[Pi/2 + Ixx, -1]

Rule 3177

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrt[a

1*EllipticE[e + f*x, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, O]

Rubi steps

f\/1 + coshz(x) dx = —iE (g + ix| - 1)

Mathematica [A] time = 0.0223248, size = 18, normalized size = 1.06

9

~iV2E (ix

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[1 + Cosh[x]"2],x]

[Out] (-I)#*Sqrt[2]*EllipticE[I*x, 1/2]

Maple [B] time = 0.236, size = 58, normalized size = 3.4

sinh (x)

—1 (2 EllipticF (i cosh (x) , i) — EllipticE (i cosh (x) , 7)) \/(1 + (cosh (x))z) (sinh (x))2 _ (sinh (x))z 1
\J(cosh (x)* =1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1l+cosh(x)~2)~(1/2),x)

[Out] -I*((1+cosh(x)~2)*sinh(x)~2)~(1/2)*(-sinh(x)~2)"(1/2)*(2*xE1lipticF(I*cosh(x
),I)-EllipticE(I*cosh(x),I))/(cosh(x)~4-1)"(1/2)/sinh(x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/cosh (x)2 +1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+cosh(x)"2)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(cosh(x)”"2 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (\/ cosh (x)2 +1, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+cosh(x)~2)7(1/2),x, algorithm="fricas")
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[Out] integral(sqrt(cosh(x)"2 + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

cosh? (x) +1dx
JA

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+cosh(x)**2)**(1/2),x)

[Out] Integral(sqrt(cosh(x)**2 + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f y/cosh (x)2 +1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(cosh(x)”2 + 1), x)
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3.43 f \/1 — COShZ(x) dx

Optimal. Leaf size=13

/- sinh?(x) coth(x)

[Out] Coth[x]*Sqrt[-Sinh[x]~2]

Rubi [A] time = 0.0218042, antiderivative size = 13, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 12, i L

0.25, Rules used = {3176, 3207, 2638}

/- sinh?(x) coth(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrt[1l - Cosh[x]~2],x]

[Out] Coth[x]*Sqrt[-Sinh[x]~2]

Rule 3176

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*cos[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3207

Int[(u_.)*((b_.)*sinf[(e_.) + (f£_.)*(x_)]1 (@ )) " (p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff"n) IntPart[p]*(b*Sin[e + f*x]~
n) “FracPart[p])/(Sinl[e + f*x]/ff)~ (n*FracPart[p]), Int[ActivateTrig[u]*(Sin
[e + £*xx]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] & !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig )[e + f*x]1)"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]



Rubi steps

f\/l - coshz(x) dx = f\/—sinhz(x) dx
= (csch(x)\/—sinhz(x)) f sinh(x) dx

= coth(x)y/— sinhz(x)

Mathematica [A] time = 0.0046484, size = 13, normalized size = 1.

/- sinh?(x) coth(x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[1 - Cosh[x]~2],x]

[Out] Coth[x]*Sqrt[-Sinh[x]~2]
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Maple [A] time = 0.073, size = 15, normalized size = 1.2

1
—cosh (x) sinh (x) ———
- (sinh (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1-cosh(x)~2)"(1/2),x)

[Out] -sinh(x)*cosh(x)/(-sinh(x)~2)~(1/2)

Maxima [C] time = 1.64138, size = 15, normalized size = 1.15

1
——ie(™ - —j¢
2 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((l-cosh(x)"2)7(1/2),x, algorithm="maxima")

[Out] -1/2*Ixe”(-x) - 1/2%I*e"x

Fricas [A] time = 2.20031, size = 4, normalized size = 0.31

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l1-cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] O

Sympy [F] time = 0., size = 0, normalized size = 0.

f V1- cosh? (x)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l-cosh(x)**2)*x(1/2),x)

[Out] Integral(sqrt(l - cosh(x)*x*2), x)

Giac [C] time = 1.21349, size = 42, normalized size = 3.23

_%ie(—x)sgn (_e(3x) + ex) _ %iexsgn (_e(3x) + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l-cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] -1/2xIxe”(-x)*sgn(-e~(3*x) + e"x) - 1/2*Ixe"x*sgn(-e~(3*x) + e7x)
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3.44 f \/ -1+ coshz(x) dx

Optimal. Leaf size=11

\/sinh?(x) coth(x)

[Out] Coth[x]*Sqrt[Sinh[x]~2]

Rubi [A] time = 0.0175075, antiderivative size = 11, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, i L

0.3, Rules used = {3176, 3207, 2638}
\/sinh?(x) coth(x)

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrt[-1 + Cosh[x]~2],x]

[Out] Coth[x]*Sqrt[Sinh[x]~2]

Rule 3176

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*cos[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (f£_.)*(x_)]1 (@ )) " (p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff"n) IntPart[p]*(b*Sin[e + f*x]~
n) “FracPart[p])/(Sinl[e + f*x]/ff)~ (n*FracPart[p]), Int[ActivateTrig[u]*(Sin
[e + f*xx]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig )[e + f*x]1)"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 2638

Int[sinl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]
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Rubi steps

-1+ coshz(x) dx = sinhz(x) dx
JA JA

= (csch(x) sinhz(x)) f sinh(x) dx

= coth(x) sinh? (%)

Mathematica [A] time = 0.0057719, size = 11, normalized size = 1.

\/sinh?(x) coth(x)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 + Cosh[x]~2],x]

[Out] Coth[x]*Sqrt[Sinh[x]~2]

Maple [A] time = 0.085, size = 14, normalized size = 1.3

cosh (9 [ inh ()

sinh (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+cosh(x)~2)~(1/2),x)

[Out] (sinh(x)~2)~(1/2)*cosh(x)/sinh(x)

Maxima [A] time = 1.70572, size = 15, normalized size = 1.36

1 1

—— () _
e e
2 2

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((-1+cosh(x)~2)~(1/2),x, algorithm="maxima")

[Out] -1/2*%e”(-x) - 1/2*%e"x
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Fricas [A] time = 1.99559, size = 12, normalized size = 1.09

cosh (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] cosh(x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f \ cosh? (x) —1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cosh(x)**2)**x(1/2),x)

[Out] Integral(sqrt(cosh(x)**2 - 1), x)

Giac [B] time = 1.24778, size = 42, normalized size = 3.82

% e™sgn (3(3 *) — e") + % e*sgn (6(3 %) ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] 1/2*%e”(-x)*sgn(e”(3*x) - e"x) + 1/2%e"x*sgn(e”(3*x) - e7x)
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3.45 f \/ -1 - Coshz(x) dx

Optimal. Leaf size=39

i\/—coshz(x) -1E (ix + §| - 1)
\/coshz(x) +1

[Out] ((-I)*Sqrt[-1 - Cosh([x]~2]*EllipticE[Pi/2 + I*x, -1])/Sqrt[1 + Cosh[x]"~2]

Rubi [A] time = 0.0210998, antiderivative size = 39, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e S

integrand size
0.167, Rules used = {3178, 3177}

i\/—coshz(x) -1E (ix + §| - 1)
\/coshz(x) +1

Antiderivative was successfully verified.

[In] Int[Sqrt[-1 - Cosh[x]~2],x]
[Out] ((-I)*Sqrt[-1 - Cosh[x]"2]*EllipticE[Pi/2 + I*x, -11)/Sqrt[1 + Cosh[x]"2]

Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Dist[Sqrtl[a
+ bxSin[e + f*x]72]/Sqrt[1 + (b*Sin[e + f*x]~2)/al, Int[Sqrt[1l + (b*Sin[e +
f*x]~2)/al, x], x] /; FreeQ[{a, b, e, f}, x] && 'GtQ[a, O]

Rule 3177
Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrt[a

1*EllipticE[e + fxx, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, 0]

Rubi steps
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f \/m e \/ -1 - cosh?(x) f \/1 + cosh?(x) dx
\1+ coshz(x)
~ inJ-1- coshz(x)E (g + ix| - 1)

1+ coshz(x)

Mathematica [A] time = 0.0391654, size = 40, normalized size = 1.03

i\/E\/cosh(2x) + 3E (ix E)
V- cosh(2x) — 3

Antiderivative was successfully verified.

[In] Integrate[Sqrt[-1 - Cosh[x]~2],x]

[Out] (I*Sqrt[2]*Sqrt[3 + Cosh[2*x]]*EllipticE[I*x, 1/2])/Sqrt[-3 - Cosh[2*x]]

Maple [A] time = 0.211, size = 62, normalized size = 1.6

1 1
\/1 — (cosh (x))4 \/ -1 — (cosh

_Elhptizif?;)h D J- 1+ (cosh ()2) (sinh (0 y - (sinh (1)1 + (cosh (1)

Verification of antiderivative is not currently implemented for this CAS.
[In] int((-1-cosh(x)~2)~(1/2),x)

[Out] -(-(1+cosh(x)"2)*sinh(x)~2)"(1/2)*(-sinh(x)~2)~(1/2)*(1+cosh(x)~2)~(1/2)*El
lipticE(cosh(x),I)/(1-cosh(x)~4)~(1/2)/sinh(x)/(-1-cosh(x)~2)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f 4/—cosh (x)2 —1dx



242

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cosh(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(-cosh(x)~2 - 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vel 2)_g o@x) 1 (o2
4V —e(@x)_g ,2x) 1(3(2 )+1) x) n \/—6(4x) — 6620 —1(€x +1)

2x) _ x)'
2(e ¢ Jintegral (e<6x>-z 50176 1284720 2511’

2 (e(zx) - ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] 1/2*%(2*x(e”(2*x) - e"x)*integral (4*sqrt(-e”~(4xx) - 6%e”(2*x) - 1)x(e”(2%x) +
1)/(e”(6%x) - 2%e”(b*x) + T*xe™ (4*x) - 12%e”(3*x) + 7*e™(2%x) - 2%e”x + 1),
x) + sqrt(-e”~(4*xx) - 6*%e”(2xx) - 1)*(e"x + 1))/(e”(2%x) - e7x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f \- cosh? (x) —1dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cosh(x)**2)**(1/2),x)

[Out] Integral(sqrt(-cosh(x)**2 - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f \/— cosh (x)2 —1dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((-1-cosh(x)~2)"(1/2),x, algorithm="giac")

[Out] integrate(sqrt(-cosh(x)"2 - 1), x)
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3.46 f (a +b coshz(x))S/2 dx

Optimal. Leaf size=133

2
ia(a + b) / bc%h(x) + 1EllipticF (% + ix, —Z) 1 2i(2a + b)\ja+Db coshz(x)E (ix -
+ gb sinh(x) cosh(x)/a + b coshz(x) -
3+/a + bcosh?(x) 3 beosh’(x) 1

a

[Out] (((-2%I)/3)*(2%a + b)*Sqrt[a + b*Cosh[x] 2]*EllipticE[Pi/2 + I*x, -(b/a)])/
Sqrt[1 + (b*Cosh([x]~2)/al + ((I/3)*ax(a + b)*Sqrt[l + (bxCosh[x]~2)/al*Elli
pticF[Pi/2 + I*xx, -(b/a)])/Sqrtl[a + b*Cosh[x]~2] + (b*Cosh[x]*Sqrt[a + b*Co
sh[x]~2]*Sinh[x])/3

Rubi [A] time = 0.154403, antiderivative size = 133, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 12, e e =

integrand size
0.5, Rules used = {3180, 3172, 3178, 3177, 3183, 3182}

2
ia(a + b)) | F (ix + 3= ?) 2i(2a + b)\Ja + b cosh’(x)E (ix Lot
\a+ bcoshz(x) + - . 2 °
3+/a + bcosh?(x) 3 /bcosahz(x) +1

1
Eb sinh(x) cosh(x)

Antiderivative was successfully verified.

[In] Int[(a + b*Cosh[x]"2)~(3/2),x]

[Out] (((-2*I)/3)*(2xa + b)*Sqrt[a + b*Cosh[x] 2]*EllipticE[Pi/2 + I*x, -(b/a)])/
Sqrt[1 + (b*Cosh([x]~2)/al + ((I/3)*ax(a + b)*Sqrt[l + (b*Cosh[x]~2)/al*Elli
pticF[Pi/2 + Ixx, -(b/a)])/Sqrtla + b*Cosh[x]~2] + (b*Cosh[x]*Sqrt[a + b*Co
sh[x]"2]*Sinh[x])/3

Rule 3180

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
s[e + fxx]*Sin[e + f*xx]x(a + b*Sinf[e + £f*x]72)"(p - 1))/ (2*f*p), x] + Dist[
1/(2xp), Int[(a + b*Sin[e + f*x]~2)"(p - 2)*Simp[ax(b + 2%a*p) + b*(2%a + b
)x(2%p - 1)*Sinfe + fxx]172, x], x], x] /; FreeQ[{a, b, e, f}, x] && NeQ[a +
b, 0] && GtQ[p, 1]
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Rule 3172

Int[((A_.) + (B_.)*sin[(e_.) + (f_.)*(x_)]172)/Sqrt[(a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]1"2], x_Symbol] :> Dist[B/b, Int[Sqrt[a + b*Sin[e + f*x]~2], x],
x] + Dist[(A*b - a*B)/b, Int[1/Sqrtla + b*Sin[e + f*x]~2], x], x] /; FreeQ
[{a, b, e, f, A, B}, x]

Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Dist[Sqrtl[a
+ bxSin[e + f*x]~2]/Sqrt[1 + (b*Sin[e + f*x]~2)/al, Int[Sqrt[1l + (b*Sin[e +
f*x]172)/al, x], x] /; FreeQl{a, b, e, £}, x] && !GtQ[a, O]

Rule 3177

Int[Sqrt[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrtl[a
1*EllipticE[e + f*xx, -(b/a)])/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, O]

Rule 3183

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrt[
1 + (b*Sinl[e + f*x]~2)/al/Sqrtla + b*Sin[e + f*x]~2], Int[1/Sqrt[l + (b*Sin
[e + f*x]72)/al, x], x] /; FreeQ[{a, b, e, f}, x] && 'GtQ[a, 0]

Rule 3182

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1"2], x_Symbol] :> Simp[(1*El
lipticF[e + fx*x, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps
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2
f (u +h coshz(x))a/z gy = %b COSh(x)\/msinh(x) - f a(3a + b) + 2b(2a + b) cosh (x)

1 2 . 1
= —bcosh(x)v/a + b cosh”(x) sinh(x) — =(a(a + b))
3 3 f\/a+bcosh (x)

2 |

1 (2(2a +Db)\Ja+b coshz(x)) f 1+ l%h(x) dx (a

= §b cosh(x)y/a+b coshz(x) sinh(x) + - —
3

14+ bcoshz(x)
21(211 +b)yJa+ b cosh? (x)E ( +ix| - - za(a + b)\ll + beosh” (x)F (g + ix| - 1
— + —bc
3./1 + beosh’(x) 3yja+ bcoshz(x) 3

a

dx + (2(2a + b)) f

Mathematica [A] time = 0.454501, size = 135, normalized size = 1.02

4ia(a + b) MElhptlcF (zx —) 8i (2a + 3ab + bz) 204bcosh@+h (ix |a_-l|]—b) + V2bsinh(2x)(2a + b cos

a+b

12+/2a + bcosh(2x) + b

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cosh[x]~2)~(3/2),x]

[Out] ((-8xI)*(2xa”2 + 3xaxb + b~2)*Sqrt[(2*a + b + b*Cosh[2*x])/(a + b)]*Ellipti
cE[I*x, b/(a + b)] + (4xI)*ax(a + b)*Sqrt[(2*a + b + b*Cosh[2*x])/(a + b)]*
EllipticF[I*x, b/(a + b)] + Sqrt[2]*b*(2*a + b + b*Cosh[2*x])*Sinh[2*x]) /(1
2x3qrt[2*a + b + b*Cosh[2*x]])

Maple [B] time = 0.178, size = 321, normalized size = 2.4

1 b b b b (cosh (x))?
[\/;bZ(cosh(x))H\/;ab(cosh(x))f’—\/;bz (cosh(x))3+3a2\/”+ (CZS CN” /. (sinh (x) 1Ly

3 sinh (x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a+b*cosh(x)~2)~(3/2),x)

[Out] 1/3*((-1/a*b)~(1/2)*b"2*cosh(x) "5+(-1/a*xb)~(1/2)*axb*cosh(x) ~3-(-1/a*xb)~(1/
2) *b~2xcosh(x) "3+3*a~2* ((atb*cosh(x)~2)/a) ~(1/2)*(-sinh(x)~2) " (1/2)*Ellipti
cF(cosh(x)*(-1/a*b)~(1/2), (-a/b)~(1/2))+5*a*xb* ((a+b*cosh(x)~2)/a) "~ (1/2)*(-s
inh(x)~2)~(1/2)*EllipticF(cosh(x)*(-1/axb)~(1/2), (-a/b)~(1/2))+2*((a+b*cosh
(x)72)/a)~(1/2)*(-sinh(x)"2) " (1/2)*EllipticF (cosh(x)*(-1/a*xb)~(1/2),(-a/b)~
(1/2))*b~2-4*axbx ((atb*cosh(x)~2)/a) " (1/2)*(-sinh(x)~2)~(1/2)*EllipticE(cos
h(x)*(-1/axb)~(1/2), (-a/b)~(1/2) ) -2x((atb*cosh(x)~2) /a) " (1/2) *(-sinh(x)"2)~
(1/2)*EllipticE(cosh(x)*(-1/axb)~(1/2),(-a/b)~(1/2))*b~2-(-1/a*b) ~(1/2) *a*xb
*cosh(x))/(-1/a*b)~(1/2)/sinh(x)/(at+b*cosh(x)~2)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
3
f (b cosh (02 +a)? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~2)~(3/2),x, algorithm="maxima"

[Out] integrate((b*cosh(x)~2 + a)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
3
integral ((b cosh (x)% + a)z, x)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*cosh(x)~2)~(3/2),x, algorithm="fricas")

[Out] integral((b*cosh(x)"2 + a)~(3/2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)**2)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
3
f(b cosh (x)% + a)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~2)~(3/2),x, algorithm="giac")

[Out] integrate((b*cosh(x)~2 + a)~(3/2), x)
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5. 32
3.47 f (1 + cosh (x)) dx
Optimal. Leaf size=55
%iEllipticF (g + ix, —1) - 2iE (ix + g| - 1) + % sinh(x) cosh(x)\/coshz(x) +1

[Out] (-2*I)*EllipticE[Pi/2 + I*x, -1] + ((2%I)/3)*EllipticF[Pi/2 + Ix*x, -1] + (C
osh[x]*Sqrt[1 + Cosh[x]~2]*Sinh[x])/3

Rubi [A] time = 0.0612031, antiderivative size = 55, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 10, number of rules _

integrand size
0.4, Rules used = {3180, 3172, 3177, 3182}
2 (.. ™ T 1. 2
ng (zx + E| - 1) - 2iE (zx + E| - 1) + 3 sinh(x) cosh(x)y/cosh”(x) + 1

Antiderivative was successfully verified.

[In] Int[(1 + Cosh[x]~2)~(3/2),x]

[Out] (-2*%I)*EllipticE[Pi/2 + Ixx, -1] + ((2%I)/3)*EllipticF[Pi/2 + Ix*x, -1] + (C
osh[x]*Sqrt[1 + Cosh[x]~2]*Sinh[x])/3

Rule 3180

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
sle + fxx]*Sin[e + f*xx]*(a + b*Sinf[e + f*x]72)"(p - 1))/ (2*f*p), x] + Dist[
1/(2xp), Int[(a + b*Sin[e + £*x]~2) " (p - 2)*Simp[ax(b + 2%a*p) + b*(2%a + b
)x(2xp - 1)*Sin[e + f*x]~2, x], x], x] /; FreeQ[{a, b, e, f}, x] && NeQ[a +
b, 0] && GtQlp, 1]

Rule 3172

Int[((A_.) + (B_.)*sin[(e_.) + (£f_.)*(x_)]172)/Sqrt[(a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]1"2], x_Symbol] :> Dist[B/b, Int[Sqrt[a + b*Sinl[e + f*x]~2], x],
x] + Dist[(Axb - a*B)/b, Int[1/Sqrt[a + b*Sin[e + f*x]172], x], x] /; FreeQ
[{a, b, e, f, A, B}, x]

Rule 3177
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Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrtl[a
1*EllipticE[e + f*x, -(b/a)])/f, x] /; FreeQ[{a, b, e, £}, x] && GtQ[a, 0]

Rule 3182
Int[1/Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Simp[(1*El

lipticF[e + f*x, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps

2 32 1 > _ 1 r4+6 coshz(x)
f(l + cosh (x)) dx = 3 cosh(x)4/1 + cosh”(x) sinh(x) + = f ——Cdx

3 A1+ coshz(x)
= %cosh(x)y/l + cosh? (x) sinh(x) — = f dx + 2 f"l + coshz(x) dx
\/1 + cosh? (%)

2 (1
—21E( > + zx| - 1) + 511—"(5 + zx| - 1) 5 cosh(x)y/1 + cosh? (x) sinh(x)

Mathematica [A] time = 0.049945, size = 51, normalized size = 0.93

4iEllipticF (zx ) 24iE (1x| ) + sinh(2x)+/cosh(2x) + 3
6v2

Antiderivative was successfully verified.

[In] Integrate[(1 + Cosh[x]~2)~(3/2),x]

[Out] ((-24*I)*EllipticE[I*x, 1/2] + (4*I)*EllipticF[I*x, 1/2] + Sqrt[3 + Cosh[2x
x]1*Sinh [2%x])/(6%Sqrt[2])

Maple [A] time = 0.237, size = 99, normalized size = 1.8

—m\/ (1 + (cosh (x))*) (sinh (x))” (— (cosh (x))° +10 i\/l + (cosh (x))z\/ — (sinh (x))*EllipticF (i cosh (x) i) -

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((1+cosh(x)~2)"(3/2),x)

[Out] -1/3*((1+cosh(x)~2)*sinh(x)~2)~(1/2)*(-cosh(x) ~5+10*I*(1+cosh(x)~2)~(1/2)*(
-sinh(x)~2)~(1/2)*EllipticF(I*cosh(x),I)-6*I*(1l+cosh(x)~2)~(1/2)*(-sinh(x)~
2)~(1/2)*EllipticE(I*cosh(x),I)+cosh(x))/(cosh(x)~4-1)"(1/2)/sinh(x)/(1+cos

h(x)"2)7(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
3
f (cosh (x)* + 1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+cosh(x)~2)7(3/2),x, algorithm="maxima"

[Out] integrate((cosh(x)~2 + 1)7(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

3
integral ((cosh () + 1) 2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cosh(x)~2)~(3/2),x, algorithm="fricas")

[Out] integral((cosh(x)~2 + 1)7(3/2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+cosh(x)**2)*x(3/2),x)



[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

f (cosh (x)2 + 1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l+cosh(x)~2)7(3/2),x, algorithm="giac")

[Out] integrate((cosh(x)~2 + 1)7(3/2), x)



253

3.48 f (1 — (:oshz(ac))3/2 dx

Optimal. Leaf size=33

% (— sinhz(x))?)/2 coth(x) + ;V - sinhz(x) coth(x)

[Out] (2*Coth[x]*Sqrt[-Sinh[x]~2])/3 + (Coth[x]*(-Sinh[x]~2)7(3/2))/3

Rubi [A] time = 0.028454, antiderivative size = 33, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 12, e L

integrand size
0.333, Rules used = {3176, 3203, 3207, 2638}

(— sinhz(x))a/2 coth(x) + 2\/ —sinh?(x) coth(x)

Antiderivative was successfully verified.

Q=

[In] Int[(1 - Cosh[x]~2)~(3/2),x]

[Out] (2xCoth[x]*Sqrt[-Sinh[x]~2])/3 + (Coth[x]*(-Sinh([x]~2)~(3/2))/3

Rule 3176

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*cos[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3203

Int[((b_.)*sin[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> -Simp[(Cot[e + f*x
Ix(bxSin[e + fxx]~2)7p)/(2*f*p), x] + Dist[(b*x(2*p - 1))/(2%p), Int[(b*Sin[
e + £xx]172)"(p - 1), x], x] /; FreeQ[{b, e, f}, x] && !IntegerQ[p] && GtQ[
p, 1]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (f_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Sinl[e + f*x]~
n) “FracPart[p])/(Sinle + f*x]/ff)  (n*FracPart[p]), Int[ActivateTrig[u]l*(Sin
[e + £*xx]/ff)"(n*xp), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
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FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 2638

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

Rubi steps

f (1 - coshz(x))?)/2 dx = f (— simhz(x))s/2 dx

- %coth(x) (~sinb?())”” + % f /- sinh2(x) dx
(- )

3/2

1
=3 coth(x) Sinhz(x)

= ; coth(x)+/— sinhz(x) + % coth(x) (— sinhz(x))a/2

+%(2csch(X) —Sinhz(x)) f sinh(x) dx

Mathematica [A] time = 0.0305086, size = 25, normalized size = 0.76

—11—2\/— sinh? (x)(cosh(3x) — 9 cosh(x))csch(x)

Antiderivative was successfully verified.

[In] Integrate[(1 - Cosh([x]~2)~(3/2),x]

[Out] -((-9*%Cosh([x] + Cosh[3*x])*Csch[x]*Sqrt[-Sinh[x]~2])/12

Maple [A] time = 0.101, size = 21, normalized size = 0.6
cosh (x) sinh (x) ((sinh (x))2 - 2) 1

3 /- (sinh (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1-cosh(x)~2)~(3/2),x)
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[Out] 1/3*sinh(x)*cosh(x)*(sinh(x)~2-2)/(-sinh(x)~2)~(1/2)

Maxima [C] time = 2.1126, size = 31, normalized size = 0.94

160 30 Lican 30

24 8 24 8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cosh(x)~2)7(3/2),x, algorithm="maxima")

[Out] 1/24x*Ixe”(3%x) - 3/8*%Ixe”(-x) + 1/24xIxe”(-3%x) - 3/8%I*e"x

Fricas [A] time = 2.25603, size = 4, normalized size = 0.12

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((l1-cosh(x)~2)7(3/2),x, algorithm="fricas")

[Out] O

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1l-cosh(x)**2)**(3/2),x)

[Out] Timed out

Giac [C] time = 1.25674, size = 89, normalized size = 2.7

—21—41' (9 e@¥sgn (—e(3") + e") - sgn (—e(3x) + e"))e(‘3") + 21—41'6(3")sgn (—6(3") + e") - giexsgn (—6(3") + ex)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1-cosh(x)~2)7(3/2),x, algorithm="giac")

[Out] -1/24*%Ix(9%e” (2*x)*sgn(-e~(3*x) + e7x) - sgn(-e~(3*x) + e7x))*e”(-3*x) + 1/
24*Ixe” (3*x) *sgn(-e~(3*x) + e"x) - 3/8*Ixe"x*sgn(-e~(3*x) + e7x)
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3.49 f (—1 + (:(38}12(9c))3/2 dx

Optimal. Leaf size=29

1 2
3 sinh?(x)¥2 coth(x) - 5\/ sinh?(x) coth(x)

[Out] (-2*Coth[x]*Sqrt[Sinh[x]~2])/3 + (Coth[x]+*(Sinh[x]~2)~(3/2))/3

Rubi [A] time = 0.0255441, antiderivative size = 29, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 10, number of rules_

integrand size
0.4, Rules used = {3176, 3203, 3207, 2638}

1 2
3 sinhz(x)g’/2 coth(x) — gylsinhz(x) coth(x)

Antiderivative was successfully verified.

[In] Int[(-1 + Cosh[x]"2)~(3/2),x]
[Out] (-2*Coth[x]*Sqrt[Sinh[x]~2])/3 + (Coth[x]*(Sinh[x]~2)~(3/2))/3

Rule 3176

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(a*cos[e + f*x]72)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3203

Int[((b_.)*sin[(e_.) + (£_.)*(x_)]172)"(p_), x_Symbol] :> -Simp[(Cot[e + f*x
Ix(bxSin[e + fxx]~2)7p)/(2*f*p), x] + Dist[(b*x(2*p - 1))/(2%p), Int[(b*Sin[
e + £xx]172)"(p - 1), x], x] /; FreeQ[{b, e, f}, x] && !IntegerQ[p] && GtQ[
p, 1]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (f_)*(x )1 (n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + fx*x], x]}, Dist[((b*ff~n) IntPart[p]*(b*Sinl[e + f*x]~
n) “FracPart[p])/(Sinle + f*x]/ff)  (n*FracPart[p]), Int[ActivateTrig[u]l*(Sin
[e + £*xx]/ff)"(n*xp), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
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FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)
Rule 2638
Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Cos[c + d*x]/d, x] /; FreeQ

[{c, d}, x]

Rubi steps

f (—1 + coshz(x))s/2 dx = f sinhz(x)3/2 dx

1 . 2 2 . 2
=3 coth(x) sinh”(x)32 — 3 f \/sinh”(x) dx

= écoth(x) Sinhz(x)g’/2 - é (2csch(x) sinhz(x)) f sinh(x) dx

2 1
=3 coth(x)/sinh?(x) + 3 coth(x) sinh?(x)32

Mathematica [A] time = 0.021668, size = 23, normalized size = 0.79

112 sinhz(x)(cosh(3x) — 9 cosh(x))csch(x)

Antiderivative was successfully verified.

[In] Integrate[(-1 + Cosh[x]~2)~(3/2),x]

[Out] ((-9%Cosh[x] + Cosh[3*x])*Csch[x]*Sqrt[Sinh[x]~2])/12

Maple [A] time = 0.107, size = 21, normalized size = 0.7

cosh (x) ((cosh (x))2 - 3) ] 2
3 sinh (x) (sinh {x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1+cosh(x)~2)~(3/2),x)



[Out] 1/3*(sinh(x)~2)~(1/2)*cosh(x)*(cosh(x)~2-3)/sinh(x)
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Maxima [A] time = 1.73285, size = 31, normalized size = 1.07

I C T S S S A e S

24 8 24 8
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cosh(x)~2)~(3/2),x, algorithm="maxima"

[Out] -1/24%e~(3%x) + 3/8%e~(-x) - 1/24%e”(-3%x) + 3/8%e"x

Fricas [A] time = 2.06496, size = 73, normalized size = 2.52

1 3 1 . 2 3
5 cosh (x)” + 1 cosh (x) sinh (x) — 1 cosh (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cosh(x)~2)~(3/2),x, algorithm="fricas")

[Out] 1/12%cosh(x)~3 + 1/4*cosh(x)*sinh(x)~2 - 3/4*cosh(x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cosh(x)**2)**(3/2),x%)

[Out] Timed out
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Giac [B] time =1.27537, size = 89, normalized size = 3.07

_21—4 (9 e(ZX)sgn (e(3X) — ex) —sgn (e(3X) — eX))e(—Bx) + 21—43(3x)sgn (e(3x) _ ex) _ %e"sgn (e(Sx) _ ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1+cosh(x)~2)~(3/2),x, algorithm="giac")

[Out] -1/24*%(9%e”(2*x)*sgn(e”(3*x) - e7x) - sgn(e”(3*x) - e"x))*e”(-3%x) + 1/24xe
~(3*xx)*sgn(e”(3*x) - e7x) - 3/8*%e"x*sgn(e”(3*x) - e7x)
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3.50 f (—1 — (3()8}12(x))3/2 dx

Optimal. Leaf size=101

2iy/cosh’(x) + 1EllipticF ( +ix,-1) 1 > 2iy[- cosh?(x) - 1E (ix + E| -1)
2 -3 sinh(x) cosh(x)+/— cosh®(x) -1 + 2
34— coshz(x) -1 \/coshz(x) +1

[Out] ((2*%I)*Sqrt[-1 - Cosh[x]~2]*EllipticE[Pi/2 + I*x, -1])/Sqrt[1 + Cosh[x]~2]
+ (((2%I)/3)*Sqrt[1 + Cosh[x]~2]*EllipticF[Pi/2 + I*x, -1])/Sqrt[-1 - Coshl[
x]72] - (Cosh[x]#*Sqrt[-1 - Cosh[x]~2]*Sinh[x])/3

Rubi [A] time = 0.0923304, antiderivative size = 101, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 12, number of rules _

integrand size
0.5, Rules used = {3180, 3172, 3178, 3177, 3183, 3182}

1 5 Zi\/coshz(x) +1F(ix+ El —1) Zi\/—coshz(x)—lE(ix+ E| —1)
—=sinh(x) cosh(x)y/— cosh(x) — 1 + 2 + 2
3 2 2
34/—cosh™(x) -1 yJcosh™(x) +1

Antiderivative was successfully verified.

[In] Int[(-1 - Cosh[x]"2)"(3/2),x]

[Out] ((2*I)*Sqrt[-1 - Cosh[x] 2]*EllipticE[Pi/2 + I*x, -1])/Sqrt[1 + Cosh[x]~2]
+ (((2%I)/3)*Sqrt[1 + Cosh[x]~2]*EllipticF[Pi/2 + I*x, -1])/Sqrt[-1 - Coshl[
x]72] - (Cosh([x]*Sqrt[-1 - Cosh[x]~2]*Sinh[x])/3

Rule 3180

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> -Simp[(b*Co
s[e + fxx]*Sin[e + f*xx]*(a + b*Sinf[e + f*x]72)"(p - 1))/(2*f*p), x] + Dist[
1/(2*p), Int[(a + b*Sinf[e + f*x]72)"(p - 2)*Simp[a*x(b + 2%a*xp) + b*(2*a + b
)*(2*p - 1)*Sinle + f*x]72, x], x], x] /; FreeQ[{a, b, e, £}, x] && NeQ[a +
b, 0] && GtQ[p, 1]

Rule 3172

Int[((A_.) + (B_.)#*sin[(e_.) + (£f_.)*(x_)]172)/Sqrt[(a_) + (b_.)*sin[(e_.) +
(f_.)*(x_)]1"2], x_Symbol] :> Dist[B/b, Int[Sqrt[a + b*Sin[e + f*x]~2], x],
x] + Dist[(A*b - a*B)/b, Int[1/Sqrt[a + b*Sin[e + f*x]~2], x], x] /; FreeQ
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[{a, b, e, f, A, B}, x]

Rule 3178

Int[Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Dist[Sqrtl[a
+ b*Sin[e + f*x]~2]/Sqrt[1 + (b*Sinl[e + f*x]~72)/al, Int[Sqrt[l + (b*Sin[e +
f*x]72)/al, x], x] /; FreeQ[{a, b, e, £}, x] & !GtQ[a, O]

Rule 3177

Int[Sqrtl[(a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1"2], x_Symbol] :> Simp[(Sqrt[a
1*EllipticE[e + f*x, -(b/a)]1)/f, x] /; FreeQ[{a, b, e, f}, x] && GtQ[a, 0]

Rule 3183

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrt[
1 + (b*Sinf[e + f*x]72)/al/Sqrtl[a + b*Sin[e + f*x]~2], Int[1/Sqrt[1 + (b*Sin
le + £xx]72)/a], x], x] /; FreeQl{a, b, e, £}, x] & !GtQ[a, 0]

Rule 3182

Int[1/Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(1*El
lipticFle + fxx, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps

1 / 1 (4 b’
f (_1 - COShZ(X))3/2 dx = -3 cosh(x)4/-1 — cosh®(x) sinh(x) + 3 f + 6cosh () dx

-1- coshz(x)

= 2 cosh(0y 1 -~ cosh®(@sinh(x) - 2 [ dx -2 [ {1 ~cosh® (@) dx

-1- coshz(x)

(2\/—1 - coshz(x)) f \/1 + cosh?(x) dx (2 I+co

= —% cosh(x)y/-1 - cosh?(x) sinh(x) -
A1+ coshz(x)

_2iy-1- cosh®(E (5 +ix| -1) . 2i\[1+ cosh*()F (5 +ix| - 1)
A1+ COShZ(X) 34-1- coshz(x)

34

1
— — cosh(x)4/-1 — cosl
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Mathematica [A] time = 0.0700247, size = 78, normalized size = 0.77

8iv/cosh(2x) + 3EllipticF (ix, %) + 6 sinh(2x) + sinh(4x) — 48i+/cosh(2x) + 3E (ix |%)
12\/5\/— cosh(2x) - 3

Antiderivative was successfully verified.

[In] Integrate[(-1 - Cosh[x]~2)7(3/2),x]

[Out] ((-48%I)*Sqrt[3 + Cosh[2*x]]*EllipticE[I*x, 1/2] + (8*I)*Sqrt[3 + Cosh[2x*x]
1*EllipticF[I*x, 1/2] + 6*Sinh[2*x] + Sinh[4*x])/(12%Sqrt[2]*Sqrt[-3 - Cosh

[2*x]])

Maple [A] time = 0.27, size = 96, normalized size = 1.

—m\/- (1 + (cosh (x))*) (sinh (x))* (— (cosh (x))° + 2/ (sinh (x))Z\/1 + (cosh (x))EllipticF (cosh (x) 1) -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-1-cosh(x)~2)~(3/2),x%)

[Out] -1/3*(-(1+cosh(x)~2)*sinh(x)~2)~(1/2)*(-cosh(x) 5+2*x(-sinh(x)~2)7(1/2)*(1+c
osh(x)~2)~(1/2)*E1llipticF(cosh(x),I)-6*(-sinh(x)~2)~(1/2)*(1+cosh(x)~2)~(1/
2)*E1llipticE(cosh(x),I)+cosh(x))/(1-cosh(x)~4)~(1/2)/sinh(x)/(-1-cosh(x)~2)

~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
3
f (— cosh (x)? - 1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cosh(x)~2)~(3/2),x, algorithm="maxima"

[Out] integrate((-cosh(x)"2 - 1)7(3/2), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

— X)_ X)__ X X
AVeD-6c00-1 (520 2¢+9) x)—(6‘5")—e<4x>+24e<3X>+24e(ZX>—eX+1)«/%

(4x) _ ,(3x)); —
24 (e ¢ )mtegral( 3 (62652474 9-126)+72 V-2 ¢7+1)”

24(e@x)_66x»

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cosh(x)~2)~(3/2),x, algorithm="fricas")

[Out] 1/24x(24*(e”(4xx) - e~ (3*x))*integral (-4/3*sqrt(-e~(4xx) - 6%e”(2%x) - 1)*(
5xe” (2%x) + 2*%e"x + 5)/(e”(6xx) - 2%e”(b*x) + T*xe” (4*xx) - 12xe~(3%*x) + T*e”

(2%x) - 2%e”x + 1), x) - (e7(bxx) - e~ (4*x) + 24*e”(3*x) + 24*xe~(2*x) - e7x

+ 1)*sqrt(-e”(4*x) - 6%e~(2xx) - 1))/(e”(4*x) - e (3%x))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cosh(x)**2)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
3
f (— cosh (x)? - 1)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-1-cosh(x)~2)~(3/2),x, algorithm="giac")

[Out] integrate((-cosh(x)~2 - 1)7(3/2), x)
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1

3.51 dx

\/ a+b coshz(x)

2
i/ 2o EllipticF (E rix, —?)
a 2 a
\a+b coshz(x)

[Out] ((-I)*Sqrt[1 + (b*Cosh([x]"2)/al*EllipticF[Pi/2 + I*x, -(b/a)])/Sqrt[a + b*C
osh[x]~2]

Optimal. Leaf size=49

Rubi [A] time = 0.0297244, antiderivative size = 49, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e =

0.167, Rules used = {3183, 3182}

2
i /M +1F(ix+ Z- 9)
a 2 a
\a+b COShZ(X)

Antiderivative was successfully verified.

integrand size

[In] Int[1/Sqrtl[a + b*Cosh([x]~2],x]

[Out] ((-I)*Sqrt[1 + (b*Cosh[x]~2)/al*EllipticF[Pi/2 + I*x, -(b/a)])/Sqrt[a + bxC
osh([x]~2]

Rule 3183

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrt[
1 + (b*Sinf[e + f*x]72)/al/Sqrtl[a + b*Sin[e + f*x]~2], Int[1/Sqrt[1 + (b*Sin
[e + f*xx]~2)/al, x], x] /; FreeQ[{a, b, e, f}, x] && !'GtQ[a, O]

Rule 3182

Int[1/Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172], x_Symbol] :> Simp[(1*El
lipticF[e + f*x, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps
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2
14+ b cosh (x) f

bcoshz(x
1
f dx =
\a+b Coshz(x) \Ja+b cosh? (%)
2
bcosh (x)F (g n le _ b

\a+ b cosh? (%)

Mathematica [A] time = 0.0696823, size = 53, normalized size = 1.08

. [2a+bcosh(2x)+b . . . b
i TElhptlcF (zx, ﬁ)

v2a + bcosh(2x) + b

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[a + b*Cosh[x]~2],x]

[Out] ((-I)*Sqrt[(2*a + b + b*Cosh[2*x])/(a + b)]*EllipticF[I*x, b/(a + b)])/Sqrt
[2%a + b + b*Cosh[2xx]]

Maple [A] time = 0.122, size = 66, normalized size = 1.4

}11 \/ a+b(cosh ())° /- (sinh (x))*EllipticF (cosh (x) \/i \/i)
sinh (x) a \/7 \/a+b(cosh (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~2)~(1/2),x%)

[Out] 1/(-1/axb)~(1/2)*((atb*cosh(x)~2)/a)~(1/2)*(-sinh(x)~2)~(1/2)*EllipticF(cos
h(x)*(-1/a*b)~(1/2), (-a/b)~(1/2))/sinh(x)/ (a+b*cosh(x)~2)~(1/2)




Maxima [F] time = 0., size = 0, normalized size = 0.

1
f \/b cosh (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(a+b*cosh(x)~2)~(1/2),x, algorithm="maxima")

[Out] integrate(1/sqrt(b*cosh(x)”"2 + a), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.
1

integral
\/b cosh (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

, X

[In] integrate(1l/(a+b*cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] integral(1/sqrt(b*cosh(x)”2 + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f \a+ b cosh? (%)

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(atb*cosh(x)**2)**x(1/2),x)

[Out] Integral(l/sqrt(a + b*cosh(x)**2), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

1
f \/b cosh (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(a+b*cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(1/sqrt(b*cosh(x)"2 + a), x)
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1

f N 1+cosh2(x)

Optimal. Leaf size=17

3.52 dx

_{EllipticF (g tix, —1)

[Out] (-I)*EllipticF[Pi/2 + I*x, -1]

Rubi [A] time = 0.0090285, antiderivative size = 17, normalized size of antiderivative

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 10, T~ > %% _

integrand size
0.1, Rules used = {3182}

—iF(ix+z|—1)
2

Antiderivative was successfully verified.

[In] Int[1/Sqrt[1 + Cosh[x]~2],x]
[Out] (-I)*EllipticF[Pi/2 + Ixx, -1]

Rule 3182

Int[1/Sqrt[(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(1*El
lipticF[e + fxx, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps

1

f W1+ coshz(x)

dx:—iF(g+ix|—1)

Mathematica [A] time = 0.0343898, size = 18, normalized size = 1.06

[EllipticF (ix, %)

V2
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Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[1l + Cosh[x]~2],x]

[Out] ((-I)*EllipticF[I*x, 1/2])/Sqrt[2]

Maple [B] time = 0.204, size = 45, normalized size = 2.7

sinh (x)

—iEllipticF (i cosh (x), 1) \/(1 + (cosh (x))z) (sinh (x))2 _(sinh (x))2 1
+/(cosh (x))4 -1

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cosh(x)~2)"(1/2),x)

[Out] -I*((1+cosh(x)"2)*sinh(x)~2)"(1/2)*(-sinh(x)~2)"(1/2)/(cosh(x)~4-1)"(1/2)*E
11lipticF(I*cosh(x),I)/sinh(x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
f y/cosh (x)2 +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(1+cosh(x)~2)~(1/2),x, algorithm="maxima")

[Out] integrate(l/sqrt(cosh(x)"2 + 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
1

integral | —————,
y/cosh (x)2 +1

Verification of antiderivative is not currently implemented for this CAS.

X



[In] integrate(1/(1+cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] integral(1/sqrt(cosh(x)"2 + 1), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

1
f \/coshz (x)+1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(1+cosh(x)**2)**(1/2),x)

[Out] Integral(1l/sqrt(cosh(x)**2 + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1

f y/cosh (x)2 +1

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(l/sqrt(cosh(x)"2 + 1), x)
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1

f N 1—cosh2(x)

Optimal. Leaf size=17

3.53 dx

~ sinh(x) tanh ™ (cosh(x))
N sinh? (%)

[Out] -((ArcTanh[Cosh[x]]*Sinh[x])/Sqrt[-Sinh[x]~2])

Rubi [A] time = 0.0218475, antiderivative size = 17, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 12, number of rules _

integrand size
0.25, Rules used = {3176, 3207, 3770}

~ sinh(x) tanh ™ (cosh(x))

/- sinh?(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[1 - Cosh[x]~2],x]

[Out] -((ArcTanh[Cosh[x]]*Sinh[x])/Sqrt[-Sinh[x]~2])

Rule 3176

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axcos[e + £*x]72)7pl, x] /; FreeQl[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (£_)*(x )1 (0 ))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + f*x], x]}, Dist[((b*ff~"n) IntPart[p]*(b*Sin[e + f*x]~
n) "FracPart[p])/(Sin[e + f*x]/ff)~ (n*FracPart([p]), Int[ActivateTrig[u]l*(Sin
e + f*xx]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 3770
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

1 _ 1
f \J1- coshz(x) e f \- sinhZ(x) “

B sinh(x) f csch(x) dx

/- sinh?(x)

: _tanh_l(cosh(x)) sinh(x)

\- Sinhz(x)

Mathematica [A] time = 0.0072967, size = 20, normalized size = 1.18

sinh(x) log (tanh (g))
\- sinhz(x)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[1l - Cosh[x]~2],x]

[Out] (Logl[Tanh[x/2]]1*Sinh[x])/Sqrt[-Sinh[x]"2]

Maple [B] time = 0.068, size = 34, normalized size = 2.

sinh () — (cosh (x))2 arctan ! !

cosh (3 V- (cosh )] - (sinh (v)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cosh(x)~2)"(1/2),x)

[Out] -sinh(x)*(-cosh(x)~2)"(1/2)*arctan(1l/(-cosh(x)~2)"(1/2))/cosh(x)/(-sinh(x)~
2)°(1/2)
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Maxima [C] time = 1.66846, size = 26, normalized size = 1.53

—i log (e(‘x) + 1) +i log (e(‘x) - 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~2)~(1/2),x, algorithm="maxima"

[Out] -Ixlog(e~(-x) + 1) + Ixlog(e”(-x) - 1)

Fricas [A] time = 2.21145, size = 4, normalized size = 0.24

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] O

Sympy [F] time = 0., size = 0, normalized size = 0.

f;dx
\J1- cosh? (%)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)**2)*x(1/2),x)

[Out] Integral(1/sqrt(1l - cosh(x)**2), x)

Giac [C] time = 1.21177, size = 54, normalized size = 3.18

L log (e* +1) i log(le* —1])
sgn (—e(3x) + ex) sgn (—e(3x) + ex)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] -Ixlog(e”x + 1)/sgn(-e~(3*x) + e"x) + Ixlog(abs(e”x - 1))/sgn(-e~(3*x) + e~
x)
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1

3.54 dx

\/ ~1+cosh? (x)
Optimal. Leaf size=15
_sinh(x) tanh ™ (cosh(x))
\/Sinhz (%)

[Out] -((ArcTanh[Cosh[x]]*Sinh[x])/Sqrt[Sinh[x]~2])

Rubi [A] time = 0.0188273, antiderivative size = 15, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 10, number of rules _

integrand size
0.3, Rules used = {3176, 3207, 3770}

~ sinh(x) tanh ™ (cosh(x))

Jsinh?(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[-1 + Cosh[x]~2],x]

[Out] -((ArcTanh[Cosh[x]]*Sinh[x])/Sqrt[Sinh[x]~2])

Rule 3176

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[ux(axcos[e + £*x]72)7pl, x] /; FreeQl[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3207

Int[(u_.)*((b_.)*sin[(e_.) + (£_)*(x )1 (0 ))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Sin[e + f*x], x]}, Dist[((b*ff~"n) IntPart[p]*(b*Sin[e + f*x]~
n) "FracPart[p])/(Sin[e + f*x]/ff)~ (n*FracPart([p]), Int[ActivateTrig[u]l*(Sin
e + f*xx]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rule 3770
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Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

1 Y N
f\/mdx—fmdx

_ sinh(x) f csch(x) dx

\ sinh? (%)

_ _tanh_1 (cosh(x)) sinh(x)

\/ sinhz(x)

Mathematica [A] time = 0.008162, size = 18, normalized size = 1.2

sinh(x) log (tanh (g))
\ sinh? (%)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-1 + Cosh[x]"2],x]

[Out] (Logl[Tanh[x/2]]1*Sinh[x])/Sqrt[Sinh[x]~2]

Maple [A] time = 0.076, size = 16, normalized size = 1.1

~ Artanh (cosh (x))

. 2
sinh (x) (sinh (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-1+cosh(x)"2)"(1/2),x)

[Out] -(sinh(x)~2)~(1/2)*arctanh(cosh(x))/sinh(x)
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Maxima [A] time = 1.62907, size = 23, normalized size = 1.53
log (e(‘x) + 1) —log (e(‘x) - 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cosh(x)~2)~(1/2),x, algorithm="maxima"

[Out] log(e™(-x) + 1) - log(e”(-x) - 1)

Fricas [A] time = 2.03799, size = 78, normalized size = 5.2

—log (cosh (x) + sinh (x) + 1) + log (cosh (x) + sinh (x) — 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1+cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] -log(cosh(x) + sinh(x) + 1) + log(cosh(x) + sinh(x) - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f \/cosh2 (x)-1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(-1+cosh(x)**2)*x(1/2),x)

[Out] Integral(l/sqrt(cosh(x)**2 - 1), x)

Giac [B] time = 1.29688, size = 53, normalized size = 3.53

log (e +1) log (Je* — 1)
sgn (e(3x) - e") sgn (6(3") - ex)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(-1+cosh(x)~2)7(1/2),x, algorithm="giac")

[Out] -log(e”x + 1)/sgn(e”(3*x) - e7x) + log(abs(e”x - 1))/sgn(e”(3*x) - e7x)
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3.55

f . dx
\/—1—cosh2(x)

Optimal. Leaf size=39

B i\/coshz(x) + 1EllipticF (g + ix, —1)
\- Coshz(x) -1

[Out] ((-I)*Sqrt[1 + Cosh[x]~2]*EllipticF[Pi/2 + I*x, -11)/Sqrt[-1 - Cosh[x]~2]

Rubi [A] time = 0.0202647, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 2, integrand size = 12, e e =

0.167, Rules used = {3183, 3182}

i\/coshZ(x) +1F (ix + §| - 1)
\/—coshz(x) -1

Antiderivative was successfully verified.

integrand size

[In] Int[1/Sqrt[-1 - Cosh[x]~2],x]
[Out] ((-I)*Sqrt[l + Cosh[x] 2]*EllipticF[Pi/2 + Ixx, -1])/Sqrt[-1 - Cosh[x]"~2]

Rule 3183

Int[1/Sqrt[(a_) + (b_.)*sinf[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Dist[Sqrtl[
1 + (b*Sin[e + f*x]~2)/al/Sqrtla + b*Sin[e + f*x]~2], Int[1/Sqrt[1l + (b*Sin
[e + fxx]72)/al, x], x] /; FreeQ[{a, b, e, f}, x] & 'GtQ[a, O]

Rule 3182

Int[1/Sqrtl(a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2], x_Symbol] :> Simp[(1*El
lipticF[e + fxx, -(b/a)])/(Sqrtlal*f), x] /; FreeQ[{a, b, e, f}, x] && GtQ[
a, 0]

Rubi steps
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W1+ Coshz(x) f; dx
\ll+cosh2(x)

f ! dx =
\V-1- coshz(x) -1- coshz(x)
~ i1+ coshz(x)F (g + ix| - 1)
\-1- Coshz(x)

Mathematica [A] time = 0.0439794, size = 40, normalized size = 1.03

iy/cosh(2x) + 3EllipticF (ix, %)
B V2+/=cosh(2x) - 3

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[-1 - Cosh[x]~2],x]

[Out] ((-I)*Sqrt[3 + Cosh[2*x]]*EllipticF[I*x, 1/2])/(Sqrt[2]*Sqrt[-3 - Cosh[2*x]
D

Maple [A] time = 0.224, size = 61, normalized size = 1.6

1
\/1 — (cosh (x))4 \/ -1 — (cosh (.

Empti:ilifz’;h (), 1) \/— (1 + (cosh (x))?) (sinh (x))z\/ _(sinh (x))z\/l + (cosh (x))?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(-1-cosh(x)~2)"(1/2),x)

[Out] (-(1+cosh(x)~2)*sinh(x)~2)~(1/2)*(-sinh(x)~2)~(1/2)*(1+cosh(x)~2)"(1/2)/(1-
cosh(x)~4)~(1/2)*EllipticF(cosh(x),I)/sinh(x)/(-1-cosh(x)~2)~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.
1

f \/—cosh (x)2 -1

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cosh(x)~2)7(1/2),x, algorithm="maxima"

[Out] integrate(1/sqrt(-cosh(x)”2 - 1), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

2 V-l — g0 —1
e + 62 +1

;X

integral | -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(-1-cosh(x)~2)7(1/2),x, algorithm="fricas")

[Out] integral(-2xsqrt(-e~(4*x) - 6*%e~(2xx) - 1)/(e”(4*x) + 6*%e~(2xx) + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
f N cosh? (x)-1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(1/(-1-cosh(x)**2)*x(1/2),x)

[Out] Integral(l/sqrt(-cosh(x)**2 - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
f \/—cosh (x)2 -1

Verification of antiderivative is not currently implemented for this CAS.

dx
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[In] integrate(1/(-1-cosh(x)~2)7(1/2),x, algorithm="giac")

[Out] integrate(l/sqrt(-cosh(x)”"2 - 1), x)
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356  [————dx

a+b cosh3(x)
Optimal. Leaf size=288
3[1—3 an z 3(1+3— 3 an I 3&—— / 3 an. z
2 tanh ™ [—“f v h(z)] 2tanh‘1[“f v h(2)) 2tanh‘1(“‘f o h(z)]
3020\ - Voy¥a+ Vb 32205 - VANby¥a + VIVb 32205 - (1253 3a + (12530

[Out] (2*ArcTanh[(Sqrt[a~(1/3) - b~(1/3)]1*Tanh[x/2])/Sqrt[a~(1/3) + b~(1/3)11)/(3
*a~(2/3)*Sqrt[a”(1/3) - b~ (1/3)1*Sqrt[a~(1/3) + b~(1/3)]) + (2*ArcTanh[(Sqr
t[a™(1/3) + (-1)7(1/3)*b~(1/3)]1*Tanh[x/2])/Sqrt[a~(1/3) - (-1)~(1/3)*b~(1/3
)11)/(3*a~(2/3)*Sqrt[a~(1/3) - (-1)7(1/3)*b~(1/3)]1*Sqrt[a~(1/3) + (-1)7(1/3
)xb~(1/3)]1) + (2xArcTanh[(Sqrt[a~(1/3) - (-1)7(2/3)*b~(1/3)]1*Tanh[x/2])/Sqr
tla”(1/3) + (-1)7(2/3)*b~(1/3)1]1)/(3*a~(2/3)*Sqrt[a~(1/3) - (-1)~(2/3)*b~ (1
/3)1*3qrt[a~(1/3) + (-1)7(2/3)*b~(1/3)1)

Rubi [A] time = 0.478395, antiderivative size = 288, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 3, integrand size = 10, fomer o e

0.3, Rules used = {3213, 2659, 208}
\’3 —3 an f A\ 3ﬂ+3— & an z ’\’3[1—— 3 an Z
2tanh ™ [—W e h(Z)) Ztanh_l[ Var V1 h(Z)) Ztanh_l( Va1 h(Z)]
\ Va+ 3 N Ya- V-1 N \ Va+ (=123
3a2/3\/€/5 - \3/5\/ Ja+ b 3a2/3\/ Va- \3/—_1\3/5\/ Va+J-1vb 3a2/3\/ Va- (—1)2/3{’/5\/ Va + (-1)23b

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*Cosh[x]~3)"(-1),x]

[Out] (2*ArcTanh[(Sqrt[a~(1/3) - b~(1/3)]1*Tanh[x/2])/Sqrt[a~(1/3) + b~(1/3)]11)/(3
*a~(2/3)*Sqrt[a~(1/3) - b~(1/3)]*Sqrt[a~(1/3) + b~(1/3)]) + (2%ArcTanh[(Sqr
tla~(1/3) + (-1)7(1/3)*b~(1/3)1*Tanh[x/2]1)/Sqrt[a~(1/3) - (-1)~(1/3)*b~(1/3
)11)/(3*a~(2/3)*Sqrt[a~(1/3) - (-1)~(1/3)*b~(1/3)]*Sqrt[a~(1/3) + (-1)~(1/3
)*¥b~(1/3)]1) + (2*ArcTanh[(Sqrt[a~(1/3) - (-1)~(2/3)*b~(1/3)]1*Tanh[x/2])/Sqr
t[a~(1/3) + (-1)7(2/3)*b~(1/3)11)/(3xa~(2/3)*Sqrt[a~(1/3) - (-1)"(2/3)*b~(1
/3)1*3qrt[a~(1/3) + (-1)7(2/3)*b~(1/3)])

Rule 3213
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Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(c*sinl[e + f*x])"n)7p, x], x] /; FreeQ[{a, b, c, e, £
, ny, x] & (IGtQlp, 0] || (EqQlp, -1] && IntegerQ[nl))

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx”2), x], x, Tan[(c + dx*x)/21/e], x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

1 1 1 1
L o () _ _
f a + beosh®(x) * f[ 3423 (—\3’/5 -~ \S/Ecosh(x)) 3a23 (—{’/E + —1\3’/5cosh(x)) 3023 (—\3/5 — (-1)%3/b cos
1

1 1
—_—d d dx
3 f —%—%cosh(x) * 3 f —Ja+ %/—_1%cosh(x) * 3 f —Ja—(-1)23 %cosh(x)

3423 3423 342/3
1 X 1
zsubSt(f—%—%—(—%+%)x2 dx,x,tanh(i)) ZSubst(f_%Jﬂg/__l%_(_%_\3/3%)362 dx, a
T 3423 - 3023
2 tanh | LT G) %_%mnh(;)] 2 tanh! %%%tanh@] 2 tanh! [—V Va1
NERG %% i

:3112/3\/\3/5_\%\/%_'_%+3a2/3\/\3/5_\3/__1%\/%+3/_—1%+3a2/3 /\3/__(_1)2/3%\/

Mathematica [C] time = 0.105394, size = 105, normalized size = 0.36

#1x + 2#1 log (—#1 sinh (32—() + #1 cosh (g) —sinh (;—C) — cosh (g))
#1% + 2#1°b + 4#1a + b

2
gRootsum [8#13a + #1% + 3#1%b + 3#1%b + b,

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cosh[x]~3)~(-1),x]
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[Out] (2*RootSum[b + 3*b*#172 + 8xax#173 + 3*b*#174 + bx#176 & , (x*#1 + 2xLog[-C
osh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh[x/2]*#1]*#1)/(b + 4*a*x#1 + 2*xbx*#
172 + bx#174) & 1)/3

Maple [C] time = 0.292, size = 100, normalized size = 0.4

1 - R*+2 R?*-1

X
= E In (tanh (—) - R)
5 5 3 3 -
¥ _R=RootOf((a-b)_Z°+(-3a-3b) Z*+(3a-3b) Z2-a-p) -+ 4~ A0 =2_Ra-2 Rb+ Ra-_Rb 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~3),x)

[Out] 1/3%sum((- R™4+2x R~2-1)/(_R™5*a- R™5%*b-2% R™3%a-2% R"3*b+ Rka- Rx¥b)*1ln(tan
h(1/2*x)-_R), R=Root0f ((a-b)*_Z~6+(-3*a-3*b)*_Z~4+(3*a-3*b)*_Z"2-a-b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
[— 1w
bcosh (x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cosh(x)~3),x, algorithm="maxima")

[Out] integrate(1l/(b*cosh(x)”3 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~3),x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cosh(x)**3),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
—
bcosh (x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cosh(x)~3),x, algorithm="giac")

[Out] integrate(1/(b*cosh(x)”3 + a), x)
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357  [——5—dx

a-b cosh?’(x)
Optimal. Leaf size=288
2tanh™! [—“ L %tanh(g)] 2tanh™! [ “ %_%%mﬂh(g)J 2tanh™! ( V120 tanh(%)]

J3a- Vs 31 % V=12
3020\ - Voy¥a+ Vb 32205 - VANby¥a + VIVb 32205 - (1253 3a + (12530

[Out] (2*ArcTanh[(Sqrt[a~(1/3) + b~(1/3)]1*Tanh[x/2])/Sqrt[a~(1/3) - b~(1/3)11)/(3
*a~(2/3)*Sqrt[a”(1/3) - b~ (1/3)1*Sqrt[a~(1/3) + b~(1/3)]) + (2*ArcTanh[(Sqr
t[a™(1/3) - (-1)7(1/3)*b~(1/3)]1*Tanh[x/2])/Sqrt[a~(1/3) + (-1)~(1/3)*b~(1/3
)11)/(3*a~(2/3)*Sqrt[a~(1/3) - (-1)7(1/3)*b~(1/3)]1*Sqrt[a~(1/3) + (-1)7(1/3
)xb~(1/3)]1) + (2xArcTanh[(Sqrt[a~(1/3) + (-1)7(2/3)*b~(1/3)]1*Tanh[x/2])/Sqr
tla”(1/3) - (-1)7(2/3)*b~(1/3)1]1)/(3*a~(2/3)*Sqrt[a~(1/3) - (-1)~(2/3)*b~ (1
/3)1*3qrt[a~(1/3) + (-1)7(2/3)*b~(1/3)1)

Rubi [A] time = 0.233181, antiderivative size = 288, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 3, integrand size = 11, fomer o e

0.273, Rules used = {3213, 2659, 208}
(i Sprani(;) %%mh@)} Ztanh—l(v%‘%%mh@) 2tanh—1(J%+<—1>2/3%tanh<§>]

\ Va3 s Ya+r -1 s \ Va1
3a2/3\/€/5 - \3/5\/ Ja + b 3a2/3\/ Ja - \3/—_1\3/5\/ Ja +-1b 3a2/3\/ Ja - (—1)2/3{’/5\/ Ja + (-1)%3b

integrand size

2tanh™! [

Antiderivative was successfully verified.

[In] Int[(a - b*Cosh[x]~3)"(-1),x]

[Out] (2*ArcTanh[(Sqrt[a~(1/3) + b~ (1/3)]1*Tanh[x/2])/Sqrt[a~(1/3) - b~(1/3)]11)/(3
*a~(2/3)*Sqrt[a~(1/3) - b~(1/3)]*Sqrt[a~(1/3) + b~(1/3)]) + (2%ArcTanh[(Sqr
t[a™(1/3) - (-1)7(1/3)*b~(1/3)]1*Tanh[x/2])/Sqrt[a~(1/3) + (-1)~(1/3)*b~(1/3
)11)/(3*a~(2/3)*Sqrt[a~(1/3) - (-1)~(1/3)*b~(1/3)]*Sqrt[a~(1/3) + (-1)~(1/3
)*¥b~(1/3)]) + (2%ArcTanh[(Sqrt[a~(1/3) + (-1)7(2/3)*b~(1/3)]*Tanh([x/2])/Sqr
t[a™(1/3) - (-1)7(2/3)*b~(1/3)11)/(3*%a~(2/3)*Sqrt[a~(1/3) - (-1)~(2/3)*b~ (1
/3)1*3qrt[a~(1/3) + (-1)7(2/3)*b~(1/3)])

Rule 3213
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Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(c*sinl[e + f*x])"n)7p, x], x] /; FreeQ[{a, b, c, e, £
, ny, x] & (IGtQlp, 0] || (EqQlp, -1] && IntegerQ[nl))

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx”2), x], x, Tan[(c + dx*x)/21/e], x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

1 1 1 1
e
a — b cosh”(x) 3423 (

Ja - \%cosh(x)) " 342/3 ((”/E +V—1b cosh(x)) * 3423 (% - (—1)2/3‘%605}1(95))
1

1 1
——d dx dx
f %/E— %cosh(x) * f %+ \/3 -1 %cosh(x) f %—(—1)2/3 % cosh(x)
= + +
3423 3423 3,2/3

1 1

2 Subst (f %—%—(%+%)x2 dx,x,tanh(’—é)] 2 Subst [f \3/5“3/__1%_(%—?/—_1%%2
+

dx, x, tanl

3423 342/3

2tanh™! (

—Mm}l(g)) 2tanh™! [\/mmh(%) ] 2tanh ™ [

\ Va+(-1)%3

VRl

:3a2/3\/€/5_%\/%+%+3a2/3\/\3/5_\3/__1€/5\/%+g/_—1%+3a2/3 \3/__(_1)2/3%\[

Mathematica [C] time = 0.0862156, size = 105, normalized size = 0.36

#1x + 2#1 log (—#1 sinh (g) + #1 cosh (g) —sinh (g) — cosh (

)

£

2
~~RootSum |-8#1°a + #1°b + 3#1*D + 3#1°D + b&, . >
3 #1% + 2#1%0 - 4#1a + b

Antiderivative was successfully verified.

[In] Integrate[(a - b*Cosh[x]~3)~(-1),x]
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[Out] (-2*RootSum[b + 3*bx#172 - 8*a*#173 + 3xbx#174 + b*#176 & , (x*#1 + 2*Logl[-
Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh[x/2]*#1]1*#1)/(b - 4xax#l + 2%bx
#172 + bx#174) & 1)/3

Maple [C] time = 0.268, size = 94, normalized size = 0.3

1 - R*+2 R?*-1

X
= Z In (tanh (—) - R)
5 5 3 3 -
¥ _R=RootOf((a+h)_Z0+(3as3t) Z4+Garab) Z2-art) — ¢ 4T RV =2 Ra+2 Rb+ _Ra+ _Rb 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a-b*cosh(x)~3),x)

[Out] 1/3%sum((- R™4+2x R~2-1)/(_R™5*a+ R™5%b-2% R~3%a+2% R"3*b+ Rka+ R¥b)*1ln(tan
h(1/2*x)-_R), R=Root0f ((a+b)*_Z~6+(-3*a+3*b)* Z~4+(3*a+3*b)*_Z"2-a+b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
B G S
bcosh(x)” —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a-b*cosh(x)~3),x, algorithm="maxima")

[Out] -integrate(1/(b*cosh(x)~3 - a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~3),x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)**3),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[ —
bcosh (x)” —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a-b*cosh(x)~3),x, algorithm="giac")

[Out] integrate(-1/(b*cosh(x)~3 - a), x)
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358  [———dx

]:+cosh3(x)

Optimal. Leaf size=91

_2 ; —3—5 tanh ™ ((—1)3/4\4/5tanh (g)) ) 24 —% tan™! ((—1)3/4%tanh (g)) . sinh(x)
3 (1 + (_1)2/3) 3 (1 — \3/__1) 3(cosh(x) +1)

[Out] (-2%(-1/3)7(1/4)*ArcTan[(-1)~(3/4)*37(1/4)*Tanh[x/2]]1)/(3*%(1 - (-1)7(1/3)))
- (2%(-1/3)"(1/4)*ArcTanh[(-1)~(3/4)*3~(1/4)*Tanh [x/2]]1) /(3% (1 + (-1)7(2/3
))) + 8inh[x]/(3*(1 + Cosh[x]))

Rubi [A] time = 0.130056, antiderivative size = 91, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 8, i L

integrand size
0.625, Rules used = {3213, 2648, 2659, 205, 208}

_2 ; —% tanh ™ ((—1)3/4\4/5tanh (g)) ) 24 —% tan™! ((—1)3/4\4/5tanh (g)) . sinh(x)
3(1+(-1)%) 3(1-v-1) 3(cosh(x) +1)

Antiderivative was successfully verified.

[In] Int[(1 + Cosh[x]"3)~(-1),x]

[Out] (-2%(-1/3)"(1/4)*ArcTan[(-1)"(3/4)*3~(1/4)*Tanh[x/2]11)/(3%x(1 - (-1)~(1/3)))
- (2%(-1/3)~(1/4)*ArcTanh [ (-1)~(3/4)*3~(1/4)*Tanh [x/2]1]1) /(3% (1 + (-1)~(2/3
))) + Sinh[x]/(3*(1 + Cosh[x]))

Rule 3213

Int[((a_) + (b_.)*((c_.)*sinl[(e_.) + (£_)*(x_)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(c*sin[e + f*x])"n) p, x], x] /; FreeQ[{a, b, c, e, f
, n}, x] & (IGtQ[p, 0] |l (EqQlp, -1] && IntegerQ[nl))

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*(b + axSin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
=2, 0]

Rule 2659
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Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e”2*x72), x], x, Tan[(c + d*x)/2]/el, x]] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps

1 1 1 1
—  ax= |- - - d
f 1+ cosh®(x) * f( 3(-1 - cosh(x)) 3 (—1 + \3/—_1(:osh(x)) 3 (—1 - (-1)%3 cosh(x))] *
1 1 1 1 1 1
- (5 f -1 - cosh(x) dx) 3 f ~1 + V-1 cosh(x) ax - 3 f -1 - (=1)?3 cosh(x) ax

3 sinh(x) 2 1 x\| % L

= 30+ cosh() 3 Subst [f Pl (_1 - \3/__1) " dx, x, tanh (2)) 3 Subst (f Py

_2 ; —% tan™! ((—1)3/4{1/@tanh (;—C)) ) 24 —% tanh ™ ((—1)3/4%tanh (;—C)) N sinh(x)
3(1-v-1) 3(1+(-1)%) 3(1 + cosh(x))

Mathematica [C] time = 0.846407, size = 133, normalized size = 1.46

< [otanh (5) - 6 + 2075 (V3 + 3i) tan ™ [(3 + ?Zg()] o2 (V5 -31) tan [(3 - f) ng()

Antiderivative was successfully verified.

[In] Integrate[(1 + Cosh[x]~3)~(-1),x]

[Out] (-(Sqrt[6 + (2*I)*Sqrt[3]]*(3*I + Sqrt[3])*ArcTan[((3 + IxSqrt[3])*Tanh[x/2
1)/8qrt[6 - (2*I)*Sqrt[3]11) - Sqrt[6 - (2*I)*Sqrt[3]]1*(-3+I + Sqrt[3])*Arc



294

Tan[((3 - I*Sqrt[3])*Tanh[x/2])/Sqrt[6 + (2*I)*Sqrt[3]]1] + 6*Tanh([x/2])/18

Maple [B] time = 0.016, size = 216, normalized size = 2.4

3

1 tanh (f) + 31\/5 arctan (\/E(l/gtanh (g) - 1) + 32\/5 In ((tanh (f))z + 32\/5 tanh (f) + ﬁ) [(tanh (;-C))z _

3 2 18 36 2 3 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cosh(x)"3),x)

[Out] 1/3*tanh(1/2*x)+1/18%37(3/4)*2"(1/2)*arctan(2”(1/2)*3~(1/4)*tanh(1/2*x)-1)+
1/36%37(3/4)*2~(1/2)*1n((tanh(1/2*x) "2+1/3%37(3/4) *tanh (1/2*x)*2~(1/2)+1/3x%
37(1/2))/(tanh(1/2*x)~2-1/3%37(3/4) *tanh (1/2*x) *2~(1/2)+1/3%3~(1/2)))+1/18%
37(3/4)*2"(1/2)*xarctan(2”(1/2)*3"(1/4)*tanh (1/2*x)+1)-1/12%2"(1/2) *3~(1/4) *
In((tanh(1/2%x)"2-1/3%37(3/4) xtanh (1/2*x)*2~(1/2)+1/3%3"(1/2))/ (tanh(1/2%*x)
“2+1/3%37(3/4)*tanh(1/2*xx)*2~(1/2)+1/3*x37(1/2)))-1/6*x2"(1/2)*3"(1/4) *arctan
(27(1/2)*37(1/4)*tanh (1/2*x)-1)-1/6%2"(1/2)*3~(1/4) *arctan (2~ (1/2) *3~(1/4) *

tanh (1/2%x)+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

2 2 (6(3") — 4629 4 e")
- - d
3(e*+1) f3(e(4x)—23(3")+6e(2x)—Zex+1) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~3),x, algorithm="maxima"

[Out] -2/3/(e”x + 1) - integrate(2/3*(e”(3*x) - 4*e”(2*x) + e7x)/(e”(4xx) - 2*xe™(
3%x) + 6xe”(2%x) - 2%e"x + 1), x)

Fricas [B] time = 2.49769, size = 1922, normalized size = 21.12

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~3),x, algorithm="fricas")

[Out] 1/36%(4%(37(3/4)*e"x + 37(3/4))*sqrt(-4*sqrt(3) + 8)*arctan(1l/12*(sqrt(3)*(
sqrt(3) + 3) - 3*xsqrt(3) + 9)*e"x - 1/48%(2*sqrt(3)*(sqrt(3) + 3) - (37(3/4
)*(3*sqrt(3) + 5) + 3x37(1/4)*(sqrt(3) + 1))*sqrt(-4*sqrt(3) + 8) - 6*sqrt(
3) + 18)*sqrt(2x(37(1/4)*(sqrt(3) + 2) - 37 (1/4)*e"x)*sqrt(-4*sqrt(3) + 8)
+ 4xsqrt(3) + 4*xe”(2xx) - 4xe"x + 4) + 1/12xsqrt(3)*(sqrt(3) - 3) - 1/24x*((
37(3/4)*(3*sqrt(3) + 5) + 3x37(1/4)*(sqrt(3) + 1))xe"x - 37(3/4)*(sqrt(3) +
1) - 3*%37(1/4)*(sqrt(3) - 1))*sqrt(-4*sqrt(3) + 8) + 1/4*sqrt(3) - 1/4) +
4%(37(3/4)*e"x + 37(3/4))*sqrt(-4xsqrt(3) + 8)*arctan(-1/12x(sqrt(3)*(sqrt(
3) + 3) - 3xsqrt(3) + 9)*xe"x + 1/48%(2*xsqrt(3)*(sqrt(3) + 3) + (37(3/4)*(3x
sqrt(3) + 5) + 3x37(1/4)*(sqrt(3) + 1))*sqrt(-4*sqrt(3) + 8) - 6*sqrt(3) +
18) *sqrt (-2%(37(1/4) *(sqrt(3) + 2) - 37(1/4)*e"x)*sqrt(-4*sqrt(3) + 8) + 4x
sqrt(3) + 4*xe”(2%x) - 4xe”x + 4) - 1/12xsqrt(3)*(sqrt(3) - 3) - 1/24x((37(3
/4)*(3xsqrt(3) + 5) + 3*37(1/4)*(sqrt(3) + 1))*xe"x - 37(3/4)*(sqrt(3) + 1)
- 3x37(1/4)*(sqrt(3) - 1))*sqrt(-4*sqrt(3) + 8) - 1/4xsqrt(3) + 1/4) - (37(
1/4)*(2*sqrt(3) + 3)*e"x + 37(1/4)*(2%sqrt(3) + 3))*sqrt(-4*sqrt(3) + 8)*lo
g(2x(37(1/4)*(sqrt(3) + 2) - 37(1/4)*e"x)*sqrt(-4*sqrt(3) + 8) + 4x*sqrt(3)
+ 4xe”(2xx) - 4xe"x + 4) + (37(1/4)*(2*sqrt(3) + 3)*e”x + 37(1/4)*(2*sqrt(3
) + 3))*sqrt(-4*sqrt(3) + 8)*log(-2%(37(1/4)*(sqrt(3) + 2) - 37(1/4)*e"x)*s
qrt (-4*sqrt(3) + 8) + 4xsqrt(3) + 4*xe”(2%x) - 4xe"x + 4) - 24)/(e"x + 1)

Sympy [B] time = 4.35318, size = 330, normalized size = 3.63

3 3 3
242 - 37 log (36 tanh? (3) ~12v2 - 34 tanh (5) + 12\/5) 3v2v3log (36 tanh? (5) ~12v2 - 37 tanh (5) + 123

18 +18v/3 18 +18+/3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)**3),x)

[Out] -2*xsqrt(2)*3**(3/4)*1log(36*tanh(x/2)**2 - 12xsqrt(2)*3**(3/4)*tanh(x/2) + 1
2%sqrt (3)) /(18 + 18xsqrt(3)) - 3*sqrt(2)*3**(1/4)*Llog(36xtanh(x/2)**2 - 12x%

sqrt (2) *3*x(3/4)*tanh(x/2) + 12*%sqrt(3))/(18 + 18*sqrt(3)) + 3*sqrt(2)*3*x*(

1/4) *log(36*tanh(x/2) **2 + 12*sqrt (2)*3**(3/4)*tanh(x/2) + 12*sqrt(3))/(18

+ 18xsqrt(3)) + 2xsqrt(2)*3x*(3/4)*log(36*tanh(x/2)**2 + 12*xsqrt(2)*3*x(3/4
)*tanh(x/2) + 12xsqrt(3))/(18 + 18*sqrt(3)) + 6*tanh(x/2)/(18 + 18*sqrt(3))

+ 6*sqrt(3)*tanh(x/2)/(18 + 18*sqrt(3)) - 2*sqrt(2)*3**(3/4)*atan(sqrt(2)*
3x*x(1/4)*tanh(x/2) - 1)/(18 + 18*sqrt(3)) - 2*sqrt(2)*3*x*(3/4)*atan(sqrt(2)
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Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~3),x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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359 [———dx

l—cosh?(x)

Optimal. Leaf size=95

B ~ V3 __ sinh(x)
3%4 1+ v-1) 394 (1 - (-1)23) 3(1 - cosh(x))

[Out] (-2%(-1)"(1/4)*ArcTan[((-1)"(3/4)*Tanh[x/2])/3°(1/4)]1)/(37(3/4)*(1 - (-1)~(
2/3))) - (2x(-1)"(1/4)*ArcTanh[((-1)~(3/4)*Tanh[x/2])/37(1/4)]1)/(37(3/4)*(1
+ (-1)"(1/3))) - Sinh[x]/(3*(1 - Cosh[x]))

Rubi [A] time = 0.121, antiderivative size = 95, normalized size of antiderivative = 1.,

number of steps used = 7, number of rules used = 5, integrand size = 10, number of rules_ 0.5,

integrand size
Rules used = {3213, 2648, 2659, 208, 205}

-1)%4tanh(: ~1)*4tanh(3
2+/~1tanh ™ (—( ) tan (2)) 2v-1tan! (—( S tan (2))

3 V3 __ sinh(v)
33/4 (1 N \3/__1) 33/4 (1 - (_1)2/3) 3(1 - cosh(x))

Antiderivative was successfully verified.

[In] Int[(1 - Cosh[x]"3)"(-1),x]

[Out] (-2%(-1)~(1/4)*ArcTan[((-1)~(3/4)*Tanh[x/2])/37(1/4)1)/(37(3/4)*(1 - (-1)~(
2/3))) - (2%(-1)~(1/4)*ArcTanh[((-1)~(3/4)*Tanh[x/2])/37(1/4)]1) /(37 (3/4)*(1
+ (-1)7(1/3))) - Sinh[x]/(3*%(1 - Cosh[x]))

Rule 3213

Int[((a_) + (b_.)*((c_.)*sinl[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrigl[(a + bx(c*sinl[e + f*x])"n)7p, x], x] /; FreeQ[{a, b, c, e, £
, ny, x] & (IGtQlp, 0] || (EqQlp, -1] && IntegerQ[n]))

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> -Simp[Cos[c +
dxx]/(d*(b + a*Sin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a"2 - b
=2, 0]
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Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx~2), x], x, Tan[(c + dx*x)/2]1/el, x1] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a~2 - b~2, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1 1 1 1
———dx = d
f 1-cosh’(x) * f(3(l — cosh(x)) * 3 (1 +v-1 cosh(x)) * 3 (1 - (-1)%3 cosh(x))J '

—1f—1 d+1f ! d+1f ! d
~ 3J 1-cosh(x) T3 1+ V-1 cosh(x) T3 1 - (-1)23 cosh(x) *

3 sinh(x) 2 1 X 2
= 30— cosh()) + 3 Subst [f i (1 — \3/__1) 2 dx,x,tanh (E)) + 3 Subst (f T

~1)34 tanh(: ~1)¥4 tanh(2
2+4/-1tan! (—( S tan (2)) 241 tanh™ (—( S tan (2))

B V3 __ sinh(»)
= 33/4 (1 _ (_1)2/3) 33/4 (1 + \3/__1) 3(1 - cosh(x))

Mathematica [C] time = 0.547871, size = 147, normalized size = 1.55

Voo (0B m () ()
(\/§+3z)tan1( 2(3-iV3) ] (\/5 3)t 1[ 2(3+iV3) ]

33 (3-iV3) ' 33 (3+iV3)

Antiderivative was successfully verified.

[In] Integrate[(1 - Cosh[x]~3)~(-1),x]



299

[Out] ((3*I + Sqrt[3])*ArcTan[((1 - I*Sqrt[3])*Tanh[x/2])/Sqrt[2*(3 - I*Sqrt[3])]
1)/ (3%Sqrt [(3*(3 - IxSqrt[3]))/2]) + ((-3*%I + Sqrt[3])*ArcTan[((1 + I*Sqrtl[
3])*Tanh[x/2])/Sqrt [2*(3 + I*Sqrt[3]1)]1]1)/(3*Sqrt[(3*(3 + I*Sqrt([3]))/2]) +
Coth[x/2]1/3

Maple [B] time = 0.016, size = 212, normalized size = 2.2

W] -

6 3 3 2 12

(tanh (g))_l + V3y2 arctan [32\/E tanh (;—C) + 1] + \4/5)6\/5 arctan [32\/5 tanh (E) - 1) + V3v2 In (((tanh (

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cosh(x)~3),x)

[Out] 1/3/tanh(1/2*x)+1/6%3~(1/4)*2"(1/2)*arctan(1/3*37(3/4)*tanh(1/2*x)*2~(1/2)+
1)+1/6%x37(1/4)*2"(1/2)*arctan(1/3*37(3/4)*tanh(1/2*x)*2~(1/2)-1)+1/12%3"(1/
4)*27(1/2) *1n((tanh(1/2xx) ~2+27(1/2)*3~(1/4) *tanh (1/2*x)+3~(1/2) )/ (tanh(1/2
*x)72-27(1/2)*37(1/4) *tanh (1/2*x)+37(1/2)))-1/36%x37(3/4)*2~(1/2) *1n((tanh(1
/2%x)"2-27(1/2)*37 (1/4) *tanh (1/2*x)+37(1/2) )/ (tanh(1/2*x) "2+27(1/2)*37(1/4)

*tanh (1/2*x)+37(1/2)))-1/18*x37(3/4)*2~(1/2) *arctan(1/3*3~(3/4)*tanh (1/2%*x)*
27(1/2)+1)-1/18%3"(3/4)*2~(1/2) *arctan(1/3*37(3/4) *tanh (1/2*x) *2~(1/2)-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

U GRS
3 -1)  J 3(c0 42660 + 660 +2¢% +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~3),x, algorithm="maxima"

[Out] 2/3/(e"x - 1) + integrate(2/3*(e”(3*x) + 4*xe~(2%x) + e7x)/(e”(4*x) + 2%e”(3
*x) + 6%e”(2*%x) + 2*%e"x + 1), x)

Fricas [B] time = 2.50265, size = 1924, normalized size = 20.25

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~3),x, algorithm="fricas")

[Out] -1/36%(4%(37(3/4)*e"x - 37(3/4))*sqrt(-4*sqrt(3) + 8)*arctan(1/12*(sqrt(3)*
(sqrt(3) + 3) - 3*sqrt(3) + 9 *xe”x - 1/48%(2*sqrt(3)*(sqrt(3) + 3) - (37(3/
4)*(3xsqrt(3) + 5) + 3%37(1/4)*(sqrt(3) + 1))*sqrt(-4*sqrt(3) + 8) - 6%*sqrt
(3) + 18)*sqrt(2x(37(1/4)*(sqrt(3) + 2) + 37(1/4)*e"x)*sqrt(-4xsqrt(3) + 8)
+ 4*xsqrt(3) + 4xe”(2%x) + 4xe"x + 4) - 1/12%sqrt(3)*(sqrt(3) - 3) - 1/24x*(
(87(3/4)*(3*sqrt (3) + 5) + 3*37(1/4)*(sqrt(3) + 1))*e"x + 37(3/4)*(sqrt(3)
+ 1) + 3%37(1/4)*(sqrt(3) - 1))*sqrt(-4*sqrt(3) + 8) - 1/4xsqrt(3) + 1/4) +
4%(37(3/4)*e"x - 37(3/4))*sqrt(-4xsqrt(3) + 8)*arctan(-1/12x(sqrt(3)*(sqrt
(3) + 3) - 3*sqrt(3) + 9 *e”x + 1/48%(2xsqrt(3)*(sqrt(3) + 3) + (37(3/4)*(3
xsqrt(3) + 5) + 3%37(1/4)*(sqrt(3) + 1))*sqrt(-4*sqrt(3) + 8) - 6xsqrt(3) +
18) *sqrt (-2x(37(1/4) *(sqrt(3) + 2) + 37(1/4)*e"x)*sqrt(-4xsqrt(3) + 8) + 4
*xsqrt (3) + 4*e”(2*xx) + 4*%e”x + 4) + 1/12%xsqrt(3)*(sqrt(3) - 3) - 1/24x((37(
3/4)*(3xsqrt(3) + 5) + 3*37(1/4)*(sqrt(3) + 1))*e"x + 37(3/4)*(sqrt(3) + 1)
+ 3%37(1/4)*(sqrt(3) - 1))*sqrt(-4*sqrt(3) + 8) + 1/4xsqrt(3) - 1/4) + (37
(1/4)*(2*sqrt(3) + 3)*e"x - 37(1/4)*(2*sqrt(3) + 3))*sqrt(-4*sqrt(3) + 8)*1
0og(2%(37(1/4)*(sqrt(3) + 2) + 37(1/4)*e"x)*sqrt(-4*sqrt(3) + 8) + 4*sqrt(3)
+ 4xe”(2xx) + 4xe"x + 4) - (37(1/4)*x(2xsqrt(3) + 3)*e"x - 37(1/4)*(2*xsqrt(
3) + 3))xsqrt(-4xsqrt(3) + 8)*log(-2x(37(1/4)*(sqrt(3) + 2) + 37(1/4)*e"x)*
sqrt (-4*sqrt(3) + 8) + 4*sqrt(3) + 4xe”(2*x) + 4*e"x + 4) - 24)/(e"x - 1)

Sympy [B] time = 5.28013, size = 405, normalized size = 4.26

\/E%log (4 tanh? (g) - 4\/§(l/§tanh (g) + 4\/5) tanh (g) ﬁ%log (4 tanh? (g) + 4\/5\4/§tanh (g) + 4\/5) tanh
—18tanh(§)4—6vgtanh(§) - —18tanh(§)4—6¢§tanh(g)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)**3),x)

[Out] sqrt(2)=*3**(1/4)*log(4*xtanh(x/2)**2 - 4*xsqrt(2)*3**(1/4)*tanh(x/2) + 4*sqrt
(3))*tanh(x/2)/(-18*tanh(x/2) + 6*sqrt(3)*tanh(x/2)) - sqrt(2)*3*x(1/4)*log
(4*tanh(x/2) **2 + 4xsqrt(2)*3x*x(1/4)*tanh(x/2) + 4*sqrt(3))*tanh(x/2)/(-18%
tanh(x/2) + 6*sqrt(3)*tanh(x/2)) - 4*sqrt(2)*3**(1/4)*tanh(x/2)*atan(sqrt(2
)*3%%(3/4)*tanh(x/2)/3 - 1)/(-18%tanh(x/2) + 6*sqrt(3)*tanh(x/2)) + 2*sqrt(

2) *3*x(3/4)*tanh(x/2)*atan(sqrt (2) *3**(3/4) *tanh(x/2) /3 - 1)/(-18*tanh(x/2)

+ 6*sqrt(3)*tanh(x/2)) - 4*sqrt(2)*3**x(1/4)*tanh(x/2)*atan(sqrt(2)*3*x(3/4
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)*tanh(x/2)/3 + 1)/(-18*tanh(x/2) + 6*sqrt(3)*tanh(x/2)) + 2xsqrt(2)*3**x(3/
4)*tanh(x/2)*atan(sqrt(2) *3*x(3/4) *tanh(x/2)/3 + 1)/(-18*tanh(x/2) + 6*sqrt
(3)*tanh(x/2)) - 6/(-18*tanh(x/2) + 6*sqrt(3)*tanh(x/2)) + 2*sqrt(3)/(-18*t
anh(x/2) + 6*sqrt(3)*tanh(x/2))

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: NotImplementedError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~3),x, algorithm="giac")

[Out] Exception raised: NotImplementedError
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360 [————dx

a+b cosh* (x)
Optimal. Leaf size=361

ﬂ a a— 4ﬂ ann(x \Va a 4ﬂ ann(x
\j\/_—\/a+btanh_l[ AL o h()] \/_—Va+btanh_1( M Galh h()) \Va+b++/alog

Va-Va+b Va-Va+b
2v2a34\a + b 22034 a + b

[Out] (Sqrt[Sqrtlal - Sqrtla + b]l*ArcTanh[(Sqrt[Sqrt[a] + Sqrtla + b]] - Sqrt[2]
*a”~ (1/4)*Tanh[x])/Sqrt[Sqrt[a]l - Sqrtla + bl]]1)/(2*Sqrt[2]*a~(3/4)*Sqrt[a +

bl) - (Sqrt[Sqrtl[al - Sqrtl[a + bl]*ArcTanh[(Sqrt[Sqrt[al + Sqrtl[a + b]] +
Sqrt[2]*a~(1/4)*Tanh[x])/Sqrt[Sqrt[a]l - Sqrtla + bl]])/(2xSqrt[2]*a”~(3/4)*S
grtla + b]) - (Sqrt[Sqrtl[al + Sqrt[a + bll*Logl[Sqrtl[a + bl - Sqrt[2]*a~(1/4
)*Sqrt[Sqrt[a] + Sqrtla + b]]*Tanh[x] + Sqrtl[al*Tanh[x]~2])/(4*Sqrt[2]*a~(3
/4)*Sqrt[a + b]) + (Sqrt[Sqrtla] + Sqrtla + bl]l*Logl[Sqrt[a + b] + Sqrt[2]*a
~(1/4)*Sqrt [Sqrt[a] + Sqrtla + bl]l*Tanh[x] + Sqrt([a]*Tanh[x]~2])/(4*Sqrt[2]
*a”~(3/4)*Sqrt[a + bl)

Rubi [A] time = 1.03716, antiderivative size = 485, normalized size of antiderivative =

. . ber of rul
1.34, number of steps used = 10, number of rules used = 6, integrand size = 10, e e e

= 0.6, Rules used = {3209, 1169, 634, 618, 204, 628}

integrand size

(\/a +b+ \/E) log ((u + b)¥4 coth?(x) - \/Eé/ﬁ\/\/ﬁxm +b+a+bcoth(x) + Vava + b) (\/a +b+ \/E) log ((a +1
- +

42034 a + b\/\/ﬁ\/a +b+a+b

Antiderivative was successfully verified.

[In] Int[(a + b*Cosh[x]~4)"(-1),x]

[Out] ((Sqrtl[al - Sqrtl[a + b])*ArcTan[(a~(1/4)*Sqrt[a + b + Sqrtl[al*Sqrtla + b]]
- Sqrt[2]*(a + b)~(3/4)*Coth[x])/(a~(1/4)*Sqrt[a + b - Sqrt[a]l*Sqrtl[a + bl]
)1)/(2*xSqrt[2]*a~(3/4)*(a + b)~(1/4)*Sqrt[a + b - Sqrtlal*Sqrtla + b]]) - (
(Sqgrtlal - Sqrtla + b])*ArcTan[(a”(1/4)*Sqrt[a + b + Sqrtlal*Sqrtla + b]] +
Sqrt[2]*(a + b)~(3/4)*Coth([x])/(a~(1/4)*Sqrtla + b - Sqrt[al*Sqrtl[a + b]])
1)/ (2*xSqrt[2]*a~(3/4)*(a + b)~(1/4)*Sqrt[a + b - Sqrtla]*Sqrtla + bl]) - ((
Sqrt[a] + Sqrtl[a + bl)*Logl[Sqrtl[al*(a + b)~(1/4) - Sqrt[2]*a~(1/4)*Sqrt[a +
b + Sqgrt[al*Sqrt[a + b]]*Coth[x] + (a + b)~(3/4)*Coth([x]~2])/(4*Sqrt[2]*a”
(3/4)x(a + b)~(1/4)*Sqrt[a + b + Sqrtl[al*Sqrtla + bl]) + ((Sqrtl[a] + Sqrtla



303

+ b])*Log[Sqrt[al*(a + b)~(1/4) + Sqrt[2]*a~(1/4)*Sqrt[a + b + Sqrtl[al*Sqr
t[a + b]]*Coth[x] + (a + b)~(3/4)*Coth[x]~2])/(4*Sqrt[2]*a~(3/4)*(a + b)~(1
/4)*Sqrt[a + b + Sqrt[al*Sqrt[a + bll)

Rule 3209

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1"4)"(p_.), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[(a + 2*xa*xff 2xx"2 + (a
+ b)*xf£74*xx~4)p/ (1 + ££72%x72)"(2xp + 1), x], x, Tanle + f*x]/ff], x]1] /;
FreeQ[{a, b, e, f}, x] && IntegerQ[p]

Rule 1169

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtl[a/c, 21}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2%c*qg*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2*c*q*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]1]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*xd - bxe)/(2xc), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 628

Int[((d_) + (e_)*(x))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*cxd - bxe, 0]
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Rubi steps

1 1—x2
f ———dx = Subst ( f ad dx, x, Coth(x))

a+b Cosh4(x) a—-2ax* + (a + b)x*

\ﬁ%\/ﬂ+b+\/ﬁm_(1+i)x \/E%/E\/ﬂ+b+\/ﬁ\/u+7h+(1.

4 (a+b)3/4 Va+b 4 (a+b)3/4
Va + b Subst dx, x, coth(x Va + b Subst

I B0 Uil T v I PG INGR 0!
Va+b (a+b)%/4 Vatb (a+b)3/4

2\/§a3/4\/a+b+ \ava+b 2V2a%4\Ja + b + /s

(\/_ - \/m) Subst f dx, x, coth(x) (\/_ - \/m) Subst f —

1
Va V2 %/Eﬂa+b+\/5\/u+7bx 2
— 4y

\/
__ Vatb (a+0)/t _ Ve
4+Ja(a + b) 4

Va + Va +b)log|vava + b - V2aya + b + Vava + beoth(x) + (a + b)>4 coth?(x) :
(Va+v v v
= — + —

4\2a34a + b\/a +b++ava+b
(a+b)3/4[—% Vs iNesh

coth(x)

(a+b)%/ 4[—% iiaall

(a+b)3/4 (a+b)3/4

%w/a+b—\/ﬁm %/E\la+b—\
2\/§u3/4v4u+b\/a+b—\/ﬁ\/a+b 2\/§a3/4\/4a+b\/a+b—\/ﬁ\/

(\/E — M) tan™! (\/E — \/m) tan~!

Mathematica [C] time = 0.229228, size = 121, normalized size = 0.34

tanh_1 [\/Etanh(x)] tan_l ( /a tanh(x) J

2vayja+iavbh  2yay/-a +ivavb

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cosh[x]~4)~(-1),x]

[Out] -ArcTan[(Sqrt[al*Tanh[x])/Sqrt[-a + I*Sqrtl[al*Sqrt[b]]]/(2*Sqrt[al*Sqrt[-a
+ IxSqrt[al*Sqrt[b]l]) + ArcTanh[(Sqrt[al*Tanh[x])/Sqrtla + I*Sqrt[al*Sqrt[b
111/ (2*%Sqrt [al*Sqrt[a + I*Sqrt[al*Sqrt([bl])



305

Maple [C] time = 0.023, size = 121, normalized size = 0.3

1 - R°+3 R*-3 R*+1

1 ) 7 7, b 5 3 3
_R=RootOf((a+h)_Z5+(4as4b) Zo+(6a+6D) Zi+(-dasat) Zrarh) —¢ 4T RO =3 Ra+3 Rb+3 Rla+3 Rb-_R

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~4),x)

[Out] 1/4*sum((-_R76+3* R~4-3*% R™2+1)/(_R"7*a+ R™7*b-3*% R"5*a+3* R"5xb+3* R~3*a+3
*_R73*b-_Rxa+_R*b)*1ln(tanh(1/2*x)-_R), R=Root0f ((a+b)*_Z~8+(-4xa+4*b)*_Z 6+
(6*a+6xb)*_Z~4+(-4*a+d*b)*_Z 2+a+b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
bcosh(x)" +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~4),x, algorithm="maxima"

[Out] integrate(1/(bxcosh(x)"4 + a), x)

Fricas [B] time = 2.67857, size = 1728, normalized size = 4.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cosh(x)~4),x, algorithm="fricas")

[Out] -1/4xsqrt(((a”2 + a*b)*sqrt(-b/(a”5 + 2*a~4*b + a~3*b~2)) + 1)/(a"2 + axb))
xlog(b*cosh(x) "2 + 2xb*cosh(x)*sinh(x) + b*sinh(x)7"2 + 2x(axb + (a”4 + a~3%
b)*sqrt(-b/(a”5 + 2*a~4xb + a~3*b~2)))*sqrt(((a”2 + axb)*sqrt(-b/(a”5 + 2*a
“4xb + a”3*b72)) + 1)/(a”2 + axb)) + 2%(a”3 + a"2xb)*sqrt(-b/(a”5 + 2xa~4*b
+ a”3*%b72)) + b) + 1/4xsqrt(((a”2 + axb)*sqrt(-b/(a”5 + 2%a~4*b + a~3%b~2)
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) + 1)/(a”2 + axb))x*log(bxcosh(x)~2 + 2xb*cosh(x)*sinh(x) + b*sinh(x)"2 - 2
*(axb + (2”4 + a”~3*b)*sqrt(-b/(a”5 + 2*a~4*b + a~3*b72)))*sqrt(((a"2 + ax*b)
xsqrt(-b/ (a6 + 2*xa~4*b + a"3%b72)) + 1)/(a”2 + axb)) + 2*x(a”3 + a~2x%b)*sqr
t(-b/(a”5 + 2*a"4%b + a~3*b~2)) + b) - 1/4*sqrt(-((a"2 + a*b)*sqrt(-b/(a"5
+ 2%xa~4xb + a”3xb"2)) - 1)/(a”2 + axb))*log(b*cosh(x)~2 + 2xb*cosh(x)*sinh(
x) + b*xsinh(x)"2 + 2%(a*b - (a™4 + a~3*b)*sqrt(-b/(a”b + 2*xa~4*b + a~3%b"2)
))*sqrt (-((a”2 + a*b)*sqrt(-b/(a”5 + 2*a~4*b + a~3%b~2)) - 1)/(a”2 + axb))
- 2x(a”3 + a"2*b)*sqrt(-b/(a”5 + 2%a~4*b + a”3%b”2)) + b) + 1/4*sqrt(-((a"2
+ a*b)*sqrt(-b/(a”5 + 2*a"4xb + a~3*b~2)) - 1)/(a”2 + axb))*log(b*cosh(x)~
2 + 2xbxcosh(x)*sinh(x) + bxsinh(x)~2 - 2x(axb - (a4 + a~3*b)*sqrt(-b/(a~5
+ 2%a"4%b + a”3%b~2)))*sqrt(-((a”2 + axb)*sqrt(-b/(a”5 + 2*%a~4*b + a~3*b"2
)) - 1)/(a”2 + axb)) - 2x(a”3 + a”2*b)*sqrt(-b/(a”5 + 2¥a”4*b + a~3*b"2)) +
b)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cosh(x)**4),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
bcosh(x)" +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cosh(x)~4),x, algorithm="giac")

[Out] integrate(1/(bxcosh(x)"4 + a), x)
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361  [————dx

a-b cosh4(x)

Optimal. Leaf size=101

\Va-Vb Va+vb
2034y \Ja — Vb 2034\ \Ja + Vb

tanh_l ( %tanh(x)) tanh_l { %tanh(x))
+

[Out] ArcTanh[(a”(1/4)*Tanh[x])/Sqrt[Sqrtlal - Sqrtlbll]/(2*a~(3/4)*Sqrt[Sqrt[al]
- Sqrt[b]]) + ArcTanh[(a~(1/4)*Tanh[x])/Sqrt[Sqrtlal + Sqrt[bl]l]/(2*a~(3/4)
*Sqrt [Sqrt[a]l + Sqrt([bl])

Rubi [A] time = 0.12548, antiderivative size = 101, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 11, bl L

integrand size
0.273, Rules used = {3209, 1166, 208}

4
tanh ™! (M) tanh_l[ ?
+

Va-vb Va+
2034 \|\Ja - Vb 2a344[Ja +

Antiderivative was successfully verified.

S
B
=
=
e

S

S

[In] Int[(a - b*Cosh[x]~4)"(-1),x]

[Out] ArcTanh[(a~(1/4)*Tanh[x])/Sqrt[Sqrtlal - Sqrt([bl]]/(2*a~(3/4)*Sqrt[Sqrt[al
- Sqrt([b]]) + ArcTanh[(a~(1/4)*Tanh([x])/Sqrt[Sqrt[a] + Sqrt[bl]]/(2*a~(3/4)
*Sqrt [Sqrt[a] + Sqrt[bl])

Rule 3209

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]174)"(p_.), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[(a + 2*a*xff " 2*xx"2 + (a
+ b)*ff74*x74)"p/ (1 + ££72%xx72)~(2*%p + 1), x], x, Tanl[e + f*xx]/ff], x1] /;
FreeQ[{a, b, e, f}, x] && IntegerQ[p]

Rule 1166

Int[((d_) + (e_)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol]
> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2%c*d - bxe)/(2*q), Int[1/(b/2
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- q/2 + c*x72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2xq), Int[1/(b/2 + q/2
+ cxx72), x], x]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*xaxc, 0] && Ne
Qlcxd™2 - a*xe™2, 0] && PosQ[b~2 - 4x*xaxc]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

1- 2
f _ dx = Subst ( f a dx, x, coth(x))

a-b Cosh4(x) a—2ax?+ (a-Db)x*

1 Vb 1 1 Vb
=5 [—1 - $] Subst [f - \/E\/E A dx, x, Coth(x)) + 5 (—1 + %) Subst (f e

tanh_l [ %tanh(x)] tanh—l ( %tanh(x)]

] Wi ) i
2a%4y/\Ja - Vb 2a34\\Ja + Vb

Mathematica [A] time = 0.191286, size = 109, normalized size = 1.08

tanh™! [ +/a tanh(x) J tan~! [ va tanh(x) ]

N ) JVavh-a
2vaNVavb+a  2yaVavh-a

Antiderivative was successfully verified.

[In] Integrate[(a - b*Cosh([x]~4)~(-1),x]

[Out] -ArcTan[(Sqrt[a]*Tanh[x])/Sqrt[-a + Sqrtl[al*Sqrt[b]]]/(2*Sqrt[al*Sqrt[-a +
Sqrt[a]l*Sqrt[b]]) + ArcTanh[(Sqrt[al*Tanh([x])/Sqrtla + Sqrt[al*Sqrt[bl]]/(2
*Sqrt [a]*Sqrt[a + Sqrt[al*Sqrt[bl])

Maple [C] time = 0.023, size = 127, normalized size = 1.3

- R*+3 R*-3 R*+1

2 7 7 5 5 3 3
_R=RootOf((a-b)_75+(~4 a-4b)_78+(6 a-6b)_Z*+(~4 a~4b)_7?+a-b) Ra-_Rb-3 Ra-3 Rb+3 R'a-3 R'b-_Ra-

N
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a-b*cosh(x)~4),x)

[Out] 1/4*sum((-_R76+3* R74-3* R™2+1)/(_R™7*a-_R™7xb-3*_R~5*a-3*_R“5*b+3*_R~3*a-3
* R73*b- R*a- Rxb)*1n(tanh(1/2*x)- R), R=Root0f ((a-b)* Z~8+(-4*a-4xb)* Z 6+
(6*xa-6%b) *_Z~4+(-4*a-4*xb)* Z" 2+a-b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
- f X
bcosh (x)" —a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~4),x, algorithm="maxima")

[Out] -integrate(1/(b*cosh(x)"4 - a), x)

Fricas [B] time = 2.70433, size = 1706, normalized size = 16.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~4),x, algorithm="fricas")

[Out] -1/4xsqrt(((a”2 - axb)*sqrt(b/(a”6 - 2%a~4*b + a~3%b~2)) + 1)/(a”2 - axb))*
log(b*cosh(x) "2 + 2%b*cosh(x)*sinh(x) + b*sinh(x)"2 + 2*(a*xb - (a”4 - a”3%*b
)*sqrt(b/ (a5 - 2*%a~4*b + a~3*b"2)))*sqrt(((a”2 - axb)*sqrt(b/(a”5 - 2*a~4x
b + a”3%b72)) + 1)/(a”2 - axb)) - 2x(a”3 - a”2*b)*sqrt(b/(a”5 - 2*%a~4*b + a
~3%b72)) + b) + 1/4xsqrt(((a”2 - a*b)*sqrt(b/(a”5 - 2*xa~4*b + a~3%b72)) + 1
)/ (a2 - axb))*log(b*cosh(x)~2 + 2*b*cosh(x)*sinh(x) + b*sinh(x)~2 - 2*(a*b
- (@74 - a”3*b)*sqrt(b/(a”5 - 2*%a~4*b + a~3*b72)))*sqrt(((a”2 - ax*b)*sqrt(
b/(a”5 - 2%¥a”4%b + a”3%b"2)) + 1)/(a”2 - axb)) - 2x(a”3 - a"2*b)*sqrt(b/(a”
5 - 2*%a"4%b + a”3*b"2)) + b) - 1/4*xsqrt(-((a”2 - axb)*sqrt(b/(a”5 - 2*xa~4x*b
+ a”3*b~2)) - 1)/(a”2 - axb))*log(b*cosh(x)~2 + 2*b*cosh(x)*sinh(x) + b*si
nh(x)"2 + 2x(axb + (a”4 - a~3*b)*sqrt(b/(a”5 - 2*a~4*b + a~3*b~2)))*sqrt (- (
(a”2 - a*b)*sqrt(b/(a”™5 - 2*xa~4%b + a”3*xb~2)) - 1)/(a”2 - axb)) + 2*x(a”3 -
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a~2xb)*sqrt(b/(a”5 - 2*¥a”4xb + a~3*b~2)) + b) + 1/4*sqrt(-((a”2 - a*b)*sqrt
(b/(a”6 - 2*¥a”4*b + a~3%b”2)) - 1)/(a”2 - ax*b))*log(b*cosh(x)"2 + 2*b*cosh(
x)*sinh(x) + b*sinh(x)72 - 2x(axb + (a”4 - a~3*b)*sqrt(b/(a”5 - 2*%a~4*b + a
~3%b72)) ) *sqrt(-((a”2 - axb)*sqrt(b/(a”5 - 2*a~4*b + a~3*b~2)) - 1)/(a"2 -
a*b)) + 2x(a”3 - a"2*xb)*sqrt(b/(a”5 - 2xa~4*b + a”3%b"2)) + b)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)**4),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[
bcosh(x)" —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~4),x, algorithm="giac")

[Out] integrate(-1/(b*cosh(x)"4 - a), x)
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362  [———dx

1+cosh? (x)

Optimal. Leaf size=176

_%\/1 + \/Elog (2 cothz(x) -241+ \/Ecoth(x) + \6) + %\/1 + \/Elog (\/Ecoch(x) +4/2 (1 + \/E) coth(x) + 1) -

[Out] -ArcTan[(Sqrt[1 + Sqrt[2]] - 2*Coth[x])/Sqrt[-1 + Sqrt[2]]]/(4*Sqrt[1 + Sqr
t[2]]) + ArcTan[(Sqrt[1 + Sqrt[2]] + 2*Coth([x])/Sqrt[-1 + Sqrt[2]]]/(4*Sqrt

[1 + Sqrt[2]]) - (Sqrt[1 + Sqrt[2]]*Logl[Sqrt[2] - 2*Sqrt[1 + Sqrt[2]]*Cothl

x] + 2*%Coth[x]"2])/8 + (Sqrt[1 + Sqrt[2]]*Logl[l + Sqrt[2*(1 + Sqrt[2])]*Cot

h(x] + Sqrt[2]*Coth[x]~2])/8

Rubi [A] time = 0.155104, antiderivative size = 176, normalized size of antiderivative =
1., number of steps used = 10, number of rules used = 6, integrand size = 8, number of rules

0.75, Rules used = {3209, 1169, 634, 618, 204, 628}

—%\/1 + \/Elog (2 cothz(x) -241+ \/Ecoth(x) + \6) + %\/1 + \/Elog (\/Ecothz(x) +4/2 (1 + \/E) coth(x) + 1) —

integrand size

Antiderivative was successfully verified.

[In] Int[(1 + Cosh[x]"4)"(-1),x]

[Out] -ArcTan[(Sqrt[1 + Sqrt[2]] - 2*Coth[x])/Sqrt[-1 + Sqrt[2]]]/(4*Sqrt[1 + Sqr
t[2]]) + ArcTan[(Sqrt[1 + Sqrt[2]] + 2xCoth[x])/Sqrt[-1 + Sqrt[2]]1]/(4*Sqrt

[1 + Sqrt[2]]) - (Sqrt[1 + Sqrt[2]]*Logl[Sqrt[2] - 2*Sqrt[1 + Sqrt[2]]*Cothl

x] + 2*%Coth[x]"2])/8 + (Sqrt[1 + Sqrt[2]]*Logl[l + Sqrt[2*(1 + Sqrt[2])]*Cot

h[x] + Sqrt[2]*Coth[x]~2])/8

Rule 3209

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]174)"(p_.), x_Symbol] :> With[{ff =
FreeFactors([Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[(a + 2*%axff~2xx"2 + (a
+ b)*f£74*x~4)p/ (1 + ££72%x72)"(2xp + 1), x], x, Tanle + f*x]/ff], x]] /;
FreeQ[{a, b, e, f}, x] && IntegerQ[p]
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Rule 1169

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtla/c, 2]}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2*c*qg*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2%c*qg*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*c*d - bxe)/(2xc), Int[1/(a + b*x + c*x72), x], x] + Dist[e/(2*c), In
t[(b + 2%xcxx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps
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)
f ; dx = Subst( 1—x dx, x, coth(x))

1+ cosh4(x) 1-2x2 +2x4
\/1+\/§— 1+i x \/1+\/§+ 1+L x
Subst f de, x,coth(x)| Subst f de,x, coth(x)
\/%—\ll+\/§x+x2 \/%+ 1+V2x+x2

= -+

2,/2(1+v2) 2,2(1+v2)

1 1 1 1
= 5\13 - 2\/5 Subst f dx, x, coth(x) | + 3 3- 2\/5 Subst f _—
o1+ V2x+ 22 L o414

= _%\/1 +2log (\/E ~ 21+ V2 coth(x) + 2coth2(x)) + %\/1 +V2log (1 +4/2 (1 + ‘/5) cot.

1 4 \/1+\/§—200th(x) 1 | . J1+V2+2coth(x)| 1
=1 ~1+ V2 tan Y +Z -1+ V2tan ,__1+\/§ —5\/

)
&

Mathematica [C] time = 0.0706926, size = 45, normalized size = 0.26

tanh_l (tanh(x)) tanh_l (tanh(x))

Vidi ), Vi+i
2V1—i 2V1 +1

Antiderivative was successfully verified.

[In] Integrate[(1 + Cosh[x]~4)~(-1),x]

[Out] ArcTanh[Tanh[x]/Sqrt[1 - I]]/(2xSqrt[1 - I]) + ArcTanh[Tanh[x]/Sqrt[1 + I]]
/(2%Sqrt[1 + I1)

Maple [C] time = 0.018, size = 37, normalized size = 0.2

N

2
“Rln (2 _R tanh (x/2) + (tanh (;—C)) + 1)
_R=RootOf(2_z*-2_77+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cosh(x)"4),x)
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[Out] 1/4*sum(_R*1n(2*_R*tanh(1/2*x)+tanh(1/2*x)~2+1), R=Root0f (2% _Z~4-2x_Z72+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
[—
cosh (x)" +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~4),x, algorithm="maxima"

[Out] integrate(1/(cosh(x)”4 + 1), x)

Fricas [B] time = 2.4743, size = 1875, normalized size = 10.65

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~4),x, algorithm="fricas")

[Out] -1/16%27(1/4)*(sqrt(2) + 1)*sqrt(-2*sqrt(2) + 4)*1log((27(3/4)*e~(2*x) + 27(
1/4)*(3*%sqrt(2) + 4))*sqrt(-2*%sqrt(2) + 4) + 4*xsqrt(2) + e~ (4*x) + 2%e” (2*x
) + 5) + 1/16%27(1/4)*(sqrt(2) + 1)*sqrt(-2*sqrt(2) + 4)*log(-(27(3/4)*e” (2
xx) + 27(1/4)*(3*sqrt(2) + 4))*sqrt(-2*sqrt(2) + 4) + 4xsqrt(2) + e~ (4x*x) +
2xe~(2%x) + 5) + 1/4x27(1/4)*sqrt(-2*sqrt(2) + 4)*arctan(1/14*(sqrt(2)* (5%
sqrt(2) + 6) + 8xsqrt(2) + 4)xe”(2*x) - 1/28%(2*xsqrt(2)*(5*sqrt(2) + 6) - (
27(3/4)*(8xsqrt(2) + 11) + 2*%27(1/4)*(5xsqrt(2) + 6))*sqrt(-2xsqrt(2) + 4)
+ 16xsqrt(2) + 8)*sqrt((27(3/4)*e”(2%x) + 27(1/4)*(3*sqrt(2) + 4))*sqrt (-2
sqrt(2) + 4) + 4xsqrt(2) + e (4xx) + 2%e~(2*x) + 5) + 1/14*sqrt(2)*(3*sqrt(
2) - 2) - 1/28+%((27(3/4)*(8xsqrt(2) + 11) + 2*%27(1/4)*(5*sqrt(2) + 6))*e” (2
*xx) + 27(3/4)*x(2*sqrt(2) + 1) + 2x27(1/4)*(3*sqrt(2) - 2))*sqrt(-2*xsqrt(2)
+ 4) + 1/7*sqrt(2) - 3/7) + 1/4x27(1/4)*sqrt(-2xsqrt(2) + 4)*arctan(-1/14x(
sqrt (2)*(5xsqrt(2) + 6) + 8xsqrt(2) + 4)*e”(2*xx) + 1/28%(2*sqrt(2)*(5xsqrt(
2) + 6) + (27(3/4)*(8*sqrt(2) + 11) + 2x27(1/4)*(5*xsqrt(2) + 6))*sqrt(-2*sq
rt(2) + 4) + 16*sqrt(2) + 8)*sqrt(-(27(3/4)*e”(2*%x) + 27(1/4)*(3*sqrt(2) +
4))*sqrt (-2*sqrt(2) + 4) + 4xsqrt(2) + e~ (4*x) + 2%e”(2*x) + B) - 1/14xsqrt
(2)*x(3xsqrt(2) - 2) - 1/28%x((27(3/4)*(8xsqrt(2) + 11) + 2*27(1/4)*(5*xsqrt(2
) + 6))xe”(2xx) + 27(3/4)*(2*sqrt(2) + 1) + 2%27(1/4)*(3*sqrt(2) - 2))*sqrt
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(-2*sqrt(2) + 4) - 1/T*sqrt(2) + 3/7)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)**4),x)

[Out] Timed out

Giac [C] time = 1.3491, size = 293, normalized size = 1.66

, i 1\ |
(g 55) V2 V-2 -5 1) oe (210 VE s 1a{—E— 1) s i @ 10) o i 1)
+

V2-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~4),x, algorithm="giac")

[Out] -(1/16*I + 1/16)*sqrt(2*sqrt(2) - 2)*(-I/(sqrt(2) - 1) + 1)*log(2*sqrt(10%*s
qrt(2) + 14)*(-I/(b*sqrt(2) + 7) + 1) + (4xI + 2)xe”(2xx) + 10) + (1/16%I +

1/16) *sqrt (2xsqrt(2) - 2)*(-I/(sqrt(2) - 1) + 1)*log(-2*sqrt(10*sqrt(2) +
14)*(-I/(5*sqrt(2) + 7) + 1) + (4*I + 2)*e”(2xx) + 10) - (1/16*%I + 1/16)*sq

rt (2xsqrt(2) + 2)*x(-I/(sqrt(2) + 1) + 1)xlog(2*sqrt(2xsqrt(2) - 2)*(I/(sqrt

(2) - 1) + 1) + 2%e”(2%x) + 4xI + 2) + (1/16%I + 1/16)*sqrt(2*xsqrt(2) + 2)*
(-I/(sqrt(2) + 1) + 1)*log(-2xsqrt(2*sqrt(2) - 2)*(I/(sqrt(2) - 1) + 1) + 2

*xe” (2%x) + 4%I + 2)
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1
363 [——dx
1-cosh™(x)
Optimal. Leaf size=25
-1 ( tanh(x)
tanh” (27 )+coth(x)
22 2

[Out] ArcTanh[Tanh[x]/Sqrt[2]]/(2*Sqrt[2]) + Coth[x]/2

Rubi [A] time = 0.0169727, antiderivative size = 25, normalized size of antiderivative

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 10, e -

integrand size
0.3, Rules used = {3209, 388, 206}

-1 ( tanh(x)
tanh” (27 )+coth<x>
242 2

Antiderivative was successfully verified.

[In] Int[(1 - Cosh[x]"4)~(-1),x]

[Out] ArcTanh[Tanh[x]/Sqrt[2]]/(2%Sqrt[2]) + Coth[x]/2

Rule 3209

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"4)"(p_.), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[(a + 2*axff 2*xx"2 + (a
+ b)*xf£74*xx~4)p/ (1 + ££72%x72)"(2xp + 1), x], x, Tanle + f*x]/ff], x]] /;
FreeQ[{a, b, e, f}, x] && IntegerQ[p]

Rule 388

Int[((a ) + (b_D)*x )" (@ )~ (p)*((c) + (d_)*(x)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1))/(bx(ax(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQl{a, Db,
c, d, n}t, x] && NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
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Qla, 0] || LtQlb, 0])

Rubi steps

f ! dx =S bt(fl_x2 dx, x th(x))
————dx = Subs ———dx,x,co
1 - cosh*(x) 1-2x2

_coth(x) 1 1
=— + > Subst (f o2 dx, x, coth(x))

-1 ( tanh(x)
tanh ( V2 ) N coth(x)
242 2

Mathematica [A] time = 0.10027, size = 24, normalized size = 0.96

411 (\/5 tanh ™ (tarj;(x)) +2 coth(x))

Antiderivative was successfully verified.

[In] Integrate[(1 - Cosh[x]"4)~(-1),x]

[Out] (Sqrt[2]*ArcTanh[Tanh[x]/Sqrt[2]] + 2xCoth[x])/4

Maple [B] time = 0.017, size = 100, normalized size = 4.

4

bt (3]t (3) 2 s () Etann 3) 1) (s (3) - e (3) 1) |-

4
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cosh(x)"4),x)

[Out] 1/4xtanh(1/2*x)+1/4/tanh(1/2*x)+1/16%x2~(1/2)*1n((tanh(1/2*x) "2+2"(1/2)*tanh
(1/2*x)+1)/(tanh(1/2*x) "2-2"(1/2)*tanh (1/2*x)+1))-1/16x2"(1/2)*1n((tanh(1/2
*x) "2-27(1/2)*tanh(1/2*x)+1) /(tanh(1/2*x) "2+2~(1/2) *tanh (1/2*x)+1))
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Maxima [B] time = 1.68216, size = 61, normalized size = 2.44

_ p(=2%) _
_%\/Elog[—z\/z ¢ 3) !

2V2+e20 43 291

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~4),x, algorithm="maxima"

[Out] -1/8xsqrt(2)*log(-(2xsqrt(2) - e~ (-2*x) - 3)/(2*sqrt(2) + e~ (-2%x) + 3)) -
1/(e”(-2xx) - 1)

Fricas [B] time = 2.1641, size = 382, normalized size = 15.28

3(2v2-3) cosh(x)>~4 (3 V2-4) cosh(x) sinh(x)+3 (2 v2-3) sinh(x)?
(\/5 cosh (x)2 +24/2 cosh (x) sinh (x) + \/5 sinh (x)2 - \/5) log (— (22-3) cosh 4 (32 )Cosz(x).sm (z)+ (22-3)sinhtx)
cosh(x)”+sinh(x)"+3

8 (cosh (x)2 + 2 cosh (x) sinh (x) + sinh (x)2 - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~4),x, algorithm="fricas")

[Out] 1/8*((sqrt(2)*cosh(x)”~2 + 2*sqrt(2)*cosh(x)*sinh(x) + sqrt(2)*sinh(x)"2 - s
qrt(2))*log (- (3% (2*sqrt(2) - 3)*cosh(x)~2 - 4*(3*sqrt(2) - 4)*cosh(x)*sinh(

x) + 3*(2*xsqrt(2) - 3)*sinh(x)"2 + 2*sqrt(2) - 3)/(cosh(x)"2 + sinh(x)"2 +

3)) + 8)/(cosh(x)"2 + 2%cosh(x)*sinh(x) + sinh(x)"2 - 1)

Sympy [B] time = 3.71029, size = 75, normalized size = 3.

_\/Elog (4 tanh? (g) — 442 tanh (g) + 4) .\ V2log (4tanh2 (g) + 442 tanh (g) + 4) s tanh (g) s 1
8 8 & arann ()

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)**4),x)

[Out] -sqrt(2)*log(4xtanh(x/2)**2 - 4xsqrt(2)*tanh(x/2) + 4)/8 + sqrt(2)*log(4*ta
nh(x/2)**2 + 4*xsqrt(2)*tanh(x/2) + 4)/8 + tanh(x/2)/4 + 1/(4*tanh(x/2))
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Giac [B] time = 1.24074, size = 58, normalized size = 2.32

1 2V2 -9 -3 1
gx/ilog[— V2 +

22 + 6@ +3) €@ -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~4),x, algorithm="giac")

[Out] 1/8*sqrt(2)*log(-(2*sqrt(2) - e~ (2xx) - 3)/(2*sqrt(2) + e~ (2xx) + 3)) + 1/(
e~ (2xx) - 1)
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3.64 [———dx

a+bcosh5(x)
Optimal. Leaf size=494
Ya— b tanh(X Ya+ V=1 tanh(: Sa—(—1)25 Y tanh(Z
2 tanh ™! [—Mth(z)] Ztanh_l[m/— AL h(Z)J 2tanh‘1(“‘f o h(z)] 2t
V Va+ b {a-3-1 3 N V Va+ (125 3 N
5045\ — Vo ¥a + Vb 5a45y|a - VIVb¥a + VINb  5a45y/§a - (-125byFa + (1258 5atsy)

[Out] (2%ArcTanh[(Sqrt[a~(1/5) - b~(1/5)]*Tanh[x/2])/Sqrt[a~(1/5) + b~(1/5)11)/(5
*a~(4/5)*Sqrt[a”(1/5) - b~ (1/5)1*Sqrt[a~(1/5) + b~(1/5)]) + (2*ArcTanh[(Sqr
t[a”(1/5) + (-1)~(1/5)*b~(1/5)]*Tanh[x/2])/Sqrt[a~(1/56) - (-1)~(1/5)*b~(1/5
)11)/(5*%a~(4/5)*Sqrt[a~(1/5) - (-1)~(1/5)*b~(1/5)]1*Sqrt[a~(1/5) + (-1)~(1/5
)xb~(1/5)]1) + (2xArcTanh[(Sqrt[a~(1/5) - (-1)7(2/5)*b~(1/5)]1*Tanh[x/2])/Sqr
t[a~(1/5) + (-1)7(2/5)*b~(1/5)11)/(5*a”~(4/5)*Sqrt[a~(1/5) - (1)~ (2/5)*b~(1
/5)1*Sqrt[a~(1/5) + (-1)~(2/5)*b~(1/5)]) + (2xArcTanh[(Sqrt[a~(1/5) + (-1)~
(8/5)*b~(1/5)]1*Tanh[x/2])/Sqrt[a~(1/5) - (-1)~(3/5)*b~(1/56)1]1)/(5*%a~(4/5)*S
qrt[a~(1/5) - (-1)7(3/5)*b~(1/5)]1*Sqrt[a~(1/5) + (-1)~(3/5)*b~(1/5)]) + (2%
ArcTanh[(Sqrt[a~(1/5) - (-1)7(4/5)*b~(1/5)]1*Tanh([x/2])/Sqrt[a~(1/5) + (-1)~
(4/5)*p~(1/5)11)/(5*a~(4/5)*Sqrt[a~(1/5) - (-1)7(4/5)*b~(1/5)]1*Sqrt[a~(1/5)
+ (-1)7(4/5)*b~(1/5)1)

Rubi [A] time = 0.903562, antiderivative size = 494, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 3, integrand size = 10, number of rules _

0.3, Rules used = {3213, 2659, 208}

2tanh ™ [—%_ %tanh(g)] 2tanh ™ [ var g/__l%tanh(g)) 2tanh ™ ( Va1 %tanh(g)] 2t
Ya+ b N Ya- V-1 N \ Va+(-1%5 b .

5a4/5\/ Ja - {’/E\/ Ja + b 5a4/5\/ Ja-~v-1 {’/E\/ Ja +N-1b 5a4/5\/ Ja - (-1)25 {’/E\/ Ja+ (1256 5a%54

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*Cosh[x]~5)"(-1),x]

[Out] (2*ArcTanh[(Sqrt[a~(1/5) - b~ (1/5)]1*Tanh[x/2])/Sqrt[a~(1/5) + b~(1/5)]11)/(5
*xa~ (4/5)*Sqrt[a~(1/5) - b~(1/5)]*Sqrt[a~(1/5) + b~(1/5)]) + (2%ArcTanh[(Sqr
t[a~(1/5) + (-1)7(1/5)*b~(1/5)1*Tanh[x/2])/Sqrt[a~(1/5) - (-1)~(1/5)*b~(1/5
)11)/(5%a~(4/5)*Sqrt[a~(1/5) - (-1)~(1/5)*b~(1/5)1*Sqrt[a~(1/5) + (-1)~(1/5
)*¥b~(1/5)]1) + (2*ArcTanh[(Sqrt[a~(1/5) - (-1)~(2/5)*b~(1/5)]1*Tanh[x/2])/Sqr
t[a~(1/5) + (-1)7(2/5)*b~(1/5)1]1)/(5*a”~(4/5)*Sqrt[a~(1/5) - (-1)~(2/5)*b~(1
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/5)1*Sqrt[a~(1/5) + (-1)~(2/5)*b~(1/5)]) + (2xArcTanh[(Sqrt[a~(1/5) + (-1)~
(3/5)*b~(1/5)]*Tanh [x/2])/Sqrt[a~(1/5) - (-1)7(3/5)*b~(1/5)11)/(5*a~(4/5)*S
grt[a”(1/5) - (-1)7(3/5)*b~(1/5)]1*Sqrt[a~(1/5) + (-1)~(3/5)*b~(1/5)1) + (2%

ArcTanh[(Sqrt[a~(1/5) - (-1)7(4/5)*b~(1/5)]1*Tanh([x/2])/Sqrt[a~(1/5) + (-1)~
(4/5)*b~(1/5)11)/(5*%a~(4/5)*Sqrt[a~(1/5) - (-1)~(4/5)*b~(1/5)]1*Sqrt[a~(1/5)
+ (-1)7(4/5)*b~(1/5)1)

Rule 3213

Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (£_)*(x)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(cxsin[e + f*x])"n)"p, x], x] /; FreeQ[{a, b, c, e, f
, n}, x] & (IGtQ[p, 0] |l (EqQlp, -1] && IntegerQ[nl))

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e”2*xx"2), x], x, Tan[(c + d*x)/2]1/e]l, x]] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQl{a, b}, x] && NegQ[a/b]

Rubi steps

1

1 1 1
= ae=]- _ _
f a + bcosh®(x) * f[ 5a4/5 (—\5/5 -~ \%cosh(x)) 5a4/5 (—\S/E + —1\5/5cosh(x)) 5a4/5 (—\5/5 — (-1)%5+b cos
1

1

1 1
—dx dx dx _
_ f —fa- %COS]’I(X) 3 f ~Rfa+ Q/—_l%cosh(x) 3 f —Ja—(-1)25 %cosh(x) B f —fa+(-1)35 b cos

5 a4/5 5 LZ4/5 5 a4/5

1 1

5 a4/5

dx, )

2 Subst (f—%—%—(—%+%)x2 dx,x,tanh(g)) 2 Subst (f_%ﬁ/__l%_(_%_{,/__l%)xz

5a4/5 5q4/5

2 tanh™ (—%_ Votann(5) ] 2 tanh™ ( Vo Y Tbtanh(3) J 2 tanh™ [ Vo1

V(-

:5a4/5\/\5/5_\5/5\/\5/5+%+5a4/5\/\5/5_\5/_—1\5/5\/\5/5+\5/__1%+5a4/5 \5/__(_1)2/5\5/5\/
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Mathematica [C] time = 0.2876, size = 139, normalized size = 0.28

#1°x + 2#1° log (—#1 sinh (5) + #1 cosh (3 ) -
16#1%a + #1%0 + 4#1% + 6#1%b +

8
gRootsum 32#1%a + #1'% + 5#1%b + 10#1% + 10#1*b + 5#1%b + b&,

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cosh[x]~5)~(-1),x]

[Out] (8*RootSum[b + 5*xbx#172 + 10*xb*#174 + 32%a*x#1"5 + 10*b*x#176 + bLxb*x#178 + bx*
#1710 & , (x*#1°3 + 2xLog[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh[x/2]
*#1]%#173) /(b + 4xb*x#172 + 16%ax#173 + 6*bx#174 + 4xbx#176 + b*#178) & 1)/5

Maple [C] time = 0.023, size = 156, normalized size = 0.3

- R¥+4 R®-61

: Y
= 9 9 7 7 5
5 _R=RootOf((a-b)_7%'%+(-5 a-5b)_Z>+(10a-10b)_Z5+(~10a-10b)_Z*+(5.a-5b)_7>~a-b) Ra- Rb-4 Rla-4 Rb+6 Ra-6

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~5),x)

[Out] 1/5*%sum((-_R7"8+4* R™6-6%_R~4+4x R"2-1)/(_R™9*a-_R™9*b-4* R~ 7xa-4* R™7*b+6%_
R™5*a-6% R™b*b-4* R™3*%a-4* R™3*b+ R*a- Rx*b)*1n(tanh(1/2*x)- R), R=Root0f((a

-b)* Z710+(-5*a-5*b)* Z~8+(10*a-10%b)* Z~6+(-10%a-10*b)* Z~4+(5*xa-5*b)* 772
-a-b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
[~
bcosh (x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~5),x, algorithm="maxima"

[Out] integrate(1/(bxcosh(x)75 + a), x)
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Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~5),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cosh(x)**5),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[— 1w
bcosh (x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~5),x, algorithm="giac")

[Out] integrate(1/(bxcosh(x)"5 + a), x)
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3.65 [————dx

a+bcoﬁf%x)

Optimal. Leaf size=171

tanh_l [ %tanh(x)] tanh_l( %tanh(x) ) tanh_l[ %tanh(x) ]
+

\ a+ b Ja- V=13 V Ya+(-125 b
+
3056 \[fa+ b 3a6+|Ja-V-1Vb 3095y Va+ (-1)¥3Vb

[Out] ArcTanh[(a~(1/6)*Tanh[x])/Sqrt[a~(1/3) + b~(1/3)]11/(3*a~(5/6)*Sqrt[a”~(1/3)
+ b7(1/3)]) + ArcTanh[(a”(1/6)*Tanh[x])/Sqrt[a~(1/3) - (-1)~(1/3)*b~(1/3)]1]
/(3*a~(5/6)*Sqrt[a~(1/3) - (-1)~(1/3)*b~(1/3)]) + ArcTanh[(a~(1/6)*Tanh[x])
/8qrt[a~(1/3) + (-1)7(2/3)*b~(1/3)]11/(3*a~(5/6)*Sqrt[a~(1/3) + (-1)7(2/3)*Db
“(1/3)1)

Rubi [A] time = 0.225911, antiderivative size = 171, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 3, integrand size = 10, e -

0.3, Rules used = {3211, 3181, 206}

tanh_l %tanh(x) tanh_l \6/E tanh(x) tanh_l %tanh(x)
\ Y+ o .\ Ya- V-1 s Ya+ (128

3a56\Ja+ b 3a56|Ya-V=1Vb  3a56+a + (-123b

Antiderivative was successfully verified.

integrand size

S

[In] Int[(a + b*Cosh[x]"6)"(-1),x]

[Out] ArcTanh[(a~(1/6)*Tanh[x])/Sqrt[a~(1/3) + b~(1/3)]11/(3*a~(5/6)*Sqrt[a”~(1/3)
+ b~(1/3)]) + ArcTanh[(a”(1/6)*Tanh[x])/Sqrtla~(1/3) - (-1)~(1/3)*b~(1/3)]]
/(3*a~(5/6)*Sqrt[a~(1/3) - (-1)7(1/3)*b~(1/3)]) + ArcTanh[(a~(1/6)*Tanh[x])
/8qrt[a~(1/3) + (-1)7(2/3)*b~(1/3)]11/(3*a~(5/6)*Sqrt[a~(1/3) + (-1)7(2/3)*Db
~(1/3)1)

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + fxx]~2/((-1)"((4%k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x11 /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
1 1 1
- - 4 S - -
f 1 %Coshz(x) X f %/—T%coshz(x) X f (—1)2/3 %coshz(x) X
f 1 +—% 1——% 1+—%
dx = + +
a + bcosh®(x) 3a 3a 3a

—————dx, x, coth(x) Subst f dx, x, coth(x) Subst f —

=

3 3

1—(1— = b)xz
= —+ \/E
3

6 6 6
tanh_l ( \/Etanh(x)] tanh_l ( Va tanh(x) ) tanh_l [ Va tanh(x) )

Ya-YA Ya+(-1)23 b
= + +

306\ a+ b 3ao[a- VAV 3a554(a + (125

Mathematica [C] time = 0.214289, size = 132, normalized size = 0.77

#1%x + #1% log(—#1 sinh(x) + #1 co
32#1%a + #1°b + 5#1%b + 10#1°

1
;RootSum |64#13a + #1% + 6#1°b + 1541 + 20#1%b + 15#1%b + 6#1b + b,

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cosh[x]~6)~(-1),x]

[Out] (16*RootSum[b + 6xbx*#1 + 15xb*x#172 + 64*xa*x#173 + 20%b*x#173 + 15xb*x#174 + 6%
b*#175 + b*#17°6 & , (x*#172 + Log[-Cosh[x] - Sinh[x] + Cosh[x]*#1 - Sinh([x]
*#1]%#172) /(b + 5xb*x#1 + 32xa*x#172 + 10%b*x#172 + 10*bx#173 + 5*xbx#174 + bx#

1°5) & 1)/3
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Maple [C] time = 0.026, size = 177, normalized size = 1.

: )
6 11 11, 9
_R=RootOf((a+b)_Z">+(~6 a+6 b)_Z'*+(15 a+15b)_Z%+(~20 a+20 b)_Z°+(15a+15b)_Z*+(~6 a+6 b)_Z*+a-+) Ria+ Rb-5 Ra+5_]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~6),x)

[Out] 1/6%sum((- R™10+5%x R~8-10% R™“6+10% R~4-5x R~2+1)/( R~ 11*a+ R~ 11xb-5% R"9xa+
5% R™9%b+10% R™7*a+10% R~7xb-10% R~5%a+10* R~5*b+5% R~3%a+5x R~3%b- R¥a+ Rx
b)*1n(tanh(1/2*x)-_R), R=Root0f ((a+b)*_Z~12+(-6*a+6xb)*_Z~10+(15%xa+15%b)*_Z
“8+(-20%a+20%b) *_Z~6+(15*%a+15%b) *_Z~4+(-6*a+6%b)*_Z"2+a+b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
bcosh (x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~6),x, algorithm="maxima")

[Out] integrate(l/(b*cosh(x)”6 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a+b*cosh(x)~6),x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cosh(x)**6),x)

[Out] Timed out

Giac [A] time = 1.47506, size = 1, normalized size = 0.01
0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cosh(x)~6),x, algorithm="giac")

[Out] O
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3.66  [————dx

a+b cosh® (x)

Optimal. Leaf size=245

OO

tanh™ ( \/_tanh(x)] 1 ( \/_ﬂtanh(X)J tanh” [ \/_ﬂtanh(x)] tanh™ 1 [ \/_ﬂtanh(x)]
ik Vit ERT

a(-a)B\§=a- Vb A(-ayByN—a-ivh 4 >7/8\N_a+zf 4(-ay'By|y=a + Vb

[Out] -ArcTanh[((-a)~(1/8)*Tanh[x])/Sqrt[(-a)~(1/4) - b~ (1/4)1]1/(4*x(-a)~(7/8)*Sqr
t[(-a)~(1/4) - b~ (1/4)]1) - ArcTanh[((-a)~(1/8)*Tanh[x])/Sqrt[(-a)~(1/4) - I
*b~(1/4)]11/(4x(~a)~(7/8)*Sqrt [(-a)~(1/4) - I*b~(1/4)]) - ArcTanh[((-a)~(1/8
)*Tanh [x])/Sqrt[(-a)~(1/4) + I*b~(1/4)1]1/(4*x(-a)~(7/8)*Sqrt[(-a)~(1/4) + Ix
b~(1/4)]) - ArcTanh[((-a)~(1/8)*Tanh[x])/Sqrt[(-a)~(1/4) + b~(1/4)]1]1/(4*(-a

)~ (7/8)*Sqrt[(-a)~(1/4) + b~ (1/4)1)

?T

Rubi [A] time = 0.486965, antiderivative size = 245, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 3, integrand size = 10, e o e

0.3, Rules used = {3211, 3181, 206}

tanh_l [ %tanh(x)] tanh_ ( \/—tanh(x)) ( \/_tanh(x)) tan [ (-a)>/8 tanh(x)]

B {l/_u z% (1/_+1% \/ \/a\/_+( a)5/4
4(—ay By =a—iNb  4(—a)B\J=a+iVb  4(-a)B\[V-a 4(-a)¥8ab + (~a)5/

Antiderivative was successfully verified.

integrand size

[In] Int[(a + b*Cosh[x]"8) " (-1),x]

[Out] -ArcTanh[((-a)~(1/8)*Tanh[x])/Sqrt[(-a)~(1/4) - Ixb~(1/4)1]1/(4*(-a)~(7/8)*S
qrt[(-a)~(1/4) - I*b~(1/4)]) - ArcTanh[((-a)~(1/8)*Tanh[x])/Sqrt[(-a)~(1/4)

+ Ixb~(1/4)11/(4%(-a)~(7/8)*Sqrt[(-a)~(1/4) + I*b~(1/4)]) - ArcTanh[((-a)~
(1/8)*Tanh [x])/Sqrt[(-a)~(1/4) + b~ (1/4)]1/(4*x(-a)~(7/8)*Sqrt[(-a)~(1/4) +
b~(1/4)]1) - ArcTanh[((-a)~(5/8)*Tanh[x])/Sqrt[(-a)~(5/4) + axb~(1/4)1]1/(4x(
-a)~(3/8)*Sqrt[(-a)~(5/4) + axb~(1/4)]1)

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + f*x]"2/((-1)"((4%*k)/n)*Rt[-(a/b),
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n/21)), x], {k, 1, n/2}], %11 /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2*xx"2
), x], x, Tanle + f*x]/ff], x]] /; FreeQ[{a, b, e, f}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps
1 1 1 1
——dx —dx ————dx ——dx
f 1— %coshz(x) f 1_i4bcosh2(x) f 1+i4bcosh2(x) f 14 ‘\I/Z;Coshz(x)
f ! dx = ¥ + ¥ + Vo + Vo
a + bcosh®(x) 4a 4a 4a 4a

Subst f 1_(1_;&)2013(, x,coth(x)| Subst f —\fzdx, x,coth(x)| Subst f

1
i Vb
i 1—(1—%/—_7);( 1—(1+
4a 4a
tanh_l ( {5/—_atanh(x)) tanh_l ( %/—_atanh(x)J tanh_l [ §/—_atanh(x)J tanh_l [(—a)5/8 tanh()

B V Y=a-iVb _ \ $=a+iNb _ Y=a+ Vo _ (a)t+ay
A(-ayBJ=a-iVb  A—a)BY=a+iVh  A(-a)B\Va + Vb A(=a)¥By[(~a) + g

Mathematica [C] time = 0.260313, size = 158, normalized size = 0.64

#1%x + 4
16RootSum |256#14a + #1% + 8#17D + 28#1%D + 56#1°D + 70#1°D + 56#1°b + 28#1%b + 8#1b + b&, —————
128#1% + #17

Antiderivative was successfully verified.

[In] Integrate[(a + b*Cosh[x]~8)~(-1),x]

[Out] 16*RootSum[b + 8*xbx#1 + 28*bx#17"2 + 56*xb*#173 + 256%ax#17"4 + 7O0*xb*x#1~4 + 56
*xb*#175 + 28*b*#176 + 8xb*#177 + b*#178 & , (x*#173 + Log[-Cosh[x] - Sinh[x
] + Coshlx]*#1 - Sinh[x]*#1]*#173)/(b + 7xbx#1 + 21%b*#172 + 128*ax*#1~3 + 3
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Bxbx#173 + 35xb*x#174 + 21*xb*#175 + 7xb*x#176 + b*x#177) & ]

Maple [C] time = 0.03, size = 233, normalized size = 1.

1 » —

8
_R=RootOf((a+b)_Z"*+(~8 a+8b)_Z"*+(28 a+28 b)_Z'*+(~56 a++56 b)_Z'*+(70 a+70b)_Z°+(~56 a+56 b)_Z°+(28 a+28 b)_Z*+(~8 a+8 b)_Z*+a-+D) R

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*cosh(x)~8),x)

[Out] 1/8*sum((- R714+7% R™12-21* R™10+35*% R"8-35% R"6+21* R~4-7* R™2+1)/( R"15%a
+ R™15%b-7% R™13%a+7* R™13xb+21% R~ 11*a+21* R~11xb-35% R~9%a+35% R™9xb+35%
R™7*xa+35% R~7xb-21x R"5xa+21x R™5xb+7* R~3*a+7* R~3*b-_R*a+ R*b)*1n(tanh(1/
2*x)-_R), R=Root0f ((a+b)*_Z~16+(-8*a+8%b)*_Z~14+(28*a+28*b)*_Z~12+(-56*a+56

xb)* Z~10+(70*a+70*b) *_Z~8+(-56*a+56%xb) * Z~6+(28*a+28*b)* Z 4+ (-8*a+8*b)* Z
~2+a+b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
bcosh (x)” +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~8),x, algorithm="maxima"

[Out] integrate(1/(bxcosh(x)”"8 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*cosh(x)~8),x, algorithm="fricas")
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[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*cosh(x)**8),x)

[Out] Timed out

Giac [A] time = 2.1572, size = 1, normalized size = 0.

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*cosh(x)~8),x, algorithm="giac")

[Out] O
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3.67  [———dx

a-b cosh5(x)
Optimal. Leaf size=494
\/5a+5 anh(Z \/511—5—5 anh(Z  Ya+(- /5 ptanh(
Ztanh_l[_ligﬁz_ﬁgﬁ 2tanh™" Vi VTV taoh(3) 2 tanh ™ Var P anh(3) 21t
Va3 Ja+ =1V s V Va1 s
5045\ — Vo ¥a + Vb 5a45y|a - VIVb¥a + VINb  5a45y/§a - (-125byFa + (1258 5atsy)

[Out] (2%ArcTanh[(Sqrt[a~(1/5) + b~(1/5)]*Tanh[x/2])/Sqrt[a~(1/5) - b~(1/5)11)/(5
*a~(4/5)*Sqrt[a”(1/5) - b~ (1/5)1*Sqrt[a~(1/5) + b~(1/5)]) + (2*ArcTanh[(Sqr
t[a”(1/5) - (-1)~(1/5)*b~(1/5)]*Tanh[x/2])/Sqrt[a~(1/56) + (-1)~(1/5)*b~(1/5
)11)/(5*%a~(4/5)*Sqrt[a~(1/5) - (-1)~(1/5)*b~(1/5)]1*Sqrt[a~(1/5) + (-1)~(1/5
)*¥b~(1/5)]1) + (2*%ArcTanh[(Sqrt[a~(1/5) + (-1)7(2/5)*b~(1/5)]*Tanh[x/2])/Sqr
tla~(1/5) - (-1)7(2/5)*b~(1/5)1]1)/(5%a~(4/5)*Sqrt[a~(1/5) - (-1)~(2/5)*b~ (1
/5)1*8qrt[a~(1/5) + (-1)7(2/5)*b~(1/5)]1) + (2%ArcTanh[(Sqrt[a~(1/5) - (-1)~
(3/5)*b~(1/5)1*Tanh[x/2]) /Sqrt[a~(1/5) + (-1)~(3/5)*b~(1/5)1]1)/(5%a~(4/5)*S
qrt[a~(1/5) - (-1)7(3/5)*b~(1/5)]1*Sqrt[a~(1/5) + (-1)~(3/5)*b~(1/5)]) + (2%
ArcTanh[(Sqrt[a~(1/5) + (-1)7(4/5)*b~(1/5)]1*Tanh([x/2])/Sqrt[a~(1/5) - (-1)~
(4/5)*b~(1/5)1]1)/ (6%a~(4/5)*Sqrt[a~(1/5) - (-1)~(4/5)*b~(1/5)]*Sqrt[a~(1/5)
+ (-1)7(4/5)*b~(1/5)1)

Rubi [A] time = 0.625487, antiderivative size = 494, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 3, integrand size = 11, number of rules _

0.273, Rules used = {3213, 2659, 208}

ARGRILLH %tanh(g)) 2 tanh ™! ( Y %‘%%t“h@)) 2tanh ™! ( Ve DT %tanh@)] 2t
Ve ) Ja+ V=13 . \ Na-(-125 s

5a4/5\/ Ja - {’/E\/ Ja+ b 5a4/5\/ Ja--1 {’/E\/ Ja + V-1 5a4/5\/ Ja - (-1)%5 {’/E\/ Ja+ (1256 5a%54

integrand size

2tanh”! [

Antiderivative was successfully verified.

[In] Int[(a - b*Cosh[x]~5)"(-1),x]

[Out] (2*ArcTanh[(Sqrt[a~(1/5) + b~(1/5)]1*Tanh[x/2])/Sqrt[a~(1/5) - b~(1/5)]11)/(5
*xa~ (4/5)*Sqrt[a~(1/5) - b~(1/5)]*Sqrt[a~(1/5) + b~(1/5)]) + (2%ArcTanh[(Sqr
t[a”(1/5) - (-1)7(1/5)*b~(1/5)]1*Tanh[x/2])/Sqrt[a~(1/5) + (-1)~(1/5)*b~(1/5
)11)/(5%a~(4/5)*Sqrt[a~(1/5) - (-1)~(1/5)*b~(1/5)]1*Sqrt[a~(1/5) + (-1)~(1/5
)*¥b~(1/5)]1) + (2*%ArcTanh[(Sqrt[a~(1/5) + (-1)7(2/5)*b~(1/5)]1*Tanh[x/2])/Sqr
t[a~(1/5) - (-1)7(2/5)*b~(1/5)1]1)/(5%a~(4/5)*Sqrt[a~(1/5) - (-1)~(2/5)*b~(1
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/5)1*8qrt[a~(1/5) + (-1)7(2/5)*b~(1/5)]) + (2%ArcTanh[(Sqrt[a~(1/5) - (-1)~
(3/5)*b~(1/5)]*Tanh [x/2])/Sqrt[a~(1/5) + (-1)7(3/5)*b~(1/5)11)/(5*a~(4/5)*S
grt[a”(1/5) - (-1)7(3/5)*b~(1/5)]1*Sqrt[a~(1/5) + (-1)~(3/5)*b~(1/5)1) + (2%

ArcTanh[(Sqrt[a~(1/5) + (-1)7(4/5)*b~(1/5)]1*Tanh[x/2])/Sqrt[a~(1/56) - (-1)~
(4/5)*p~(1/5)11)/(5*a~(4/5)*Sqrt[a~(1/5) - (-1)7(4/5)*b~(1/5)]1*Sqrt[a~(1/5)
+ (-1)7(4/5)*b~(1/5)1)

Rule 3213

Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (£_)*(x)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(cxsin[e + f*x])"n)"p, x], x] /; FreeQ[{a, b, c, e, f
, n}, x] & (IGtQ[p, 0] |l (EqQlp, -1] && IntegerQ[nl))

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e”2*xx"2), x], x, Tan[(c + d*x)/2]1/e]l, x]] /; FreeQ[{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQl{a, b}, x] && NegQ[a/b]

Rubi steps

1

1 1 1
T dx=
f a—bcosh’(x) * f[5a4/5 (\S/E - \%cosh(x)) ’ 5a%> (\5/5 +V-1Vb cosh(x)) ’ 5a%° (\S/E - (—1)2/5\5/5(:osh(x))

1

1 1 1
—dx dx dx d>
_ f a- %cosh(x) + f Ja+ %%Cosh(x) + f Ja-(-1)25 %cosh(x) + f Ja+(-1)35 %cosh(x)

5 LZ4/5 5 El4/5 5 a4/5

1 1

2 Subst [f %—%—(%+%)x2 dx, x, tanh (5)] 2 Subst [f \5/5+§’/__15/E—(§/E—§/—_1%)x2
5445 i 5a%°

\'5114-5 an { \’501—5— R an. E
2tanh™! (MJ 2tanh_1( Vo V1vbe h(Z)) 2tanh™! [—

Ja+ V=130

:5a4/5\/\5/5—\5/5\/\5/5+\5/5+5a4/5\/\5/5—€/—_1\5/5\/%+‘5/—_1% 544/5 \5/‘_(_1)2/5\5/5\[
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Mathematica [C] time = 0.271737, size = 139, normalized size = 0.28

3 3 . X X

8 #1°x + 2#1° log (—#1 sinh (= ) + #1 cosh (

——RootSum |-32#1°a + #1'% + 5#1° + 10#1°b + 10#1%b + 5#1°b + b&, (3 - G) - <j
5 ~16#1°a + #1°b + 4#1°b + 6#1

Antiderivative was successfully verified.

[In] Integrate[(a - b*Cosh[x]~5)~(-1),x]

[Out] (-8*RootSum[b + 5xb*#172 + 10%b*x#174 - 32*ax#175 + 10xb*#176 + S5xb*#17°8 + b
*#1710 & , (x*x#173 + 2xLog[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh[x/2
1x#1]*#173) /(b + 4*xbx#172 — 16*xa*x#173 + 6xb*#174 + 4xb*#176 + bx#17°8) & 1)/

5

Maple [C] time = 0.023, size = 150, normalized size = 0.3

- R¥+4 R®-6_

: )
5 9 9 7 7 5
5_Rﬂmmodwumzw+eau5mz%moMquﬁ+emanomzh@aﬁwLﬁﬂH@—R*“+—R‘b_4—RJ”+4—R’b+6—R‘“+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a-b*cosh(x)~5),x)

[Out] 1/5*%sum((-_R7"8+4* R™6-6%_R~4+4%x R"2-1)/(_R™9*a+_ R™9*b-4* R~ T7xa+4* R™7*b+6%_
R™5*a+6x R™b6*b-4% R™3*a+4* R~3*b+ R*a+ R*b)*1n(tanh(1/2*x)- R), R=Root0f((a
+b)*_Z710+(-5*a+5xb)* Z~8+(10*a+10*b)* Z~6+(-10*a+10*b)* Z~4+(5xa+b*b)* Z~2

-a+b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
B R S
bcosh (x)” —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~5),x, algorithm="maxima"

[Out] -integrate(1/(b*cosh(x)”5 - a), x)
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Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~5),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)**5),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[
bcosh(x)” —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~5),x, algorithm="giac")

[Out] integrate(-1/(b*cosh(x)~5 - a), x)
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1
3.68 yf‘;ji;;;gﬁgz;;(i}f

Optimal. Leaf size=175

tanh™ [\/_tanh(x)] ( {/a tanh(x) ] tanh_l[ {/atanh(x) ]

V3 a+ V=13 V V=125
3a56,[fa— b 3a56y[a+V-1b 3615/6\/\3/5 — (-1)2B3b

[Out] ArcTanh[(a”(1/6)*Tanh[x])/Sqrt[a~(1/3) - b~(1/3)11/(3*a~(5/6)*Sqrt[a~(1/3)
- b~(1/3)]) + ArcTanh[(a~(1/6)*Tanh([x])/Sqrt[a~(1/3) + (-1)~(1/3)*b~(1/3)]1]
/(3*a~(5/6)*Sqrt[a~(1/3) + (-1)~(1/3)*b~(1/3)]) + ArcTanh[(a~(1/6)*Tanh[x])
/8qrt[a~(1/3) - (-1)7(2/3)*b~(1/3)11/(3*a~(5/6)*Sqrt[a~(1/3) - (-1)7(2/3)*Db
~(1/3)1)

él

Rubi [A] time = 0.230559, antiderivative size = 175, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 3, integrand size = 11, e -

0.273, Rules used = {3211, 3181, 206}

tanh_l [ %tanh(x)] tan 1 ( %tanh(x ] tanh_1 ( %tanh(x) )

V- b -+ =13 V fa- (1283
3a56|Ya—- b 3a%6+|Ja+V-13b 3a5/6\/\3/_—( 1)%3b

Antiderivative was successfully verified.

integrand size

[In] Int[(a - b*Cosh[x]~6)"(-1),x]

[Out] ArcTanh[(a”(1/6)*Tanh[x])/Sqrt[a~(1/3) - b~(1/3)11/(3*a~(5/6)*Sqrt[a~(1/3)
- b~(1/3)]) + ArcTanh[(a~(1/6)*Tanh([x])/Sqrt[a~(1/3) + (-1)~(1/3)*b~(1/3)]]
/(3*a~(5/6)*Sqrt[a~(1/3) + (-1)7(1/3)*b~(1/3)]) + ArcTanh[(a~(1/6)*Tanh[x])
/8qrt[a~(1/3) - (-1)7(2/3)*b~(1/3)]11/(3*a~(5/6)*Sqrt[a~(1/3) - (-1)7(2/3)*Db
~(1/3)1)

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + fxx]~2/((-1)"((4%k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x11 /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
1 1 1
3 3 3
f 3 dx = Ve + Va + a
a —Dbcosh’(x) 3a 34 34
Subst f + dx,x,coth(x)| Subst f ——— dx,x,coth(x)| Subst f —
1‘(1‘§£) 2 1—(1+ ‘/’E b2 1_(1
= Va + Na N
3a 3a

BN

6 6 6
tanh_1 [ \/Etanh(x)] tanh_l ( Va tanh(x) ) tanh_l [ Va tanh(x) J

NERT: Va3 Y1223

= + +

sa55\[Ja- b 3a5(Ya+ VaVe  3a%6({a - (125

Mathematica [C] time = 0.173497, size = 132, normalized size = 0.75

#1%x + #1% log(—#1 sinh(x) + #1
—32#1%a + #1°b + 5#1%b + 1(

1
—;RootSum |—64#13a + #1% + 6#1°b + 15#1%b + 20#1%b + 15#1%b + 6#1b + b&,

Antiderivative was successfully verified.

[In] Integrate[(a - b*Cosh[x]~6)~(-1),x]

[Out] (-16*RootSum[b + 6xb*#1 + 15*xb*#172 - 64*xax#173 + 20%b*#173 + 15*xb*#174 + 6
*xb*#175 + b*#176 & , (x*#172 + Log[-Cosh[x] - Sinh[x] + Cosh[x]*#1 - Sinh[x
Tx#1]1%#172) /(b + Sxbx#1 - 32*a*x#172 + 10*b*#172 + 10%b*#173 + S*b*#174 + bx*

#1°5) & 1)/3




Maple [C] time = 0.027, size = 183, normalized size = 1.1

. x>

6_ oy 712 10 _ 8 (o0 6 _ 4 o 2,
_R=RootOf((a-b)_Z">+(-6 a-6 b)_Z'"+(15 a-15b)_Z*+(~20a-20b)_Z°+(15 a-15b)_Z*+(~6 a~6 b)_Z>+a-b)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a-b*cosh(x)~6),x)

338

RYM- RM-5 R%-5 R

[Out] 1/6*sum((-_R~10+5% R™8-10% R"6+10% R~4-5% R"2+1)/( R"11%a- R~ 11*b-5% R~ O9*a-
5% R™9%b+10% R~7*a-10% R™7*b-10% R 5%a-10% R"5*b+5% R"3*a-5% R"3*b- R*a- Rx
b)*1n(tanh(1/2%x)- R), R=RootOf ((a-b)* Z~12+(-6*a-6%b)* Z~10+(15%a-15%b)* Z

~8+(-20%a-20%b) *_Z~6+(15*%a-15%b) *_Z~4+(-6*a-6%b) *_Z"2+a-b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
By R S,
bcosh (x)” —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~6),x, algorithm="maxima")

[Out] -integrate(1l/(b*cosh(x)"6 - a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(a-b*cosh(x)~6),x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)**6),x)

[Out] Timed out

Giac [A] time = 1.60696, size = 1, normalized size = 0.01
0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~6),x, algorithm="giac")

[Out] O
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369  [———dx

a-b cosh8(x)

Optimal. Leaf size=213

8 8/, 8
tanh™! Natanh() tanh ™! Vatanh() tanh ™! Vatanh() tanh
V Va- b N Ya+iVb N

4
b
+
4a7B|fa - Vb 4078+ — iNb 4a7B+|~a + iV 4a7B\[a +

[Out] ArcTanh[(a”(1/8)*Tanh[x])/Sqrtla~(1/4) - b~ (1/4)11/(4*a~(7/8)*Sqrt[a~(1/4)
- b7(1/4)]1) + ArcTanh[(a”(1/8)*Tanh([x])/Sqrtla~(1/4) - I*b~(1/4)11/(4xa~(7/
8)*Sqrt[a~(1/4) - I*b~(1/4)]) + ArcTanh[(a~(1/8)*Tanh[x])/Sqrt[a~(1/4) + Ix

b~ (1/4)11/(4xa~(7/8)*Sqrt[a~(1/4) + I*b~(1/4)]) + ArcTanh[(a~(1/8)*Tanh[x])
/Sqrt[a~(1/4) + b~ (1/4)]11/(4*a~(7/8)*Sqrtla~(1/4) + b~ (1/4)1)

-1 [ %tanh(x) ]

Va

7
e

7

Rubi [A] time = 0.234569, antiderivative size = 213, normalized size of antiderivative =
1., number of steps used = 9, number of rules used = 3, integrand size = 11, number of rules _

0.273, Rules used = {3211, 3181, 206}

tanh™ (M] tanh ™! (M) tanh_l[%tanh(x)) tanh_l[%tanh(x)]
+

integrand size

N %—% N 411—1‘% \/%-f-i% N (1/5+(1/_

+ +

b
407 a - b 4078/ \fa - iNb 4a7B+\|fa + iV 4a78\|a + b

Antiderivative was successfully verified.

[In] Int[(a - b*Cosh[x]~8)"(-1),x]

[Out] ArcTanh[(a”(1/8)*Tanh[x])/Sqrtl[a~(1/4) - b~(1/4)11/(4*a~(7/8)*Sqrt[a~(1/4)
- b7(1/4)]) + ArcTanh[(a~(1/8)*Tanh[x])/Sqrtla~(1/4) - Ixb~(1/4)]11/(4*xa~(7/
8)*Sqrt[a~(1/4) - I*b~(1/4)]) + ArcTanh[(a~(1/8)*Tanh[x])/Sqrt[a~(1/4) + Ix

b~ (1/4)11/(4xa~(7/8)*Sqrt[a~(1/4) + I*b~(1/4)]) + ArcTanh[(a~(1/8)*Tanh[x])
/Sqrt[a~(1/4) + b~ (1/4)]1]1/(4*a~(7/8)*Sqrt[a~(1/4) + b~ (1/4)])

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + fxx]~2/((-1)"((4%k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x11 /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181
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Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
), x], x, Tanle + fxx]/ff], x]1] /; FreeQ[{a, b, e, f}, xI]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
1 1 1 1
f 1 %Coshz(x) dx f 1 i4bcosh2(x) dx f 1 i4bcosh2(x) dx f 1 %coshz(x) dx
1 R % T T %
jw e dx = + + +
a —bcosh (x) 4a 4a 4a 4a
1 1
Subst| | ——=—dx, x, coth Subst —d th Subst 1
ubs fl_( _ﬁ)xz x, x, coth(x) ubs f1 (1_i) x, x, coth(x) ubs f1_(1+ﬁ
= + + -
4a 4a

%tanh(x)] tanh_l ( \/—tanh(x ] tanh™ 1 ( \/_tanh(x)) h_1

Ya-iVb Ja+i¥p %
4a7B+|fa - Vb 4a78|fa - iNlb 4a78|\fa + iV 4a78|\fa + b

Mathematica [C] time = 0.20653, size = 158, normalized size = 0.74

#1%x

~16RootSum |—256#14a + #1%0 + 8#17b + 28#1°b + 56#1°b + 70#1*b + 56#1°b + 28#1%b + 8#1b + b&, ETYVRO
- a+

Antiderivative was successfully verified.

[In] Integrate[(a - b*Cosh[x]~8)~(-1),x]

[Out] -16*%RootSum[b + 8*xb*#1 + 28*b*x#172 + L56*b*#173 - 256%a*x#174 + 70xb*#174 + 5
Exbx#175 + 28xb*#176 + 8*xbx#177 + b*#17°8 & , (x*#1°3 + Log[-Cosh[x] - Sinh[

x] + Cosh[x]*#1 - Sinh[x]*#1]1*#173)/(b + Txbx#1 + 21%bx#172 - 128*ax#173 +
35xb*#173 + 35xb*#174 + 21*b*#175 + Txb*#176 + b*#177) & |
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Maple [C] time = 0.032, size = 239, normalized size = 1.1

1
5 2 &

_R=RootOf((a—b)_Z'®+(-8 a-8 b)_Z"*+(28 a-28 b)_Z'*+(~56 a-56 b)_Z'*+(70 a~70 b)_Z*+(~56 a-56 b)_Z°+(28 a~28 b)_Z*+(~8 a8 b)_Z*+a~b) —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a-b*cosh(x)~8),x)

[Out] 1/8+sum((- R™14+7x R™~12-21% R~10+35% R"8-35% R"6+21% R~4-7+ R"2+1)/(_R"15%a
- R™15xb-7* R~13%a-7* R~13%b+21% R~11%*a-21% R~11%b-35% R~9%a-35% R~9%b+35%
R~7*a-35% R~7xb-21% R~5%a-21% R~5%b+7% R~3%a-7* R"3%b-_R*a-_ R+¥b)*1n(tanh(1/
2xx)-_R), R=Root0f ((a-b)*_Z~16+(-8*a-8%b)*_Z"14+(28%a-28%b)*_Z~12+(-56*a-56
xb)*_Z710+(70*%a-70%b) *_Z"8+(-56%a-56%*b) * _Z~6+(28*%a-28%b) *_Z~4+(-8*a-8*b)*_Z
~2+a-b))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
B R
bcosh (x)” —a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~8),x, algorithm="maxima"

[Out] -integrate(1/(b*cosh(x)”8 - a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~8),x, algorithm="fricas")

[Out] Timed out




343

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)**8),x)

[Out] Timed out

Giac [A] time = 2.18752, size = 1, normalized size = 0.

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a-b*cosh(x)~8),x, algorithm="giac")

[Out] O
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370  [———dx

1+cosh’ (%)

Optimal. Leaf size=223

tanh(%)

2tant
_ —(—1)2/5 _ —_(=1)4/5 _1)3/5 —
2 tanh 1( D tanh (f)) 2 tanh 1( D tanh (E)) 11 2, [~ tan_l( _b

1+(-1)%° 2 1+(-1)%° 2 = 1-(-1)35 1-(-

541 - (-1)%5 541 + (-1)35 54/(-1)25 -1 5(1+(-1)%5)

[Out] (-2*ArcTan[Tanh([x/2]/Sqrt[-((1 - (-1)"(1/5))/(1 + (-1)"(1/5)))11)/(5*Sqrt[-
1+ (-1)7(2/5)]) - (2xSqrt[-((1 + (-1)~(3/5))/(1 - (-1)~(3/5)))]*ArcTan[Sqr
t[-((1 + (-1)"(3/5))/(1 - (-1)~(3/5)))1*Tanh[x/2]1])/(6x(1 + (-1)~(3/5))) +
(2*ArcTanh [Sqrt[(1 - (-1)7(2/5))/(1 + (-1)7(2/5))]1*Tanh[x/2]1])/(6%Sqrt[1 -
(-1)"(4/5)]) + (2%ArcTanh[Sqrt[(1 - (-1)"(4/5))/(1 + (-1)~(4/5))]1*Tanh[x/2]
1)/(5*Sqrt[1 + (-1)7(3/5)]) + Sinh[x]/(6x(1 + Cosh[x]))

Rubi [A] time = 0.561943, antiderivative size = 223, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 5, integrand size = 8, Ll

0.625, Rules used = {3213, 2648, 2659, 205, 208}

integrand size

1 tanh(%)

2tan”
af [1-(-1)%5 x -1 1D x -1 I A s By i CC
2 tanh ( 1 tanh (2)) 2 tanh ( R tanh (2)) - 2 TS tan e
+

54/1 — (-1)%5 54/1 + (-1)35 54/(-1)25 -1 5(1+(-1)%5)

Antiderivative was successfully verified.

[In] Int[(1 + Cosh[x]"5)~(-1),x]

[Out] (-2*ArcTan[Tanh([x/2]/Sqrt[-((1 - (-1)~(1/5))/(1 + (-1)~(1/5)))11)/(5*Sqrt[-
1+ (-1)°(2/5)1) - (2xSqrt[-((1 + (-1)7(3/5))/(1 - (-1)~(3/5)))]1*ArcTan[Sqr
t[-((1 + (-1)7(38/5))/(1 - (-1)~(3/5)))1*Tanh[x/2]1]1)/(5*x(1 + (-1)~(3/5))) +
(2xArcTanh [Sqrt[(1 - (-1)7(2/5))/(1 + (-1)7(2/5))]1*Tanh[x/2]1])/(6%Sqrt[1 -
(-1)~(4/5)]) + (2%ArcTanh[Sqrt[(1 - (-1)7(4/5))/(1 + (-1)~(4/5))]1*Tanh([x/2]
1)/(5*Sqrt[1 + (-1)7(3/5)]) + Sinh[x]/(5x(1 + Cosh[x]))

Rule 3213
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Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(c*sinl[e + f*x])"n)7p, x], x] /; FreeQ[{a, b, c, e, £
, ny, x] & (IGtQlp, 0] || (EqQlp, -1] && IntegerQ[nl))

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*(b + axSin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] &% EqQ[a"2 - b
=2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)xe™2xx~2), x], x, Tan[(c + dx*x)/2]1/e], x1] /; FreeQ[{a, b, c, d}, x]

&% NeQ[a~2 - b~2, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

1

1 1 1 1
= ae= = _ _ _
f 1+ cosh’(x) * f( 5(-1-cosh(x)) 5 (—1 + \S/Tlcosh(x)) 5 (—1 - (-1)%5 cosh(x)) 5 (—1 + (=1)35 cosh

3 1 f 1 p 1 f 1 P 1 f 1 J 1
~ 5 T—coshm) ™) 5 G T coshn - 5 A )PFeosh T 5J T

sinh(x)

2 1 X 2
= 501 cosh(@) 5 Subst [f EPE Al (_1 - \5/__1) 2 dx, x, tanh (E)) -~ Subst (f T—(

_1| tanh(3)

2tan a ?/j 1+(=1)35 1 1+(=1)35 X 1
2| 2y tan s tanhi (5)] 2tanh

1-(-1)25

1+(-1)2°

tanh

= - - +

5v/-1 + (-1)25 5(1+ (-1)%) 541 — (-1)%5



346

Mathematica [C] time = 0.0999657, size = 445, normalized size = 2.

#1% — 4#1%x + 15#1%x -

1 1
= tanh (;f) - RootSum [#18 o417 4+ 8416 — 14#1° + 30#1% — 14#1° + 8#12 — 2#1 + 1&,

Antiderivative was successfully verified.

[In] Integrate[(1 + Cosh[x]~5)~(-1),x]

[Out] -RootSum[1 - 2*#1 + 8x#172 — 14x#173 + 30x#174 - 14x#175 + 8*#176 - 2*#177
+ #178 & , (x + 2xLog[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh[x/2]*#1]

- 4xxx#1 - 8+Log[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh[x/2]*#1]x*#1

+ 15xx*#172 + 30%Log[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh[x/2]*#1]*

#172 - 40*x*#173 - 80*Log[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh[x/2]
*#1]*#173 + 15*xx*#174 + 30%Log[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh
[x/2] *#1]*#174 - 4xxx#17"5 - 8+Log[-Cosh[x/2] - Sinh([x/2] + Cosh[x/2]*#1 - S

inh [x/2] *#1]*#175 + x*#176 + 2*Log[-Cosh[x/2] - Sinh([x/2] + Cosh[x/2]*#1 -
Sinh[x/2]*#1]*#176) /(-1 + 8*#1 - 21*#172 + 60*#173 - 3b5*#174 + 24*#175 - Tx
#176 + 4%#177) & 1/10 + Tanh[x/2]/5

Maple [C] time = 0.015, size = 62, normalized size = 0.3

1 1 -5 6 5 4 5 2 1

5 tanh (E) " ) S R SR, (tanh(f) - _R)

5 2] 50 . \ TE >
_R=RootOf(5_z°+10_Z*+1) — _

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cosh(x)~5),x)

[Out] 1/5%tanh(1/2*x)+1/50*sum((-5*% R™6+5% R™4-5% R™2+1)/( _R~7+ _R"3)*1n(tanh(1/2*
%)= R), R=Root0f (5% Z~8+10% Z~4+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

2 2 (e(7x) — 4609 +1560% — 404 11566 — 427 + e")
5 +1) f 5 (89 — 2679 + 8669 — 146659 1 30 ¢4 — 1463 1 820 — 207 +1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1+cosh(x)~5),x, algorithm="maxima")

[Out] -2/5/(e"x + 1) - integrate(2/5*(e”(7*x) - 4*e”(6%x) + 1b*xe”(5*xx) - 40%e” (4%
X) + 15%xe”(3*x) - 4*xe”(2*x) + e7x)/(e”(8xx) - 2%e”(7*x) + 8*e”(6*x) — 14xe”
(5%x) + 30%e”(4*x) - 14*e”(3*x) + 8xe~(2%x) - 2%e"x + 1), x)

Fricas [B] time = 4.28828, size = 10944, normalized size = 49.08

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~5),x, algorithm="fricas")

[Out] -1/8000%(8*sqrt(10)*sqrt(2xsqrt(10)*(2*xsqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20%
sqrt(56) + 60)*x((sqrt(5) - 1)*e"x + sqrt(5) - 1)*(40*sqrt(5) + 200)~(1/4)*sq
rt(2xsqrt(5) + b)*sqrt(sqrt(5) + 5)*arctan(1/40*sqrt(10)*((sqrt(5) - 5)*e”x
+ sqrt(5) + 1)x*sqrt(2xsqrt(5) + 5)*sqrt(sqrt(b5) + 5) + 1/400%sqrt(10)*(sqr
t(10)*((sqrt(5) - B)*e”x + 2xsqrt(5))*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5) + 5)
+ 10*%((sqrt(5) - 1)*e"x - sqrt(5) - 1)*sqrt(2*sqrt(5) + 5))*sqrt(sqrt(b) +
5) - 1/64000%(80*sqrt(10)*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5) + 5)*(sqrt(5) -
5) + 8*sqrt(10)*(sqrt(10)*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5) + B5)*(sqrt(5) -
5) + 10*sqrt(2*sqrt(5) + 5)*(sqrt(5) - 1))*sqrt(sqrt(5) + 5) - sqrt(2*sqrt
(10) *(2xsqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*((sqrt(10)*sqrt(2
xsqrt(5) + B)xsqrt(sqrt(b) + 5)*(sqrt(5) - 3) + 2x(3xsqrt(5) - 7)*sqrt(2xsq
rt(5) + 5))*(40xsqrt(5) + 200)7(3/4) + 4x(sqrt(10)*sqrt(2xsqrt(5) + 5)*sqrt
(sqrt(5) + B)*x(sqrt(5) - 5) + 10*sqrt(2xsqrt(5) + B)*(sqrt(5) - 1))*(40*sqr
t(5) + 200)7(1/4)) + 1600*sqrt(2*sqrt(5) + 5))*sqrt(-20*sqrt(10)*sqrt(sqrt(
5) + 5)x(sqrt(5) - 5) - 200*%(sqrt(5) + 1)*e"x - 2x(sqrt(10)*(sqrt(5)*e”x +
sqrt(56) - B)*sqrt(sqrt(5) + 5) + B*xsqrt(5) - 25)*sqrt(2*sqrt(10)*(2*sqrt(5)
- B)*xsqrt(sqrt(5) + 5) - 20%*sqrt(5) + 60)*(40*sqrt(5) + 200)~(1/4) + 400%*e
~(2xx) + 400) - 1/16000*sqrt(2*sqrt(10)*(2*sqrt(5) - B)*sqrt(sqrt(5) + 5) -
20*sqrt(5) + 60)*((sqrt(10)*(5x(sqrt(5) - 3)*e"x + 2*sqrt(5))*sqrt(2*sqrt(
5) + 5)*xsqrt(sqrt(5) + 5) + 10*x((3*sqrt(5) - 7)*e"x - 2)*sqrt(2*sqrt(5) + 5
))*(40*sqrt (5) + 200)~(3/4) + 20*(sqrt(10)*((sqrt(5) - B5)*e”x + 2*xsqrt(5))*
sqrt (2xsqrt(5) + 5)*sqrt(sqrt(5) + 5) + 10*((sqrt(5) - 1)*e"x - sqrt(b) - 1
)*sqrt (2%sqrt(56) + 5))*(40*sqrt(5) + 200)~(1/4)) - 1/4*sqrt(2*sqrt(5) + B)*
(sqrt(5) - 2%e”x + 1)) + 8xsqrt(10)*sqrt(2*sqrt(10)*(2*sqrt(5) - 5)*sqrt(sq
rt(5) + 5) - 20*sqrt(5) + 60)*((sqrt(b) - 1)*e"x + sqrt(5) - 1)*(40*sqrt(5)
+ 200) 7 (1/4)*sqrt (2*sqrt(5) + 5)*sqrt(sqrt(5) + 5)*arctan(-1/40*sqrt(10)*(
(sqrt(5) - B)*e"x + sqrt(5) + 1)*sqrt(2xsqrt(5) + 5)*sqrt(sqrt(5) + 5) - 1/
400*sqrt (10)*(sqrt (10)*((sqrt(5) - B)*e”x + 2*sqrt(5))*sqrt(2xsqrt(5) + 5)*



348

sqrt(sqrt(5) + 5) + 10*x((sqrt(5) - 1)*e"x - sqrt(5) - 1)*sqrt(2*sqrt(b5) + 5
))*sqrt(sqrt(5) + 5) + 1/64000%(80*sqrt(10)*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(b
) + B)x(sqrt(5) - 5) + 8*sqrt(10)*(sqrt(10)*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5
) + B)x(sqrt(5) - 5) + 10*sqrt(2xsqrt(5) + 5)x(sqrt(5) - 1))*sqrt(sqrt(5) +
5) + sqrt(2*xsqrt(10)*(2*sqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20xsqrt(5) + 60)*
((sqrt (10)*sqrt (2*sqrt(5) + 5)*sqrt(sqrt(5) + 5)*(sqrt(5) - 3) + 2x(3xsqrt(
5) - T)*sqrt(2*sqrt(5) + 5))*(40*sqrt(5) + 200)7(3/4) + 4x(sqrt(10)*sqrt(2*
sqrt(56) + B)*sqrt(sqrt(5) + B5)*x(sqrt(b5) - 5) + 10*sqrt(2xsqrt(5) + b5)*(sqrt
(6) - 1))*(40*sqrt(5) + 200)~(1/4)) + 1600*sqrt(2xsqrt(5) + 5))*sqrt(-20%*sq
rt (10)*sqrt(sqrt(6) + 5)*(sqrt(5) - 5) - 200*(sqrt(5) + 1)*e"x + 2*(sqrt(10
)*(sqrt(5)*e”x + sqrt(5) - B)xsqrt(sqrt(5) + 5) + b*sqrt(5) - 25)*sqrt(2xsq
rt (10)*(2*sqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*(40*sqrt(5) + 2
00)~(1/4) + 400%e~(2*x) + 400) - 1/16000*sqrt(2*sqrt(10)*(2*sqrt(5) - 5)*sq
rt(sqrt(5) + 5) - 20*sqrt(5) + 60)*((sqrt(10)*(5*(sqrt(5) - 3)*e”x + 2*sqrt
(5))*sqrt (2*sqrt(5) + 5)*sqrt(sqrt(5) + 5) + 10*((3*sqrt(5) - 7)*e”"x - 2)*s
qrt(2*sqrt(5) + 5))*(40*sqrt(5) + 200)~(3/4) + 20%(sqrt(10)*((sqrt(5) - 5)x
e"x + 2*sqrt(5))*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5) + 5) + 10x((sqrt(5) - 1)*
e"x - sqrt(b) - 1)*sqrt(2*sqrt(5) + 5))*(40*sqrt(5) + 200)~(1/4)) + 1/4*sqr
t(2*%sqrt(5) + 5)*(sqrt(5) - 2*%e"x + 1)) + 4*x((sqrt(b) + 1)*e"x + sqrt(5) +
D xsqrt (-(2*sqrt(56) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 60)*sqrt(-2
*sqrt (5) + 5)*(-40*sqrt(5) + 200)~(3/4)*arctan(-1/32000% ((20*(3*sqrt(5) + 7
Y*¥e”x + (5x(sqrt(5) + 3)*e"x + 2*sqrt(5))*sqrt(-40*sqrt(5) + 200) + 40)*(-4
Oxsqrt(5) + 200)~(3/4) + 20%x(20*%(sqrt(5) + 1)*e"x + ((sqrt(5) + B)xe"x + 2%
sqrt (5) ) *sqrt (-40*sqrt(5) + 200) - 20*sqrt(5) + 20)*(-40*sqrt(5) + 200)~(1/
4))*sqrt (-(2xsqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 60)*sqrt(-
2xsqrt(5) + 5) + 1/128000*%((((sqrt(5) + 3)*sqrt(-40*sqrt(5) + 200) + 12xsqr
t(5) + 28)*(-40%*sqrt(5) + 200)~(3/4) + 4x((sqrt(b) + B)*sqrt(-40*sqrt(5) +
200) + 20*sqrt(5) + 20)*(-40*sqrt(5) + 200)~(1/4))*sqrt(-(2*sqrt(5) + 5)*sq
rt (-40*sqrt(5) + 200) + 20*sqrt(5) + 60)*sqrt(-2*sqrt(5) + 5) - 4*x(((sqrt(b
) + B)*xsqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 20)*sqrt(-40*sqrt(5) + 200) +
20*(sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) - 800)*sqrt(-2*sqrt(5) + 5))*sqrt
(200%(sqrt(5) - 1) *e"x + ((sqrt(b)*e”x + sqrt(5) + 5)*sqrt(-40*sqrt(5) + 20
0) + 10xsqrt(5) + 50)*sqrt(-(2xsqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20%*sq
rt(5) + 60)*(-40*sqrt(5) + 200)~(1/4) + 10*(sqrt(5) + 5)*sqrt(-40*sqrt(5) +
200) + 400%e~(2*x) + 400) + 1/1600%(20*((sqrt(5) + B)*e”x + sqrt(5) - 1)*s
qrt (-40*sqrt(5) + 200) + (20%(sqrt(5) + 1)*xe"x + ((sqrt(5) + B)*e”x + 2xsqr
t(5))*sqrt (-40*sqrt(5) + 200) - 20*sqrt(5) + 20)*sqrt(-40*sqrt(5) + 200) -
400*sqrt (5) - 800*e”x + 400)*sqrt(-2*sqrt(5) + 5)) + 4x((sqrt(5) + 1)*e"x +
sqrt(56) + 1)*sqrt(-(2*sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) +
60) *sqrt (-2*sqrt (5) + 5)*(-40*sqrt(5) + 200)~(3/4)*arctan(-1/32000% ((20* (3
sqrt(6) + 7)*e"x + (5%(sqrt(56) + 3)*e”x + 2xsqrt(5))*sqrt(-40*sqrt(5) + 200
) + 40)*(-40*sqrt(5) + 200)7(3/4) + 20*%(20*(sqrt(5) + 1)*e”x + ((sqrt(5) +
5)xe"x + 2*xsqrt(5))*sqrt(-40*sqrt(5) + 200) - 20*sqrt(5) + 20)*(-40*sqrt(5)
+ 200)~(1/4))*sqrt (- (2*sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) +
60) *sqrt (-2*sqrt(5) + 5) + 1/128000*((((sqrt(5) + 3)*sqrt(-40*sqrt(5) + 20
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0) + 12%sqrt(5) + 28)*(-40*sqrt(5) + 200)~(3/4) + 4*x((sqrt(5) + 5)*sqrt(-40
xsqrt(5) + 200) + 20*sqrt(5) + 20)*(-40*sqrt(5) + 200)~(1/4))*sqrt(-(2*xsqrt
(6) + B)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 60)*sqrt(-2*sqrt(5) + 5) +
4x(((sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 20)*sqrt(-40*sqrt(
5) + 200) + 20*(sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) - 800)*sqrt(-2*sqrt(5)
+ 5))*sqrt (200*(sqrt(5) - 1)*e"x - ((sqrt(5)*e”x + sqrt(5) + 5)*sqrt(-40%s
qrt(5) + 200) + 10*sqrt(5) + 50)*sqrt(-(2*sqrt(5) + 5)*sqrt(-40*sqrt(5) + 2
00) + 20*sqrt(5) + 60)*(-40*sqrt(5) + 200)~(1/4) + 10*(sqrt(5) + B)*sqrt(-4
Oxsqrt(5) + 200) + 400%e~(2xx) + 400) - 1/1600%(20*((sqrt(5) + 5)*e"x + sqr
t(5) - 1)*sqrt(-40*sqrt(5) + 200) + (20*(sqrt(5) + 1)*e"x + ((sqrt(5) + 5)x
e"x + 2xsqrt(5))*sqrt(-40*sqrt(5) + 200) - 20*sqrt(5) + 20)*sqrt(-40*sqrt(5
) + 200) - 400%sqrt(5) - 800%e~x + 400)*sqrt(-2¢sqrt(5) + 5)) + 2%(sqrt(10)
*x((sqrt(b6) - B)*e"x + sqrt(B5) - 5)*sqrt(sqrt(5) + B5) - 40%e”x - 40)*sqrt (2
sqrt (10) *(2*sqrt (5) - 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*(40*sqrt(5) +
200) " (1/4)*1og(-20*sqrt (10) *sqrt (sqrt(5) + 5)*(sqrt(5) - 5) - 200*(sqrt(5)
+ 1)*e"x + 2*(sqrt(10)*(sqrt(5)*e”x + sqrt(5) - 5)*sqrt(sqrt(5) + 5) + bxs
qrt(5) - 25)*sqrt(2*sqrt(10)*(2*xsqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5)
+ 60)*(40*sqrt(5) + 200)~(1/4) + 400%e”(2*xx) + 400) - 2*(sqrt(10)*((sqrt(5
) - B)xe"x + sqrt(5) - B)*sqrt(sqrt(5) + 5) - 40%e”x - 40)*sqrt(2xsqrt(10)*
(2%sqrt(56) - B)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*(40*sqrt(5) + 200)~(1/
4)*1og(-20*sqrt (10) *sqrt (sqrt(5) + 5)*(sqrt(5) - 5) - 200x(sqrt(5) + 1)*e"x
- 2*%(sqrt(10)*(sqrt(5)*e”x + sqrt(5) - 5)*sqrt(sqrt(5) + 5) + bxsqrt(b) -
25) *sqrt (2xsqrt (10) * (2%sqrt (6) - B)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*(4
Oxsqrt(5) + 200)~(1/4) + 400%e~(2*x) + 400) + (((sqrt(b5) + 5)*e"x + sqrt(5)
+ B)*sqrt(-40*sqrt(5) + 200) + 80*e”x + 80)*sqrt(-(2*sqrt(5) + 5)*sqrt(-40
*sqrt(5) + 200) + 20*sqrt(5) + 60)*(-40*sqrt(5) + 200)~(1/4)*1og(200* (sqrt(
5) - L*xe"x + ((sqrt(b)*e”x + sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 10*sqr
t(5) + 50)*sqrt(-(2*sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 60)
*x(-40*sqrt(5) + 200)~(1/4) + 10*(sqrt(5) + B)*sqrt(-40*sqrt(5) + 200) + 400
xe” (2*x) + 400) - (((sqrt(5) + B)*e”x + sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200
) + 80*e"x + 80)*sqrt(-(2+sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5)
+ 60)*(-40*sqrt(5) + 200)~(1/4)*1og(200*(sqrt(5) - 1)*e"x - ((sqrt(5)*e”x
+ sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 10*sqrt(5) + 50)*sqrt(-(2*sqrt(5)
+ B)*sqrt (-40*sqrt(5) + 200) + 20*sqrt(5) + 60)*(-40*sqrt(5) + 200)~(1/4) +
10*(sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 400*e” (2*x) + 400) + 3200)/(e"x
+ 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1+cosh(x)**5),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
f ———=——dx
cosh (x)” +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~5),x, algorithm="giac")

[Out] integrate(1/(cosh(x)75 + 1), x)
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371  [———dx

]:+cosh§(x)

Optimal. Leaf size=83

—-1| tanh(x)
-1 [ tanh(x) tanh ! [—] t h—l ( tanh(x) )
tanh ( 7 ) 1-¥1 an T+(-1)2P

w2 W= Ny

[Out] ArcTanh[Tanh[x]/Sqrt[2]]/(3*Sqrt[2]) + ArcTanh[Tanh[x]/Sqrt[1 - (-1)~(1/3)]
1/(3*Sqrt[1 - (-1)"(1/3)]1) + ArcTanh[Tanh[x]/Sqrt[1 + (-1)"(2/3)1]1/(3*Sqrt[
1+ (-1)7©2/3)D)

Rubi [A] time = 0.104596, antiderivative size = 83, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 3, integrand size = 8, i e

integrand size
0.375, Rules used = {3211, 3181, 206}

—-1| tanh(x)
1 (tanh(9) tanh 1( ] ; h-1( tanh(x) )
tanh (—«/5 )+ i X an P

3v2 W= 31+ (-1)2°

Antiderivative was successfully verified.

[In] Int[(1 + Cosh[x]~6)"(-1),x]

[Out] ArcTanh[Tanh[x]/Sqrt[2]]/(3*Sqrt[2]) + ArcTanh[Tanh[x]/Sqrt[1 - (-1)7(1/3)]
1/(3*Sqrt[1 - (-1)7(1/3)]1) + ArcTanh[Tanh([x]/Sqrt[1 + (-1)7(2/3)11/(3*Sqrt[
1+ D7 @/3)D

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (f_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + fxx]"2/((-1)"((4%k)/n)*Rt[-(a/b),
n/21)), x1, {k, 1, n/2}], x11 /; FreeQl{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + f*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + b)*ff 2%x"2
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), x], x, Tanl[e + f*xx]/ff], x]] /; FreeQ[{a, b, e, f}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps

1 1 1 1 1 1 1
[ el [ el [ L gl i
1+ cosh’(x) 3J 1+ cosh”(x) 3J 1-+/~1cosh”(x) 3J 1+ (~1)22 cosh”(x)

1 1 1 1 1
= 3 Subst (f o2 dx, x, coth(x)) + 3 Subst [f - (1 - \3/__1) 2 dx, x, coth(x)] + 3 Subst [J

tanh(x) tanh(x)

—1 {tanh(x) tanh_l [—) —1( )
N )+ ), o

3v2 W= 31+ (-1)2°

Mathematica [C] time = 0.437034, size = 68, normalized size = 0.82

% (\/E tanh ™" (tan—\/}%(x)) +iV3 (tan_1 (1—21’5%}1(30) —tan™! (%)) + tan_l(csch(x)sech(x)))

Antiderivative was successfully verified.

[In] Integrate[(1 + Cosh[x]"6)~(-1),x]

[Out] (ArcTan([Csch[x]*Sech[x]] + I*Sqrt[3]*(ArcTan[(1 - (2*I)*Tanh([x])/Sqrt[3]] -
ArcTan[(1 + (2%I)*Tanh[x])/Sqrt[3]1]) + Sqrt[2]*ArcTanh[Tanh[x]/Sqrt[2]]1)/6

Maple [C] time = 0.023, size = 208, normalized size = 2.5

1 - R*+4 R+1 1
- E T > In (tanh (g) - _R) + ‘ Z —
_R=RootOf(_Z*-2_7°+2_7*+2_7+1) 2 R°-3 R"+2 R+1 _R=RootOf(_Z*+2_7°+2_7°-2_7+1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(1+cosh(x)"6),x)

[Out] 1/6%sum((- R™2+4* R+1)/(2% R™3-3% R~2+2% R+1)*1n(tanh(1/2*x)-_R), R=RootOf (
_Z74-2% 773+2% Z72+2% Z+1))+1/6xsum( (- _R"2-4* R+1)/(2*% R™3+3* R72+2x R-1)x*1
n(tanh(1/2*x)-_R), _R=Root0f (_Z"4+2x_Z~3+2x_Z72-2% Z+1))+1/24%27(1/2)*1n((ta
nh(1/2%x)72+27(1/2)*tanh (1/2*x)+1) / (tanh(1/2*x) ~2-27(1/2) *tanh (1/2*x)+1)) -1
/24x27 (1/2)*1n((tanh(1/2*x)"2-27(1/2)*tanh (1/2*x)+1) / (tanh (1/2xx) ~2+27(1/2)

*tanh (1/2%x)+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

(- 2x)_ 66(_2x)—€(_4x) -1 e(_zx)
——\/_1 [ 2v2-e )—%f—( S

242 +e20+3) 3 14649 4 o(-89) 41

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)”~6),x, algorithm="maxima"

[Out] -1/12%sqrt(2)*log(-(2xsqrt(2) - e~ (-2*x) - 3)/(2*xsqrt(2) + e~ (-2*x) + 3)) -
4/3*xintegrate (- (6%e~ (-2*x) - e~ (-4xx) - 1)*e”(-2*x)/(14*e” (-4*x) + e~ (-8%*x
) + 1), x)

Fricas [B] time = 2.42449, size = 506, normalized size = 6.1

2 (2 V2 - 3)e<2x) +12+/2 — ex

e + 6629 +1

1 1 1
__ (4x) _ _ (4x) _ _
12\/§log(l6\/§+4e +28)+12\/§10g( 16V3 +4e +28)+12\/§10g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~6),x, algorithm="fricas")

[Out] -1/12*%sqrt(3)*log(16*sqrt(3) + 4*xe”(4xx) + 28) + 1/12%sqrt(3)*log(-16*sqrt(
3) + 4xe”(4xx) + 28) + 1/12xsqrt(2)*log(-(2*(2*sqrt(2) - 3)*e”(2*xx) + 12%sq
rt(2) - e~ (4*xx) - 17)/(e”(4xx) + 6%e~(2%x) + 1)) + 1/3*%arctan(-(sqrt(3) + 2

)*e” (2xx) + 1/2%(sqrt(3) + 2)*sqrt(-16*sqrt(3) + 4*xe”(4xx) + 28)) - 1/3*arc
tan(-(sqrt(3) - 2)*xe~(2xx) + sqrt(4x*sqrt(3) + e~ (4*xx) + 7)*(sqrt(3) - 2))
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)**6),x)

[Out] Timed out

Giac [B] time = 1.31076, size = 189, normalized size = 2.28

o)

£2%)
31_6 ((2\/5_3)6(490 +23- 3) arctan(\/g*_ 2) 1 ((2\/§+ 3)e(4X) +2V3+ 3) arctan (—\/5_2) - % V3log ((\

36

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~6),x, algorithm="giac")

[Out] 1/36%((2*sqrt(3) - 3)*e”(4*x) + 2*sqrt(3) - 3)*arctan(e”(2*x)/(sqrt(3) + 2)
) - 1/36%((2*sqrt(3) + 3)*e”(4*x) + 2*sqrt(3) + 3)*arctan(-e”(2*x)/(sqrt(3)
- 2)) - 1/12*%sqrt(3)*xlog((sqrt(3) + 2)72 + e~ (4*x)) + 1/12*sqrt(3)*log((sq
rt(3) - 2)72 + e (4*x)) + 1/12xsqrt(2)*log(-(2*sqrt(2) - e~ (2%x) - 3)/(2*sq

rt(2) + e~ (2%x) + 3))
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372  [———dx

1+cosh® (%)

Optimal. Leaf size=129

—1| tanh(x) —-1| tanh(x)
tanh [ - ] tanh [—4) tanh_l( tanh(x) ) tanh_l( tanh(x) )
\1-vV-1 N 1+V-1 N VI-(-1)%% N V1+(-1)34
— (=1)3/4 _1)3/4
41 - v a1+ Y1 W= ()Y 1+ (1

[Out] ArcTanh[Tanh[x]/Sqrt[1 - (-1)~(1/4)]1]1/(4*Sqrt[1 - (-1)"(1/4)]) + ArcTanh[Ta
nh[x]/Sqrt[1 + (-1)7(1/4)11/(4%Sqrt[1 + (-1)"(1/4)]1) + ArcTanh[Tanh([x]/Sqrt

[1 - (-1)7(3/4)11/(4xSqrt[1 - (-1)~(3/4)]1) + ArcTanh[Tanh([x]/Sqrt[1 + (-1)~
(8/4)11/ (4xSqrt[1 + (-1)7(3/4)1)

Rubi [A] time = 0.18512, antiderivative size = 129, normalized size of antiderivative

. . b f rul
1., number of steps used = 9, number of rules used = 3, integrand size = 8, e =

integrand size
0.375, Rules used = {3211, 3181, 206}

—1| tanh(x) —-1| tanh(x)
tanh [ = ] tanh [—4] tanh_l( tanh(x) ) tanh_l( tanh(x) )
V1-V-1 N 1+V-1 N VI—(C1)34 N Vi+(-1)3%
—(—1)34 —1\3/4
41— 41+ v W1- (DY W1+ (¥

Antiderivative was successfully verified.

[In] Int[(1 + Cosh[x]~8)"(-1),x]

[Out] ArcTanh[Tanh[x]/Sqrt[1 - (-1)7(1/4)]1]1/(4%Sqrt[1 - (-1)~(1/4)]) + ArcTanh[Ta
nh[x]/Sqrt[1 + (-1)7(1/4)11/(4*Sqrt[1 + (-1)"(1/4)]1) + ArcTanh[Tanh([x]/Sqrt

[1 - (-1)7(3/4)11/(4xSqrt[1 - (-1)7(3/4)]1) + ArcTanh[Tanh[x]/Sqrt[1 + (-1)~
(8/4)11/(4xSqrt[1 + (-1)7(3/4)1)

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1"(n_))"(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + f*x]~2/((-1)"((4%*k)/n)*Rt[-(a/b),
n/2]1)), x], {k, 1, n/2}], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%xx"2
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), x], x, Tanl[e + f*xx]/ff], x]] /; FreeQ[{a, b, e, f}, x]
Rule 206
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/

Rt[a, 2]11)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps

f L 4 1f ! d+1f ! dx+1f L dx+1f
1+ cosh®(x) 4J 1 - V-1cosh?(x) 4J 1+ -1 cosh?(x) 4J 1-(-1)% cosh®(x) 4J 1+

1 1 1 1 1
= — Subst dx, x,coth(x) | + = Subst dx, x, coth(x) | + -
4 (fl—(l—\/4—1)x2 ()] 4 [fl—(1+\/4—1)x2 ( ] 4

tanh_l[\t/anh#) tanh ™! [mn—i(x)) tanh_l( tanh(x) ) tanh_l( tanh(x) )
- ) | o) | ViR

+

) 4\1-vV-1 41+ 441 = (-1)¥* A1 + (-1)34

Mathematica [C] time = 0.128979, size = 127, normalized size = 0.98

#1%x + #1° log(—#1 sinh(x) + #1 co
#17 + 7#1° + 21#1° + 35#1* + 1¢

16RootSum [#18 + 8#17 + 28#1° + 56#1° + 326#1% + 56#1° + 28#1° + 8#1 + 1&,

Antiderivative was successfully verified.

[In] Integrate[(1 + Cosh[x]~8)~(-1),x]

[Out] 16*RootSum[1 + 8x*#1 + 28%#172 + b6*#173 + 326*#174 + 56*#1°5 + 28%x#1°6 + 8
#17°7 + #17°8 & , (x*#1°3 + Log[-Cosh[x] - Sinh[x] + Cosh[x]*#1 - Sinh[x]=*#1]
*#173) /(1 + T*#1 + 21%#172 + 163%#1°3 + 35x#174 + 21%#1°5 + 7*#176 + #1°7)

& 1]

Maple [C] time = 0.029, size = 47, normalized size = 0.4

2
% E Rln (2 _R tanh (x/2) + (tanh (;)) + 1)
_R=RootOf(2_z°-4_z°+6_7*-4_7°+1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1+cosh(x)~8),x)

[Out] 1/8*sum(_R*1n(2* Rxtanh(1/2+*x)+tanh(1/2*x)~2+1), R=Root0f (2*_Z~8-4%_Z~6+6%_
Z274-4% _772+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
[— 1
cosh (x)” +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~8),x, algorithm="maxima")

[Out] integrate(1/(cosh(x)”8 + 1), x)

Fricas [B] time = 4.02447, size = 11980, normalized size = 92.87

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~8),x, algorithm="fricas")

[Out] -1/16%sqrt(2*xsqrt(2*sqrt(2) + 4)*(2xsqrt(2) - 3) - 4*sqrt(2) + 8)*(2xsqrt(2
) + 4)7(3/4)*sqrt(2xsqrt(2) + 3)x(sqrt(2) - 1)*arctan(1/31*(2%(13*sqrt(2) -
20)*xe~ (2*xx) - 23*sqrt(2) + 33)*sqrt(2xsqrt(2) + 4)*sqrt(2*xsqrt(2) + 3) + 1
/496% (32*% (10*sqrt (2) - 13)*sqrt(2*sqrt(2) + 4)*sqrt(2*sqrt(2) + 3) + (((355
xsqrt (2) - 508)*sqrt(2*sqrt(2) + 4)*sqrt(2*sqrt(2) + 3) + 6%x(59*sqrt(2) - 8
6) *sqrt (2*%sqrt(2) + 3))*(2xsqrt(2) + 4)7(3/4) + 4x((82*sqrt(2) - 119)*sqrt(
2xsqrt(2) + 4)*sqrt(2*sqrt(2) + 3) + (85*sqrt(2) - 126)*sqrt(2xsqrt(2) + 3)
)*(2xsqrt(2) + 4)7(1/4))*sqrt(2xsqrt(2*sqrt(2) + 4)*(2xsqrt(2) - 3) - 4*sqr
t(2) + 8) + 4x((76xsqrt(2) - 105)*sqrt(2*sqrt(2) + 4)*sqrt(2*sqrt(2) + 3) +
2% (53*sqrt(2) - 72)*sqrt(2xsqrt(2) + 3))*sqrt(2xsqrt(2) + 4) + 16*(23*sqrt
(2) - 33)*sqrt(2xsqrt(2) + 3))*sqrt(-4*(sqrt(2) - 1)*xe”(2*x) + (2x(sqrt(2)
- D*xe”(2%x) + ((sqrt(2) - 2)*e”(2*x) + b*sqrt(2) - 6)*sqrt(2*sqrt(2) + 4)
+ 6xsqrt(2) - 6)*sqrt(2xsqrt(2xsqrt(2) + 4)*(2*sqrt(2) - 3) - 4*sqrt(2) + 8
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)*(2xsqrt(2) + 4)7(1/4) - 4*xsqrt(2xsqrt(2) + 4)*(sqrt(2) - 2) - 4xsqrt(2) +
2xe” (4*x) + 10) + 1/248%((((254*sqrt(2) - 355)*e”(2*xx) + 102xsqrt(2) - 145
)*sqrt (2%sqrt(2) + 4)*sqrt(2*sqrt(2) + 3) + 2x(3*(43*sqrt(2) - 59)*e” (2xx)
+ 23xsqrt(2) - 33)*sqrt(2*sqrt(2) + 3))*(2*sqrt(2) + 4)7(3/4) + 2*x(((119%*sq
rt(2) - 164)*e”(2+x) + 39*sqrt(2) - 60)*sqrt(2*sqrt(2) + 4)*sqrt(2*sqrt(2)
+ 3) + 2x((63*sqrt(2) - 85)*e”(2*x) + 17xsqrt(2) - 19)*sqrt(2*sqrt(2) + 3))
*x(2xsqrt(2) + 4)7(1/4))*sqrt(2xsqrt (2*xsqrt(2) + 4)*(2*sqrt(2) - 3) - 4x*sqrt
(2) + 8) + 1/124x(((105*sqrt(2) - 152)*e”(2*xx) - 13*sqrt(2) + 20)*sqrt(2*xsq
rt(2) + 4)*sqrt(2xsqrt(2) + 3) + 4x((36*sqrt(2) - 53)*e”(2*x) + 23*sqrt(2)
- 33)*sqrt(2xsqrt(2) + 3))*sqrt(2*sqrt(2) + 4) + 1/31%((33*sqrt(2) - 46)*e”
(2%x) + 3xsqrt(2) - 7)*sqrt(2xsqrt(2) + 3)) - 1/16%sqrt(2*sqrt(2*sqrt(2) +
4)*(2%sqrt(2) - 3) - 4*sqrt(2) + 8)*(2xsqrt(2) + 4)7(3/4)*sqrt(2*sqrt(2) +
3)*(sqrt(2) - 1)*arctan(-1/31*(2*(13*sqrt(2) - 20)*e~(2*x) - 23x*sqrt(2) + 3
3)*sqrt (2*sqrt(2) + 4)*sqrt(2*sqrt(2) + 3) - 1/496%(32x(10*sqrt(2) - 13)*sq
rt (2xsqrt(2) + 4)xsqrt(2xsqrt(2) + 3) - (((355*sqrt(2) - 508)*sqrt(2*sqrt(2
) + 4)*sqrt(2*sqrt(2) + 3) + 6% (59*%sqrt(2) - 86)*sqrt(2+sqrt(2) + 3))*(2%sq
rt(2) + 4)7(3/4) + 4x((82*sqrt(2) - 119)*sqrt(2xsqrt(2) + 4)*sqrt(2xsqrt(2)
+ 3) + (8bxsqrt(2) - 126)*sqrt(2*sqrt(2) + 3))*(2*sqrt(2) + 4)~(1/4))*sqrt
(2*sqrt (2*sqrt(2) + 4)*(2*sqrt(2) - 3) - 4xsqrt(2) + 8) + 4x((76*sqrt(2) -
105) *sqrt (2*sqrt (2) + 4)*sqrt(2xsqrt(2) + 3) + 2x(53*sqrt(2) - 72)*sqrt(2xs
qrt(2) + 3))*sqrt(2*sqrt(2) + 4) + 16%(23*sqrt(2) - 33)*sqrt(2xsqrt(2) + 3)
)xsqrt (4% (sqrt(2) - 1)*e”(2*%x) - (2x(sqrt(2) - 1)*e”(2*x) + ((sqrt(2) - 2)
xe” (2%x) + b*sqrt(2) - 6)*sqrt(2*sqrt(2) + 4) + 6xsqrt(2) - 6)*sqrt(2xsqrt(
2xsqrt(2) + 4)*(2xsqrt(2) - 3) - 4*xsqrt(2) + 8)*(2xsqrt(2) + 4)7(1/4) - 4xs
qrt (2xsqrt(2) + 4)*(sqrt(2) - 2) - 4*sqrt(2) + 2*xe~(4xx) + 10) + 1/248x((((
264*%sqrt(2) - 355)*e”(2*x) + 102xsqrt(2) - 145)*sqrt(2xsqrt(2) + 4)*sqrt(2x*
sqrt(2) + 3) + 2x(3%(43xsqrt(2) - 59)*e~(2%x) + 23*sqrt(2) - 33)*sqrt(2*sqr
t(2) + 3))*(2*sqrt(2) + 4)7(3/4) + 2*%(((119*sqrt(2) - 164)*e~(2*x) + 39%sqr
t(2) - 60)*sqrt(2*sqrt(2) + 4)*sqrt(2*sqrt(2) + 3) + 2x((63*sqrt(2) - 85)*e
T(2xx) + 17*sqrt(2) - 19)*sqrt(2*sqrt(2) + 3))*x(2xsqrt(2) + 4)~(1/4))*sqrt(
2xsqrt (2xsqrt(2) + 4)*(2+sqrt(2) - 3) - 4xsqrt(2) + 8) - 1/124*%(((105*sqrt(
2) - 152)*e”(2*x) - 13*sqrt(2) + 20)*sqrt(2xsqrt(2) + 4)*sqrt(2xsqrt(2) + 3
) + 4x((36*%sqrt(2) - 53)*e”(2xx) + 23*sqrt(2) - 33)*sqrt(2*sqrt(2) + 3))*sq
rt(2xsqrt(2) + 4) - 1/31x((33*sqrt(2) - 46)*e”(2*x) + 3*sqrt(2) - 7)*sqrt(2
xsqrt(2) + 3)) + 1/16%sqrt(-2*(2*sqrt(2) + 3)*sqrt(-2xsqrt(2) + 4) + 4xsqrt
(2) + 8)*(sqrt(2) + 1)*x(-2%sqrt(2) + 4)~(3/4)*sqrt(-2*sqrt(2) + 3)*arctan(l
/31x (2% (13*sqrt (2) + 20)*e”(2%x) - 23*%sqrt(2) - 33)*sqrt(-2xsqrt(2) + 4)*sq
rt (-2*sqrt(2) + 3) - 1/496*(32x(10*sqrt(2) + 13)*sqrt(-2*sqrt(2) + 4)*sqrt(
-2%sqrt(2) + 3) - (((355%sqrt(2) + 508)*sqrt(-2*sqrt(2) + 4)*sqrt(-2*sqrt(2
) + 3) + 6%x(59%sqrt(2) + 86)*sqrt(-2*sqrt(2) + 3))*(-2*sqrt(2) + 4)7(3/4) +
4x((82*%sqrt(2) + 119)*sqrt(-2*sqrt(2) + 4)*sqrt(-2*sqrt(2) + 3) + (85*sqrt
(2) + 126)*sqrt(-2*sqrt(2) + 3))*(-2xsqrt(2) + 4)7(1/4))*sqrt(-2*(2*sqrt(2)
+ 3)*sqrt(-2*sqrt(2) + 4) + 4xsqrt(2) + 8) + 4x((76*sqrt(2) + 105)*sqrt(-2
xsqrt (2) + 4)x*sqrt(-2*sqrt(2) + 3) + 2% (53*sqrt(2) + 72)*sqrt(-2*sqrt(2) +
3))*sqrt (-2xsqrt(2) + 4) + 16%(23*sqrt(2) + 33)*sqrt(-2*sqrt(2) + 3))*sqrt(
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4% (sqrt(2) + 1)*xe”(2*xx) + (2x(sqrt(2) + 1)*e”(2*x) + ((sqrt(2) + 2)*e”(2*x)
+ bxsqrt(2) + 6)*sqrt(-2*xsqrt(2) + 4) + 6*sqrt(2) + 6)*sqrt(-2*(2*sqrt(2)
+ 3)xsqrt(-2*sqrt(2) + 4) + 4xsqrt(2) + 8)*(-2xsqrt(2) + 4)~(1/4) + 4x(sqrt
(2) + 2)*sqrt(-2xsqrt(2) + 4) + 4xsqrt(2) + 2%xe”(4*xx) + 10) - 1/248*%((((254
*xsqrt (2) + 355)*e”(2*x) + 102%sqrt(2) + 145)*sqrt(-2*sqrt(2) + 4)*sqrt(-2%s
qrt(2) + 3) + 2x(3*%(43*sqrt(2) + 59)*e”(2%x) + 23*sqrt(2) + 33)*sqrt(-2*sqr
t(2) + 3))*(-2*xsqrt(2) + 4)7(3/4) + 2+x(((119*sqrt(2) + 164)*e”(2%x) + 39*sq
rt(2) + 60)*sqrt(-2*sqrt(2) + 4)*sqrt(-2xsqrt(2) + 3) + 2x((63*sqrt(2) + 85
)*e” (2xx) + 17*sqrt(2) + 19)*sqrt(-2*xsqrt(2) + 3))*(-2*sqrt(2) + 4)~(1/4))*
sqrt (2% (2xsqrt (2) + 3)*sqrt(-2*sqrt(2) + 4) + 4*sqrt(2) + 8) + 1/124x(((10
Bksqrt(2) + 152)*e”(2*x) - 13*sqrt(2) - 20)*sqrt(-2*sqrt(2) + 4)*sqrt(-2*sq
rt(2) + 3) + 4x((36*sqrt(2) + 53)*e” (2*x) + 23*sqrt(2) + 33)*sqrt(-2*sqrt(2
) + 3))*ksqrt(-2*sqrt(2) + 4) + 1/31x((33*sqrt(2) + 46)*e”(2*xx) + 3*sqrt(2)
+ 7)*sqrt(-2*sqrt(2) + 3)) + 1/16*sqrt(-2x(2xsqrt(2) + 3)*sqrt(-2*sqrt(2) +
4) + 4*xsqrt(2) + 8)*(sqrt(2) + 1)*(-2xsqrt(2) + 4)~(3/4)*sqrt(-2*sqrt(2) +
3)*arctan(-1/31x (2% (13*sqrt(2) + 20)*e” (2*x) - 23*sqrt(2) - 33)*sqrt(-2*sq
rt(2) + 4)*sqrt(-2*xsqrt(2) + 3) + 1/496*(32%(10*sqrt(2) + 13)*sqrt(-2*sqrt(
2) + 4)*xsqrt(-2*sqrt(2) + 3) + (((365%sqrt(2) + 508)*sqrt(-2*xsqrt(2) + 4)x*s
qrt(-2*sqrt(2) + 3) + 6%(59*sqrt(2) + 86)*sqrt(-2*sqrt(2) + 3))*(-2*xsqrt(2)
+ 4)7(3/4) + 4x((82*sqrt(2) + 119)xsqrt(-2*sqrt(2) + 4)*sqrt(-2*sqrt(2) +
3) + (85*sqrt(2) + 126)*sqrt(-2*sqrt(2) + 3))*(-2*sqrt(2) + 4)~(1/4))*sqrt(
-2%(2xsqrt (2) + 3)*sqrt(-2xsqrt(2) + 4) + 4*xsqrt(2) + 8) + 4*x((76*sqrt(2) +
105) *sqrt (-2*xsqrt (2) + 4)*sqrt(-2*sqrt(2) + 3) + 2% (53*sqrt(2) + 72)*sqrt(
-2%sqrt(2) + 3))*sqrt(-2*sqrt(2) + 4) + 16%(23*sqrt(2) + 33)*sqrt(-2*sqrt(2
) + 3))*ksqrt(4*(sqrt(2) + 1D)*xe”(2xx) - (2*(sqrt(2) + 1) *xe”(2*x) + ((sqrt(2)
+ 2)*%e”(2%x) + bxsqrt(2) + 6)*sqrt(-2*sqrt(2) + 4) + 6xsqrt(2) + 6)*sqrt(-
2% (2%sqrt (2) + 3)*sqrt(-2xsqrt(2) + 4) + 4xsqrt(2) + 8)*(-2*sqrt(2) + 4)~(1
/4) + 4x(sqrt(2) + 2)xsqrt(-2*sqrt(2) + 4) + 4xsqrt(2) + 2*xe”(4*x) + 10) -
1/248x((((254*sqrt(2) + 355)*e”(2*x) + 102*sqrt(2) + 145)*sqrt(-2*xsqrt(2) +
4)*sqrt (-2*sqrt(2) + 3) + 2x(3%(43*sqrt(2) + 59)*e~(2%x) + 23*sqrt(2) + 33
)*sqrt (-2xsqrt(2) + 3))*(-2*sqrt(2) + 4)7(3/4) + 2x(((119*sqrt(2) + 164)*e”
(2%x) + 39*sqrt(2) + 60)*sqrt(-2*sqrt(2) + 4)*sqrt(-2*sqrt(2) + 3) + 2*((63
xsqrt (2) + 8b)*e”(2%x) + 17*sqrt(2) + 19)*sqrt(-2*sqrt(2) + 3))*(-2*sqrt(2)
+ 4)7(1/4) ) *sqrt (-2%(2*%sqrt(2) + 3)*sqrt(-2xsqrt(2) + 4) + 4*xsqrt(2) + 8)
- 1/124%(((105*%sqrt(2) + 152)*e”(2*x) - 13*sqrt(2) - 20)*sqrt(-2*sqrt(2) +
4)*sqrt (-2*sqrt(2) + 3) + 4x((36*sqrt(2) + 53)*e”(2xx) + 23*sqrt(2) + 33)*s
grt (-2*xsqrt(2) + 3))*sqrt(-2*sqrt(2) + 4) - 1/31%x((33*sqrt(2) + 46)*e” (2xx)
+ 3*%sqrt(2) + 7)xsqrt(-2*sqrt(2) + 3)) - 1/64*sqrt(-2x(2*sqrt(2) + 3)*sqrt
(-2xsqrt(2) + 4) + 4xsqrt(2) + 8)*((sqrt(2) + 1)*sqrt(-2*sqrt(2) + 4) + 2x*s
qrt(2))*x(-2xsqrt(2) + 4)7(1/4)*log(2*(sqrt(2) + 1)xe”(2*x) + 1/2%x(2x(sqrt(2
) + Dxe”(2%x) + ((sqrt(2) + 2)*e”(2xx) + b*xsqrt(2) + 6)*sqrt(-2*sqrt(2) +
4) + 6xsqrt(2) + 6)*sqrt(-2*(2xsqrt(2) + 3)*sqrt(-2*sqrt(2) + 4) + 4*sqrt(2
) + 8)*x(-2xsqrt(2) + 4)~(1/4) + 2*(sqrt(2) + 2)*sqrt(-2xsqrt(2) + 4) + 2%sq
rt(2) + e~ (4*x) + B) + 1/64xsqrt(-2*(2*xsqrt(2) + 3)*sqrt(-2*sqrt(2) + 4) +
4xsqrt(2) + 8)*((sqrt(2) + 1)*sqrt(-2*sqrt(2) + 4) + 2xsqrt(2))*(-2*sqrt(2)
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+ 4)7(1/4)*1log(2*(sqrt(2) + 1)*e”(2xx) - 1/2%(2x(sqrt(2) + 1)*e”(2*x) + ((
sqrt(2) + 2)*e”~(2*xx) + Bkxsqrt(2) + 6)*sqrt(-2*sqrt(2) + 4) + 6xsqrt(2) + 6)
xsqrt (-2 (2%sqrt (2) + 3)*sqrt(-2*sqrt(2) + 4) + 4xsqrt(2) + 8)*(-2*xsqrt(2)
+ 4)7(1/4) + 2x(sqrt(2) + 2)*sqrt(-2*sqrt(2) + 4) + 2xsqrt(2) + e~ (4*x) + 5
) - 1/64*sqrt(2*xsqrt(2xsqrt(2) + 4)*(2*sqrt(2) - 3) - 4x*sqrt(2) + 8)*(sqrt(
2xsqrt(2) + 4)*x(sqrt(2) - 1) + 2*sqrt(2))*(2*xsqrt(2) + 4)~(1/4)*1log(-2*(sqr
t(2) - )*xe”(2xx) + 1/2x(2*%(sqrt(2) - 1)*e”(2xx) + ((sqrt(2) - 2)*e”(2*x) +

Bxsqrt(2) - 6)*sqrt(2xsqrt(2) + 4) + 6*sqrt(2) - 6)*sqrt(2*sqrt(2*sqrt(2)
+ 4)x(2xsqrt(2) - 3) - 4xsqrt(2) + 8)*x(2xsqrt(2) + 4)7(1/4) - 2xsqrt(2*sqrt
(2) + 4)*(sqrt(2) - 2) - 2%sqrt(2) + e~ (4xx) + 5) + 1/64xsqrt(2*sqrt(2*sqrt
(2) + 4)*(2%sqrt(2) - 3) - 4*sqrt(2) + 8)*(sqrt(2xsqrt(2) + 4)*(sqrt(2) - 1
) + 2xsqrt(2))*(2*sqrt(2) + 4)7(1/4)*Llog(-2x(sqrt(2) - 1)*e”(2*x) - 1/2x(2x
(sqrt(2) - 1)*xe”(2*x) + ((sqrt(2) - 2)*e”~(2*xx) + b*xsqrt(2) - 6)*sqrt(2*sqrt
(2) + 4) + 6xsqrt(2) - 6)*sqrt(2*sqrt(2xsqrt(2) + 4)*x(2xsqrt(2) - 3) - 4xsq
rt(2) + 8)*x(2xsqrt(2) + 4)~(1/4) - 2xsqrt(2xsqrt(2) + 4)x(sqrt(2) - 2) - 2%
sqrt(2) + e~ (4*x) + 5)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)**8),x)

[Out] Timed out

Giac [A] time = 1.37489, size = 1, normalized size = 0.01

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1+cosh(x)~8),x, algorithm="giac")

[Out] O
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373  [———dx

l—cosh5(x)

Optimal. Leaf size=205

1 1—\5/—1 x 1-(- 1)/ x 2tan_1 tanh(g) 1 1+(-1)45
- il 125 - _\=
2 tanh ( Tt tanh ) 2 tanh” ( e 1)3/5 ) _L:;Z/s ) 2 tan ( L tanh |
1-(-1)%° 14 \5/—1 5V(-1)¥ -1 5y-1 - (1)

[Out] (-2xArcTan[Tanh[x/2]/Sqrt[-((1 - (-1)7(2/5))/(1 + (-1)"(2/5)))11)/(5*Sqrt[-
1+ (-1)7(4/5)1) + (2xArcTan[Sqrt[-((1 + (-1)7(4/5))/(1 - (-1)"(4/5)))]1*Tan
h(x/211)/(6*Sqrt[-1 - (-1)7(3/5)]1) + (2*ArcTanh[Sqrt[(1 - (-1)7(1/5))/(1 +
(-1)7(1/5))1*Tanh [x/2]])/ (6%Sqrt [1 - (-1)7(2/5)]) + (2*ArcTanh[Sqrt[(1 - (-
1)7(3/5))/(1 + (-1)7(3/5))1*Tanh[x/2]11)/(5%Sqrt[1 + (-1)~(1/5)1) - Sinh([x]/

(6x(1 - Cosh[x]))

Rubi [A] time = 0.462816, antiderivative size = 205, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 5, integrand size = 10, number of rules _

0.5, Rules used = {3213, 2648, 2659, 208, 205}

integrand size

2 tanh™ \/_t h 2 tanh [ /2D /5 x 2tan”! tanh(gz/s 2 tan-! 1+(-1)45 _—

1 1 1-(-1 - 7

a LT e an A 1)3/5 /_1+E71;2/5 ) an s an |
541 = (-1)%° 14+ \5/—1 5v(-1)%5 -1 5v-1-(-1)%°

Antiderivative was successfully verified.

[In] Int[(1 - Cosh[x]~5)"(-1),x]

[Out] (-2xArcTan[Tanh[x/2]/Sqrt[-((1 - (-1)7(2/5))/(1 + (-1)7(2/5)))11)/(5xSqrt[-
1+ (-1)7(4/5)]1) + (2xArcTan[Sqrt[-((1 + (-1)7(4/5))/(1 - (-1)~(4/5)))]*Tan
h(x/211)/(5*Sqrt[-1 - (-1)7(3/5)]) + (2*ArcTanh[Sqrt[(1 - (-1)7(1/5))/(1 +
(-1)7(1/5))1*Tanh [x/2]]1)/ (6%Sqrt [1 - (-1)7(2/5)]) + (2*ArcTanh[Sqrt[(1 - (-
1)7(3/5))/(1 + (-1)7(3/5))]1*Tanh[x/2]11)/(5%Sqrt[1 + (-1)"(1/5)]) - Sinh([x]/

(6%(1 - Cosh[x]))

Rule 3213

Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x_)1)"(n_))"(p_), x_Symbol] :>
Int [ExpandTrig[(a + bx(c*sinl[e + f*x])"n)7p, x], x] /; FreeQ[{a, b, c, e, £
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, ny, x] & (IGtQ[p, 01 || (EqQlp, -1] && IntegerQ[nl))

Rule 2648

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)~(-1), x_Symbol] :> -Simp[Cos[c +
d*x]/(d*(b + a*Sin[c + d*x])), x] /; FreeQ[{a, b, c, d}, x] && EqQ[a”2 - Db
=2, 0]

Rule 2659

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + b + (
a - b)*e™2%x~2), x], x, Tan[(c + dx*x)/2]/el, x1] /; FreeQl{a, b, c, d}, x]

&& NeQ[a"2 - b"2, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1 1 1 1 1
gy =
f 1 - cosh’(x) * f(5(1 — cosh(x)) ’ 5 (1 + \‘r’/—_lcosh(x)) * 5 (1 - (-1)%> cosh(x)) ’ 5 (1 + (-1)35 cosh(x)) *

_1f 1 d+1f 1 d+1f 1 d+1f 1
“5J T—cosh() ™ 7 5 1+ V-1 cosh(x) s 1 - (=1)%5 cosh(x) 5] v )be

B sinh(x) 2 1 . 5
= —m + z Subst [fl N (1 - \5/—_1)9(2 dx, x, tanh (E)) + = Subst(f

2 tan™! _teni(s) 1 1+(-1)%5 x 1 [1-¥41
—(-1)%5 - —_ - -
_L&;Z/S 2tan ( T tanh (2)) 2tanh ( Tt tanh (

SO S S
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Mathematica [C] time = 0.0949255, size = 445, normalized size = 2.17

#1% + 4#1%x + 15#1 %% + 40#1°%x + 1

1
ERootsum #1% + 2417 + 8#1° + 14#1° + 30#1% + 14#1° + 8#1% + 2#1 + 1&,

Antiderivative was successfully verified.

[In] Integrate[(1 - Cosh[x]~5)~(-1),x]

[Out] Coth[x/2]/5 + RootSum[1 + 2x#1 + 8x#172 + 14x#173 + 30*#174 + 14*#17°5 + 8x#
176 + 2*#1°7 + #17°8 & , (x + 2*Log[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 -
Sinh[x/2]*#1] + 4*x*#1 + 8*Log[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - Sinh

[x/2] *#1]*#1 + 16xx*#172 + 30*Log[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]*#1 - S

inh [x/2] *#1]*#172 + 40*x*#1~3 + 80*Log[-Cosh[x/2] - Sinh[x/2] + Cosh[x/2]x*#

1 - Sinh[x/2]*#1]*#173 + 15*x*#174 + 30*Log[-Cosh[x/2] - Sinh[x/2] + Cosh[x

/2] *%#1 - Sinh[x/2]*#1]*#17°4 + 4*x*#175 + 8*xLog[-Cosh[x/2] - Sinh[x/2] + Cos
h[x/2]*#1 - Sinh[x/2]*#1]*#175 + x*#176 + 2xLog[-Cosh[x/2] - Sinh[x/2] + Co
shx/2]*#1 - Sinh[x/2]*#1]*#176)/(1 + 8x#1 + 21x#172 + 60*#173 + 35*%#174 +
24%#175 + T*#176 + 4x#177) & 1/10

Maple [C] time = 0.019, size = 64, normalized size = 0.3

6 4 2 B
_ 3 ) )
u 2 R4S R -5 R +5 In (tanh(f) —_R) + = (tanh (f))
R”+5_R’ 2 5 2
_R=RootOf(_Z%+10_Z*+5) — _

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cosh(x)~5),x)

[Out] 1/10*sum((-_R"6+5%_R~4-5x _R"2+5)/(_R~7+5%_R"3)*1n(tanh(1/2*x)-_R), R=RootO0f
(_Z~8+10%_Z~4+5))+1/5/tanh(1/2%*x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

2 2 (e(7x) +4609 + 156059 4+ 404 + 156089 + 4020 + ex)
f5(

— 4+
5(e*-1) e®) + 2679 + 8660 + 14067 + 304 + 1460 + 802V + 267 +1)

Verification of antiderivative is not currently implemented for this CAS.



364

[In] integrate(1/(1-cosh(x)~5),x, algorithm="maxima")

[Out] 2/5/(e"x - 1) + integrate(2/5*%(e”(7*x) + 4*e”(6xx) + 15*xe”(5xx) + 40%e” (4xx
) + 15%e”(3*x) + 4*xe”(2*x) + e7x)/(e”(8*x) + 2%e” (7*x) + 8*xe”(6*x) + 14xe™(
5%x) + 30*%e” (4*x) + 14*e”(3*x) + 8%~ (2%x) + 2*e"x + 1), x)

Fricas [B] time = 4.31423, size = 10949, normalized size = 53.41

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~5),x, algorithm="fricas")

[Out] 1/8000%(8*sqrt(10)*sqrt(2*sqrt(10)*(2*sqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20%s
qrt(5) + 60)*((sqrt(5) - 1)*e"x - sqrt(5) + 1)*(40*sqrt(5) + 200)~(1/4)*sqr
t(2*%sqrt(5) + 5)*sqrt(sqrt(5) + b)*arctan(1/40*sqrt(10)*((sqrt(5) - B)*e"x
- sqrt(5) - 1)*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5) + 5) + 1/400*sqrt(10)*(sqrt
(10)*((sqrt(5) - B)xe"x - 2xsqrt(5))*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5) + 5)
+ 10%((sqrt(5) - 1)*e”x + sqrt(5) + 1)*sqrt(2*sqrt(5) + 5))*sqrt(sqrt(s) +
5) - 1/64000%(80*sqrt(10)*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5) + 5)*(sqrt(5) -
5) + 8xsqrt(10)*(sqrt(10)*sqrt(2*sqrt(56) + B5)*sqrt(sqrt(5) + 5)*(sqrt(5) -
5) + 10*sqrt(2*xsqrt(5) + 5)*(sqrt(5) - 1))*sqrt(sqrt(5) + 5) - sqrt(2xsqrt(
10)*(2xsqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*((sqrt(10)*sqrt (2%
sqrt(56) + B)*sqrt(sqrt(5) + 5)*x(sqrt(b5) - 3) + 2%(3*sqrt(5) - 7)*sqrt(2*sqr
t(5) + 5))*(40*sqrt(5) + 200)7(3/4) + 4*(sqrt(10)*sqrt(2*sqrt(5) + 5)*sqrt(
sqrt(56) + B)*(sqrt(5) - 5) + 10*sqrt(2*sqrt(5) + 5)*(sqrt(5) - 1))*(40%sqrt
(6) + 200)~(1/4)) + 1600*sqrt(2*sqrt(5) + 5))*sqrt(-20*sqrt(10)*sqrt(sqrt(5
) + B)*(sqrt(5) - 5) + 200%(sqrt(5) + 1)*e”x + 2*(sqrt(10)*(sqrt(5)*e”x - s
grt(56) + 5)xsqrt(sqrt(5) + 5) - b*xsqrt(5) + 25)*sqrt(2*sqrt(10)*(2*sqrt(5)
- 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*(40*sqrt(5) + 200)~(1/4) + 400*e”
(2%x) + 400) - 1/16000*sqrt(2*sqrt(10)*(2*sqrt(5) - 5)*sqrt(sqrt(5) + 5) -
20*sqrt(5) + 60)*((sqrt(10)*(5x(sqrt(b5) - 3)*e"x - 2xsqrt(5))*sqrt(2*sqrt(5
) + B)xsqrt(sqrt(5) + 5) + 10x((3*sqrt(5) - 7)*e"x + 2)*sqrt(2xsqrt(5) + 5)
)*(40*sqrt (5) + 200)7(3/4) + 20*(sqrt(10)*((sqrt(5) - 5)*e"x - 2*sqrt(5))*s
qrt (2*sqrt(5) + 5)*sqrt(sqrt(5) + 5) + 10%((sqrt(5) - 1)*e”x + sqrt(s) + 1)
xsqrt (2xsqrt(5) + 5))*(40*sqrt(5) + 200)7(1/4)) + 1/4xsqrt(2xsqrt(5) + 5)*(
sqrt(56) + 2*%e"x + 1)) + 8*sqrt(10)*sqrt(2*sqrt(10)*(2xsqrt(5) - 5)*sqrt(sqr
t(5) + 5) - 20*sqrt(5) + 60)*((sqrt(5) - 1)*e"x - sqrt(b5) + 1)*(40*sqrt(5)
+ 200)7(1/4) *sqrt (2*sqrt (5) + 5)*sqrt(sqrt(5) + 5)*arctan(-1/40*sqrt(10)x*((
sqrt(5) - 5)*e"x - sqrt(5) - 1)*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5) + 5) - 1/4
00*%sqrt (10)*(sqrt (10)*((sqrt(5) - B)*e"x - 2*sqrt(5))*sqrt(2xsqrt(5) + 5)x*s
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qrt(sqrt(6) + 5) + 10*((sqrt(5) - 1)*e”x + sqrt(5) + 1)*sqrt(2xsqrt(5) + 5)
)*sqrt(sqrt(5) + 5) + 1/64000%(80*sqrt(10)*sqrt(2*sqrt(5) + 5)*sqrt(sqrt(5)
+ B)*(sqrt(5) - 5) + 8*sqrt(10)*(sqrt(10)*sqrt(2*xsqrt(5) + 5)*sqrt(sqrt(5)
+ B)*(sqrt(5) - 5) + 10*sqrt(2*sqrt(5) + 5)*(sqrt(5) - 1))*sqrt(sqrt(s) +
5) + sqrt(2*sqrt(10)*(2xsqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*(
(sqrt (10) *sqrt (2xsqrt(5) + B)*sqrt(sqrt(5) + 5)*(sqrt(5) - 3) + 2x(3*sqrt(b
) = T)*sqrt(2xsqrt(5) + 5))*(40*sqrt(5) + 200)~(3/4) + 4*(sqrt(10)*sqrt(2*s
qrt(5) + 5)*sqrt(sqrt(5) + 5)*(sqrt(5) - 5) + 10*sqrt(2*sqrt(5) + 5)*(sqrt(
5) - 1))*(40*sqrt(5) + 200)~(1/4)) + 1600*sqrt(2*sqrt(5) + 5))*sqrt(-20*sqr
t(10)*sqrt(sqrt(5) + 5)*(sqrt(5) - 5) + 200*(sqrt(5) + 1)*xe”x - 2*x(sqrt(10)
*x(sqrt(B)*e”x - sqrt(b) + B5)*sqrt(sqrt(5) + 5) - bxsqrt(5) + 25)*sqrt(2*sqr
t(10) *(2*sqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*(40*sqrt(5) + 20
0)~(1/4) + 400*e~(2*x) + 400) - 1/16000*sqrt(2*sqrt(10)*(2*sqrt(5) - 5)*sqr
t(sqrt(5) + 5) - 20*sqrt(5) + 60)*((sqrt(10)*(5x(sqrt(5) - 3)*e"x - 2*sqrt(
5))xsqrt (2xsqrt(5) + B5)*sqrt(sqrt(5) + 5) + 10*x((3*sqrt(5) - 7)*e"x + 2)*sq
rt(2xsqrt(5) + 5))*(40*sqrt(5) + 200)~(3/4) + 20%(sqrt(10)*((sqrt(5) - 5)xe
“x - 2%sqrt(5))*sqrt(2*sqrt(6) + B)*sqrt(sqrt(5) + 5) + 10*x((sqrt(5) - 1)x*e
“x + sqrt(5) + 1)*sqrt(2xsqrt(5) + 5))*(40*sqrt(5) + 200)7(1/4)) - 1/4xsqrt
(2%sqrt(56) + B)*(sqrt(5) + 2%e”x + 1)) + 4x((sqrt(b) + 1)*e"x - sqrt(5) - 1
)*sqrt (- (2xsqrt(5) + 5)*sqrt(-40xsqrt(5) + 200) + 20*sqrt(5) + 60)*sqrt(-2%
sqrt(5) + 5)*(-40*sqrt(5) + 200)~(3/4)*arctan(-1/32000%((20*(3*sqrt(5) + 7)
xe"x + (6x(sqrt(5) + 3)*e"x - 2xsqrt(5))*sqrt(-40*sqrt(5) + 200) - 40)*(-40
xsqrt (5) + 200)~(3/4) + 20%(20*(sqrt(5) + 1)*e"x + ((sqrt(5) + B)*e"x - 2x%s
qrt(5))*sqrt (-40*sqrt(5) + 200) + 20*sqrt(5) - 20)*(-40*sqrt(5) + 200)~(1/4
))*sqrt (- (2*sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 60)*sqrt(-2
*sqrt (5) + 5) + 1/128000%((((sqrt(5) + 3)#*sqrt(-40*sqrt(5) + 200) + 12xsqrt
(5) + 28)*(-40%*sqrt(5) + 200)7(3/4) + 4x((sqrt(5) + 5)*sqrt(-40*sqrt(5) + 2
00) + 20*sqrt(5) + 20)*(-40*sqrt(5) + 200)~(1/4))*sqrt(-(2xsqrt(5) + 5)*sqr
t (-40*sqrt(5) + 200) + 20*sqrt(5) + 60)*sqrt(-2*sqrt(5) + 5) + 4x(((sqrt(5)
+ B)*sqrt (-40*sqrt(5) + 200) + 20*sqrt(5) + 20)*sqrt(-40*sqrt(5) + 200) +
20*(sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) - 800)*sqrt(-2*sqrt(5) + 5))*sqrt(
-200*%(sqrt(5) - 1)*e"x + ((sqrt(5)*e”x - sqrt(5) - 5)*sqrt(-40*sqrt(5) + 20
0) - 10*sqrt(5) - 50)*sqrt(-(2xsqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20%*sq
rt(5) + 60)*(-40*sqrt(5) + 200)~(1/4) + 10*(sqrt(5) + B)*sqrt(-40*sqrt(5) +
200) + 400xe~(2xx) + 400) - 1/1600%(20*((sqrt(5) + B)*e"x - sqrt(5) + 1)x*s
qrt (-40*sqrt(5) + 200) + (20*%(sqrt(5) + 1)*e"x + ((sqrt(5) + b5)*e"x - 2*sqr
t(5))*sqrt (-40*sqrt(5) + 200) + 20*sqrt(5) - 20)*sqrt(-40*sqrt(5) + 200) +
400*sqrt(5) - 800%e”"x - 400)*sqrt(-2*sqrt(5) + 5)) + 4x((sqrt(5) + 1)*e"x -
sqrt(56) - 1)*sqrt(-(2*sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) +
60) *sqrt (-2*sqrt(5) + 5)*(-40*sqrt(5) + 200)~(3/4)*arctan(-1/32000% ((20* (3
sqrt(6) + 7)*e"x + (5%(sqrt(5) + 3)*e”"x - 2*xsqrt(5))*sqrt(-40*sqrt(5) + 200
) - 40)*(-40*sqrt(5) + 200)°(3/4) + 20*%(20*(sqrt(5) + 1)*e"x + ((sqrt(5) +
5)xe"x - 2xsqrt(5))*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) - 20)*(-40*sqrt(5)
+ 200) " (1/4))*sqrt (-(2*sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) +
60) *sqrt (-2xsqrt(5) + 5) + 1/128000*((((sqrt(5) + 3)*sqrt(-40*sqrt(5) + 20
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0) + 12%sqrt(5) + 28)*(-40*sqrt(5) + 200)~(3/4) + 4*x((sqrt(5) + 5)*sqrt(-40
xsqrt(5) + 200) + 20*sqrt(5) + 20)*(-40*sqrt(5) + 200)~(1/4))*sqrt(-(2*xsqrt
(6) + B)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 60)*sqrt(-2xsqrt(5) + 5) -
4% (((sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 20)*sqrt(-40*sqrt(
5) + 200) + 20*(sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) - 800)*sqrt(-2*sqrt(5)
+ 5))*sqrt (-200*(sqrt(5) - 1)*e"x - ((sqrt(b)*e”x - sqrt(5) - 5)*sqrt(-40%
sqrt(5) + 200) - 10*sqrt(5) - 50)*sqrt(-(2*sqrt(5) + 5)*sqrt(-40%sqrt(5) +
200) + 20*sqrt(5) + 60)*(-40*sqrt(5) + 200)~(1/4) + 10*(sqrt(5) + B)*sqrt(-
40*sqrt(5) + 200) + 400*e~(2xx) + 400) + 1/1600%(20*((sqrt(5) + 5)*e”"x - sq
rt(5) + 1)x*sqrt(-40*sqrt(5) + 200) + (20*(sqrt(5) + 1)*e”x + ((sqrt(5) + 5)
xe”x - 2%sqrt(5))*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) - 20)*sqrt(-40*sqrt(
5) + 200) + 400*sqrt(5) - 800%e”x - 400)*sqrt(-2*sqrt(5) + 5)) + 2x(sqrt(10
)*((sqrt(5) - B)*e”x - sqrt(5) + B)*sqrt(sqrt(b) + 5) - 40%e”x + 40)*sqrt(2
*xsqrt (10) * (2*%sqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*(40*sqrt(5)
+ 200)~(1/4)*1log(-20*sqrt (10) *sqrt (sqrt(5) + 5)*(sqrt(5) - 5) + 200*(sqrt(5
) + 1)*xe"x + 2x(sqrt(10)*(sqrt(5)*e”x - sqrt(5) + 5)*sqrt(sqrt(5) + 5) - 5x
sqrt(56) + 25)*sqrt(2xsqrt(10)*(2*sqrt(5) - B)*sqrt(sqrt(5) + 5) - 20*sqrt(5
) + 60)*%(40*sqrt(5) + 200)~(1/4) + 400%e~(2*x) + 400) - 2*(sqrt(10)*((sqrt(
5) - 5)*e"x - sqrt(5) + b)xsqrt(sqrt(b) + 5) - 40*e”x + 40)*sqrt(2*xsqrt(10)
*x(2xsqrt(5) - B)*sqrt(sqrt(5) + 5) - 20%*sqrt(5) + 60)*(40*sqrt(5) + 200)~(1
/4)*1og (-20*sqrt (10) *sqrt (sqrt(5) + 5)*(sqrt(5) - 5) + 200*(sqrt(5) + 1)*e”
x - 2*%(sqrt(10)*(sqrt(5)*e”x - sqrt(5) + 5)*sqrt(sqrt(5) + 5) - bxsqrt(b) +
25) *sqrt (2xsqrt (10) * (2xsqrt(5) - 5)*sqrt(sqrt(5) + 5) - 20*sqrt(5) + 60)*(
40*sqrt(5) + 200)~(1/4) + 400%e~(2*x) + 400) + (((sqrt(5) + 5)*e"x - sqrt(5
) - B)*xsqrt(-40*sqrt(5) + 200) + 80xe”x - 80)*sqrt(-(2*sqrt(5) + 5)*sqrt(-4
O*sqrt(5) + 200) + 20*sqrt(5) + 60)*(-40*sqrt(5) + 200)~(1/4)*1log(-200*(sqr
t(5) - 1)*e"x + ((sqrt(5)*e”x - sqrt(5) - 5)xsqrt(-40*sqrt(5) + 200) - 10%s
qrt(5) - 50)*sqrt(-(2*sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 6
0)*(-40*sqrt(5) + 200)~(1/4) + 10*(sqrt(5) + B)*sqrt(-40*sqrt(5) + 200) + 4
00*e~(2xx) + 400) - (((sqrt(b) + 5)*e"x - sqrt(b5) - 5)*sqrt(-40x*sqrt(5) + 2
00) + 80*e"x - 80)*sqrt(-(2*sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 20*sqrt(
5) + 60)*(-40*sqrt(5) + 200)~(1/4)*1log(-200*(sqrt(5) - 1)*xe"x - ((sqrt(5)*e
“x - sqrt(5) - 5)*sqrt(-40*sqrt(5) + 200) - 10*sqrt(5) - 50)*sqrt(-(2*sqrt(
5) + 5)*xsqrt(-40*sqrt(5) + 200) + 20*sqrt(5) + 60)*(-40*sqrt(5) + 200)~(1/4
) + 10x(sqrt(5) + 5)*sqrt(-40*sqrt(5) + 200) + 400*e~(2xx) + 400) + 3200)/(
e"x - 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1-cosh(x)**5),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

1
[
cosh (x)” -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~5),x, algorithm="giac")

[Out] integrate(-1/(cosh(x)"5 - 1), x)
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374  [———dx

l—cosh6(x)

Optimal. Leaf size=71

tanh_l( — ) tanh ™ (tan—h(x))
1+¥-1 V1-(-1)23 N coth(x)

+
—(=1)2/3
RN e

[Out] ArcTanh[Tanh[x]/Sqrt[1 + (-1)~(1/3)]11/(3*Sqrt[1 + (-1)7(1/3)]) + ArcTanh[Ta
nh([x]/Sqrt[1 - (-1)7(2/3)]11/(3*Sqrt[1 - (-1)~(2/3)]) + Coth[x]/3

Rubi [A] time = 0.122465, antiderivative size = 71, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 10, e =

integrand size
0.6, Rules used = {3211, 3181, 206, 3175, 3767, 8}

tanh_l(Jfghgl) tanh—l(_EEEELJ
1491 Vi—(-1)2B N coth(x)

+
—(=1)2/3
341+ V-1 3L - (-1 3

Antiderivative was successfully verified.

[In] Int[(1 - Cosh[x]"6)"(-1),x]

[Out] ArcTanh[Tanh[x]/Sqrt[1 + (-1)7(1/3)11/(3*Sqrt[1 + (-1)~(1/3)]) + ArcTanh[Ta
nh[x]/Sqrt[1 - (-1)7(2/3)11/(3*Sqrt[1 - (-1)7(2/3)]1) + Coth[x]/3

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1"(n_))"(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + f*x]~2/((-1)"((4%k)/n)*Rt[-(a/b),
n/2]1)), %], {k, 1, n/2}], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sinl(e_.) + (f_.)*(x_)1"2)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tanl[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff"2%xx"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, f}, x]
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Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 3175

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcos[e + f*x]~(2*p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] & EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cot[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps

1 1 1 1 1 1 1
[N U RS I S B i
1 - cosh”(x) 3J 1-cosh®(x) 3J 1+ V-1cosh*(x) 3J 1-(-1)23 cosh®(x)

__(L 2 L 1 L 1
= (3 fcsch (%) dx) + 3 Subst (fl - (1 " \3/__1) " dx, x, coth(x)] + 3 Subst [fl - (1 —a

tanh_l[ tanh(v ) tanh_l ( tanh(x) )
_ 1+i7’/—_1 + ,/1_(_1)2/3

im0
o [2] )
1+341 Vi-(-1)2B N coth(x)

+
—_ (=1)2/3
341+ -1 3V - (1 3

Mathematica [C] time = 0.219157, size = 111, normalized size = 1.56

1
+ giSubst(fl dx, x,—i coth(x))

\/5—1') tanh(x)
243

sinh(x)(8 cosh(2x) + cosh(4x) + 15) (—6 cosh(x) + V=3 sinh(x) ((\/5 + 31') tan~! ((_1)3/4(

1

)+(3+i\/§)tz

144 (cosh®(x) - 1)
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Antiderivative was successfully verified.

[In] Integrate[(1 - Cosh[x]~6)~(-1),x]

[Out] -((15 + 8*Cosh[2*x] + Cosh[4#*x])*Sinh[x]*(-6*Cosh[x] + (-3)"(1/4)*((3*I + S
qrt [3])*ArcTan[((-1)~(3/4)*(-I + Sqrt[3])*Tanh([x])/(2%¥37(1/4))] + (3 + IxSq

rt [3])*ArcTan[((-1/3)"(1/4)*(I + Sqrt[3])*Tanh([x])/2])*Sinh[x]))/(144x(-1 +
Cosh[x]~6))

Maple [B] time = 0.023, size = 426, normalized size = 6.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(1-cosh(x)~6),x)

[Out] 1/6*tanh(1/2*x)+1/36%37(3/4)*2"(1/2)*arctan(2”(1/2)*37(1/4)*tanh(1/2*x)+1)+
1/36%37(3/4) %2~ (1/2)*arctan(2”(1/2)*3"(1/4)*tanh(1/2*x)-1)+1/72%3"(3/4) %2~ (
1/2)*1n((tanh(1/2*x) "2+1/3*37(3/4)*tanh(1/2*x)*2~(1/2)+1/3*37(1/2))/(tanh (1
/2xx)"2-1/3%37(3/4) *tanh (1/2*x) %2~ (1/2)+1/3*37(1/2)))-1/24%2~(1/2)*3~(1/4) *
In((tanh(1/2*x)"2-1/3*37(3/4)*tanh (1/2*x)*2~(1/2)+1/3*3~(1/2) )/ (tanh (1/2*x)
~2+1/3*%37(3/4)*tanh (1/2*x)*27(1/2)+1/3*x37(1/2)))-1/12*2"(1/2)*3" (1/4) *arcta
n(2°(1/2)*37(1/4)*tanh(1/2*x)+1)-1/12%2"(1/2)*3~(1/4) *arctan(2~(1/2)*3"(1/4
Yxtanh(1/2*x)-1)+1/6/tanh(1/2*x)+1/12%37(1/4)*2"(1/2) *arctan(1/3%37(3/4) *ta
nh(1/2*%x)*27(1/2)+1)+1/12*x37(1/4)*2" (1/2) *arctan(1/3*%37(3/4) *tanh (1/2*x) *2~
(1/2)-1)+1/24x3~(1/4)*2"(1/2) *1n((tanh (1/2*x) ~2+27(1/2)*37(1/4) *tanh (1/2*x)
+37(1/2))/(tanh(1/2%x) ~2-27(1/2)*37(1/4) *tanh (1/2*x)+37(1/2)))-1/36%37(3/4)
*27(1/2)*arctan(1/3*37(3/4)*tanh (1/2*x)*27(1/2)+1)-1/72%3~(3/4)*2~ (1/2) *1n(
(tanh(1/2%x)"2-2"(1/2)*37(1/4) *tanh (1/2*x)+3~(1/2) )/ (tanh (1/2*x) ~2+2~(1/2) *
37 (1/4)*xtanh(1/2*x)+37(1/2)))-1/36%3"(3/4)*2~(1/2)*arctan(1/3*x3~(3/4) *tanh(
1/2xx)*27(1/2)-1)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

2 N f 6B 4 4627 4 ¥ f 6B — 420 4 o
3(3(2") —1) 3(6(4") +2eBY) + 6¢2Y) +23x+1) 3(6(4")—26(3") +6e(2")—23x+1)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1-cosh(x)~6),x, algorithm="maxima")

[Out] 2/3/(e”(2*x) - 1) + integrate(1/3*(e”(3*x) + 4*xe”(2xx) + e7x)/(e”(4xx) + 2%
e~ (3*x) + 6*%e”(2xx) + 2xe"x + 1), x) - integrate(1/3x(e”(3*x) - 4xe”(2*x) +
e"x)/(e”(4xx) - 2%e”(3xx) + 6%e”(2%x) - 2%e”x + 1), x)

Fricas [B] time = 2.54127, size = 2302, normalized size = 32.42

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)”~6),x, algorithm="fricas")

[Out] 1/144%(4x(127(1/4)*sqrt(6)*e”(2xx) - 127(1/4)*sqrt(6))*sqrt(-4*sqrt(3) + 8)
xarctan((sqrt(3) + 2)*e”(2*x) + 1/216%sqrt(6x(127(1/4)*sqrt(6)*(sqrt(3) + 3
)*ke”(2xx) + 127 (1/4)*sqrt(6)*(5*sqrt(3) + 9))*sqrt(-4*sqrt(3) + 8) + 144xsq
rt(3) + 36%xe”(4x*x) + 144x*e~(2*x) + 252)*((127(3/4)*sqrt(6)*(sqrt(3) + 3) +
3%127(1/4) *sqrt (6) *(sqrt (3) + 3))*sqrt(-4*sqrt(3) + 8) - 36*sqrt(3) - 72) +
2/3%sqrt (3)*(2*sqrt(3) - 3) + 1/36%(127(3/4)*sqrt(6)*(sqrt(3) - 3) - (127(
3/4)xsqrt(6)*(sqrt(3) + 3) + 3x127(1/4)*sqrt(6)*(sqrt(3) + 3))*e”(2*x) + 3%
127(1/4) *sqrt (6) *(sqrt (3) - 3))*sqrt(-4*sqrt(3) + 8) + 2*sqrt(3) - 4) + 4x*(
127(1/4) *sqrt (6) xe~ (2xx) - 127 (1/4)*sqrt(6))*sqrt (-4*sqrt(3) + 8)*arctan(-(
sqrt(3) + 2)*e”(2xx) + 1/216*sqrt(-6%(127(1/4)*sqrt(6)*(sqrt(3) + 3)*e” (2*x
) + 127(1/4)*sqrt (6) *(5xsqrt(3) + 9))*sqrt(-4xsqrt(3) + 8) + 144xsqrt(3) +
36*%e” (4xx) + 144xe”(2*xx) + 252)*((127(3/4)*sqrt(6)*x(sqrt(3) + 3) + 3*127(1/
4)*sqrt (6) *(sqrt(3) + 3))*sqrt(-4*sqrt(3) + 8) + 36*sqrt(3) + 72) - 2/3*sqr
t(3)*(2*xsqrt(3) - 3) + 1/36%(127(3/4)*sqrt(6)*(sqrt(3) - 3) - (127(3/4)*sqr
t(6)*(sqrt(3) + 3) + 3%127(1/4)*sqrt(6)*(sqrt(3) + 3))*e”(2*x) + 3*127(1/4)
xsqrt (6) *(sqrt(3) - 3))*sqrt(-4*sqrt(3) + 8) - 2*sqrt(3) + 4) - (127(1/4)*s
qrt(6) *(sqrt(3) + 2)*xe”(2*x) - 127(1/4)*sqrt(6)*(sqrt(3) + 2))*sqrt(-4*sqrt
(3) + 8)*log(6x(127(1/4)*sqrt(6)*(sqrt(3) + 3)*e”(2*x) + 127(1/4)*sqrt(6)*(
5xsqrt(3) + 9))*sqrt(-4*sqrt(3) + 8) + 144*xsqrt(3) + 36*e” (4*x) + 144*e” (2%
x) + 262) + (127(1/4)*sqrt(6)*(sqrt(3) + 2)*xe”~(2*x) - 127(1/4)*sqrt(6)*(sqr
t(3) + 2))*sqrt(-4*xsqrt(3) + 8)xlog(-6%(127(1/4)*sqrt(6)*(sqrt(3) + 3)*e” (2
*xx) + 127(1/4)*sqrt(6) *(b*sqrt(3) + 9))*sqrt(-4*sqrt(3) + 8) + 144%sqrt(3)
+ 36%e” (4*x) + 144xe~(2*xx) + 252) + 96)/(e~(2*x) - 1)




Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)**6),x)

[Out] Timed out
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Giac [A] time = 1.20162, size = 14, normalized size = 0.2

_ 2z
3(e@9 -1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)76),x, algorithm="giac")

[Out] 2/3/(e”(2*x) - 1)
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375  [———dx

l—coshS(x)

Optimal. Leaf size=69

-1 { tanh(x) -1 { tanh(x) -1 { tanh(x)
tanh (—\/E ) N tanh (—\/ﬁ ) . tanh ( 7 ) . coth(x)

41 —i a1 +i 42 4

[Out] ArcTanh[Tanh[x]/Sqrt[1 - I]]/(4xSqrt[1 - I]) + ArcTanh[Tanh[x]/Sqrt[1 + I]]
/(4xSqrt[1 + I]) + ArcTanh[Tanh([x]/Sqrt[2]]/(4*Sqrt[2]) + Coth[x]/4

Rubi [A] time = 0.0774158, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 6, integrand size = 10, e .

integrand size
0.6, Rules used = {3211, 3181, 206, 3175, 3767, 8}

-1 [ tanh(x) -1 ( tanh(x) —1 ( tanh(x)
tanh (\/E)+tanh (\/m)_'_tanh ( 7 )+Coth(x)

41 —i a1 +i 42 4

Antiderivative was successfully verified.

[In] Int[(1 - Cosh[x]"8)"(-1),x]

[Out] ArcTanh[Tanh[x]/Sqrt[1 - I]]/(4xSqrt[1 - I]) + ArcTanh[Tanh[x]/Sqrt[1 + I]]
/(4xSqrt[1 + I]) + ArcTanh[Tanh[x]/Sqrt([2]]/(4*Sqrt[2]) + Coth[x]/4

Rule 3211

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1"(n_))~(-1), x_Symbol] :> Module[{
k}, Dist[2/(a*n), Sum[Int[1/(1 - Sin[e + f*x]~2/((-1)"((4%k)/n)*Rt[-(a/b),
n/2]1)), x], {k, 1, n/2}], x]] /; FreeQ[{a, b, e, f}, x] && IntegerQ[n/2]

Rule 3181

Int[((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]172)"(-1), x_Symbol] :> With[{ff =
FreeFactors[Tan[e + fx*x], x]}, Dist[ff/f, Subst[Int[1/(a + (a + D) *ff 2%x"2
), x], x, Tanle + fxx]/ff], x]] /; FreeQl[{a, b, e, f}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
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Qla, O] || LtQlb, 0])

Rule 3175

Int[(u_.)*((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)]1"2)"(p_), x_Symbol] :> Dist[
a”p, Int[ActivateTrigluxcosl[e + f*x]~(2#p)], x], x] /; FreeQ[{a, b, e, f, p
}, x] &% EqQ[a + b, 0] && IntegerQ[p]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x™2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

1 1 1 1 1 1 1 1 1
f—sdx:—f—zdx+—f+2dx+—f+2dx+—f—2dx
1 — cosh®(x) 4J 1 - cosh(x) 4J 1-icosh“(x) 4J 1 +icosh”(x) 4J 1+ cosh”(x)

1 ) 1 1 1 1
=_ (Z fcsch (%) dx) + 1 Subst (f 102 dx, x, coth(x)) + 1 Subst (f m dx, x, cotl

tanh ™! (ta\r/lﬂx)) tanh ™! (tzi?h_(}f)) tanh ™ (tail/}i(x)) 1
= LA LaciVAN 2 /4 —iSubst(fl dx, x, —i coth(x))
41-1i 41 +i 42 4
-1 ( tanh(x) -1 ( tanh(x) —1 ( tanh(x)
_ tanh ( = ) . tanh ( Vi ) . tanh ( 2 ) . coth(x)
41— 41 +i 42 4

Mathematica [A] time = 0.433931, size = 64, normalized size = 0.93

2tanh ™ (tanh(x)) 2tanh ™ (tanh(x))
1 —i i _1 [tanh
— Vi + Vivi +V2tanh™ (an—(x)) + 2 coth(x)
8 1-i Vi+i V2

Antiderivative was successfully verified.

[In] Integrate[(1 - Cosh[x]78)~(-1),x]
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[Out] ((2*%ArcTanh[Tanh([x]/Sqrt[1 - I]])/Sqrt[1 - I] + (2%ArcTanh[Tanh[x]/Sqrt[1 +
I]11)/Sqrt[1 + I] + Sqrt[2]*ArcTanh[Tanh[x]/Sqrt[2]] + 2xCoth[x])/8

Maple [C] time = 0.032, size = 136, normalized size = 2.

1 1 11 2 2

— tanh (E) + = (tanh (E)) + = Z _R In[2_R tanh (x/2) + (tanh (E)) + 1) + £ In [((tar

8 2] "8 2 . 2 32
_R=RootOf(2_z*-2_7*+1)

Verification of antiderivative is not currently implemented for this CAS.
[In] int(1/(1-cosh(x)~8),x)

[Out] 1/8*tanh(1/2*x)+1/8/tanh(1/2*x)+1/8*sum( R*1n(2* R*tanh(1/2*x)+tanh(1/2*x)"
2+1), R=Root0f (2x_Z~4-2* Z~2+1))+1/32*27(1/2)*1n((tanh(1/2*x)~2+27(1/2)*tan
h(1/2*x)+1)/(tanh(1/2%*x) ~2-2"(1/2) *tanh (1/2*x)+1))-1/32*2~(1/2) *1n((tanh(1/
2xx)"2-27(1/2)*tanh(1/2*x)+1)/(tanh (1/2*x) ~2+2~ (1/2) *tanh (1/2*x)+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

242 -9 3
22 +¢@ +3

o4

1
+ +8 f d
) 2 (e(Zx) - 1) ¢B0) 1 4069 1 2260 4 4e@0 117

1
% \/Elog (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~8),x, algorithm="maxima")

[Out] 1/16%*sqrt(2)*log(-(2*sqrt(2) - e~ (2*xx) - 3)/(2*sqrt(2) + e~ (2xx) + 3)) + 1/
2/(e”(2xx) - 1) + 8xintegrate(e”(4*x)/(e”(8*x) + 4*xe~(6*x) + 22*%e~(4x*x) + 4

xe~ (2%xx) + 1), x)

Fricas [B] time = 3.06715, size = 2198, normalized size = 31.86

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(1-cosh(x)~8),x, algorithm="fricas")

[Out] 1/32%(4*(27(1/4)*e”~(2xx) - 27(1/4))*sqrt(-2*sqrt(2) + 4)*arctan(1/14*(sqrt(
2)*(b*sqrt(2) + 6) + 8*sqrt(2) + 4)*e”(2xx) - 1/28%(2xsqrt(2)*(5*xsqrt(2) +
6) - (27(3/4)*(8*sqrt(2) + 11) + 2x27(1/4)*(5*sqrt(2) + 6))*sqrt(-2*sqrt(2)
+ 4) + 16*sqrt(2) + 8)*sqrt((27(3/4)*e”(2%x) + 27(1/4)*(3*xsqrt(2) + 4))*sq
rt(-2*%sqrt(2) + 4) + 4*xsqrt(2) + e~ (4*xx) + 2xe~(2%x) + 5) + 1/14*xsqrt(2)*(3
xsqrt(2) - 2) - 1/28%x((27(3/4)*(8xsqrt(2) + 11) + 2%27(1/4)*(5xsqrt(2) + 6)
)*e” (2xx) + 27(3/4)*x(2xsqrt(2) + 1) + 2x27(1/4)*(3*sqrt(2) - 2))*sqrt(-2xsq
rt(2) + 4) + 1/7*sqrt(2) - 3/7) + 4x(2°(1/4)*e”(2%x) - 27(1/4))*sqrt(-2*sqr
t(2) + 4)*arctan(-1/14*(sqrt(2)*(5xsqrt(2) + 6) + 8*sqrt(2) + 4)*xe”(2xx) +
1/28* (2*sqrt (2) *(bxsqrt(2) + 6) + (27(3/4)*(8*sqrt(2) + 11) + 2%27(1/4)* (5%
sqrt(2) + 6))*sqrt(-2*sqrt(2) + 4) + 16xsqrt(2) + 8)*sqrt(-(27(3/4)*e” (2xx)
+ 27(1/4) % (3*%sqrt (2) + 4))*sqrt(-2xsqrt(2) + 4) + 4xsqrt(2) + e~ (4*x) + 2%
e~ (2%x) + B) - 1/14xsqrt(2)*(3*sqrt(2) - 2) - 1/28%((27(3/4)*(8*sqrt(2) + 1
1) + 2%x27(1/4) % (5*sqrt(2) + 6))*e”(2*x) + 27(3/4)*(2*%sqrt(2) + 1) + 2*%27(1/
4)*(3*sqrt (2) - 2))*sqrt(-2xsqrt(2) + 4) - 1/T*sqrt(2) + 3/7) - (27(1/4)*(s
qrt(2) + 1)*xe”(2*x) - 27(1/4)*(sqrt(2) + 1))*sqrt(-2*sqrt(2) + 4)*log((27(3
/4)xe” (2*%x) + 27(1/4)*(3*sqrt(2) + 4))*sqrt(-2xsqrt(2) + 4) + 4*xsqrt(2) + e
“(4xx) + 2xe”(2xx) + 5) + (27(1/4)*(sqrt(2) + 1)*e”(2*x) - 27(1/4)*(sqrt(2)
+ 1)) *sqrt (-2*sqrt(2) + 4)*log(-(27(3/4)*e”(2*x) + 27(1/4)*(3*sqrt(2) + 4)
)*sqrt (-2xsqrt(2) + 4) + 4*xsqrt(2) + e~ (4*x) + 2%e”(2%x) + 5) + 2x(sqrt(2)*
e”(2xx) - sqrt(2))*log(-(2x(2*sqrt(2) - 3)*e”(2*x) + 12*sqrt(2) - e~ (4*x) -
17)/ (e~ (4*x) + 6%¥e”(2xx) + 1)) + 16)/(e”(2%x) - 1)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)**8),x)

[Out] Timed out

Giac [A] time = 1.54299, size = 61, normalized size = 0.88

1 242 -0 -3 1
— \V21og| =
Vi =

242 +e@" 43 e2x) —1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(1-cosh(x)~8),x, algorithm="giac")

[Out] 1/16xsqrt(2)*log(-(2*sqrt(2) - e~ (2*x) - 3)/(2xsqrt(2) + e~ (2*x) + 3)) + 1/
2/(e”(2*x) - 1)
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376 [ gy

]:+Cosh2(x)

Optimal. Leaf size=15
1 2
log(cosh(x)) — > log (cosh (x) + 1)

[Out] Logl[Cosh[x]] - Logl[l + Cosh[x]~2]/2

Rubi [A] time = 0.0326715, antiderivative size = 15, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 11, L

integrand size
0.364, Rules used = {3194, 36, 29, 31}

log(cosh(x)) — % log (coshz(x) + 1)

Antiderivative was successfully verified.

[In] Int[Tanh[x]/(1 + Cosh[x]~2),x]
[Out] Logl[Cosh[x]] - Logl[l + Cosh[x]~2]/2

Rule 3194

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_.)*tanl[(e_.) + (f_.)*(x_)]"
(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m
+ 1)/2)/(2%f), Subst[Int[(x~((m - 1)/2)*(a + b*xff*x)"p)/(1 - ff*x)"((m + 1
)/2), x], x, Sin[e + fxx]~2/ff], x]] /; FreeQ[{a, b, e, f, p}, x] && Intege
rQ[(m - 1)/2]

Rule 36

Int[1/(((a_.) + (b_)*(x))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- a*xd), Int[1/(a + b*x), x], x] - Dist[d/(b*c - a*d), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rubi steps

tanh(x) 21 1 2
fl N coshz(x) dx = 5 Subst (f XA+ dx, x, cosh (x))
1

_ 1 2,,) 1 1 2
=3 Subst (f " dx, x, cosh (x)) > Subst (f Tox dx, x, cosh (x))

= log(cosh(x)) — % log (1 + coshz(x))

Mathematica [A] time = 0.0082814, size = 15, normalized size = 1.

log(cosh(x)) — % log (coshz(x) + 1)

Antiderivative was successfully verified.

[In] Integrate[Tanh([x]/(1 + Cosh[x]~2),x]

[Out] LoglCosh[x]] - Logll + Cosh[x]~2]/2

Maple [A] time = 0.02, size = 14, normalized size = 0.9

In (1 + (cosh (x))°)
2

In (cosh (x)) —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(1+cosh(x)~2),x)

[Out] 1n(cosh(x))-1/2*1n(1+cosh(x)~2)

Maxima [A] time = 1.10785, size = 31, normalized size = 2.07

—% log (6 e(2%) 4 o(-4%) 4 1) + log (e(‘z") + 1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(l+cosh(x)~2),x, algorithm="maxima"

[Out] -1/2xlog(6*e”(-2*x) + e~ (-4*x) + 1) + log(e”(-2*x) + 1)

Fricas [B] time = 2.57228, size = 165, normalized size = 11.

1 | 2 (Cosh (x)2 + sinh (x)2 + 3) 2 cosh (x)
2 % cosh (x)? - 2 cosh (x) sinh (x) + sinh (x)? (COSh (x) — sinh (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(l+cosh(x)~2),x, algorithm="fricas")

[Out] -1/2%log(2*(cosh(x)~2 + sinh(x)~"2 + 3)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sin
h(x)~2)) + log(2*cosh(x)/(cosh(x) - sinh(x)))

Sympy [F] time = 0., size = 0, normalized size = 0.
tanh (x)
f —
cosh” (x) +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(1+cosh(x)**2),x)

[Out] Integral(tanh(x)/(cosh(x)**2 + 1), x)

Giac [A] time = 1.23053, size = 31, normalized size = 2.07

—% log (e(“) + 6629 + 1) +log (e(z") + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(1+cosh(x)~2),x, algorithm="giac")
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[Out] -1/2xlog(e”(4*x) + 6%e”(2*x) + 1) + log(e™(2*x) + 1)
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3.77 f \/ a + b cosh®(x) tanh(x) dx

Optimal. Leaf size=39

VZ

\Ja + bcosh?
\/a+bcosh2(x)—\/ﬁtanh1[ ar oo (x)]

[Out] -(Sqrtlal*ArcTanh[Sqrt[a + b*Cosh[x]~2]/Sqrtl[al]) + Sqrt[a + b*Cosh[x]~2]

Rubi [A] time = 0.0687702, antiderivative size = 39, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 15, number of rules _

0.267, Rules used = {3194, 50, 63, 208}

\a +bcosh?
\/a+bcosh2(x)—\/ﬁtanhl[ ar oo (X)]

integrand size

va

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Cosh[x]~2]*Tanh[x],x]
[Out] -(Sqrtlal*ArcTanh[Sqrt[a + b*Cosh[x]~2]/Sqrtl[al]) + Sqrtl[a + b*Cosh[x]~2]

Rule 3194

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(p_.)*tan[(e_.) + (f_.)*(x_)]1"
(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m
+ 1)/2)/(2%f), Subst[Int[(x~((m - 1)/2)*(a + b*xff*x)7p)/(1 - ff*x)"((m + 1
)/2), x], x, Sinl[e + fxx]~2/ff], x]] /; FreeQl{a, b, e, f, p}, x] && Intege
rQl(m - 1)/2]

Rule 50

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(nx(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]1))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 63

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x]1, x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

1 b
a+b coshz(x) tanh(x)dx = = Subst arox dx, x, coshz(x)
2 x
=+ja+ bcoshz(x) + 1a Subst (f ! dx, x coshz(x))
2 xVa + bx Y

a Subst (f ﬂl — dx, X, \a+b Coshz(x))
_ 12 A
\a + bcosh”(x) + 2

\a+ b cosh?(x
= —yatanh™ ) +4/a+ bcoshz(x)

va

Mathematica [A] time = 0.0248286, size = 39, normalized size = 1.

\a+ b cosh?(x
\Va+b coshz(x) - \/Etanh_1 ®

\/E

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cosh[x]~2]*Tanh[x],x]

[Out] -(Sqrt[al*ArcTanh[Sqrt[a + b*Cosh[x]~2]/Sqrt[a]l]l) + Sqrt[a + b*Cosh[x]~2]
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Maple [A] time = 0.016, size = 42, normalized size = 1.1

\/a + b (cosh (x))2 - \/Eln( ! (2 a+2 \/E\/a + b (cosh (x))z))

cosh (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cosh(x)~2)~(1/2)*tanh(x) ,x)

[Out] (a+b*cosh(x)~2)~(1/2)-a~(1/2)*1n((2*%a+2*a~(1/2)*(a+b*cosh(x)~2)~(1/2))/cosh
(x))

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/b cosh (x)2 + atanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~2)~(1/2)*tanh(x),x, algorithm="maxima")

[Out] integrate(sqrt(b*cosh(x)~2 + a)*tanh(x), x)

Fricas [B] time = 4.66662, size = 1192, normalized size = 30.56

b cosh(x)4+4 b cosh(x) sinh(x)3+b sinh(x)4+2 (4a+b) cosh(x)2+2 (3 b Cosh(x)2+4 a+b) sinh(x)2—4 \/E\/E %
cosh(x)"-2

\/E(COSh (x) +sinh (x)) 10g cosh(x)4+4 cosh(x) sinh(x)3+sinh(x)4+2 (3 cosh(x)2+1) sinh(x)2+2 COS

2 (cosh (x) + sinh (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~2)~(1/2)*tanh(x),x, algorithm="fricas")

[Out] [1/2%(sqrt(a)*(cosh(x) + sinh(x))*log((b*cosh(x)"4 + 4xb*cosh(x)*sinh(x)~3
+ b*sinh(x)~4 + 2x(4*a + b)*cosh(x)"2 + 2x(3*b*cosh(x)”2 + 4xa + b)*sinh(x)
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"2 - 4xsqrt(2)*sqrt(a)*sqrt ((b*cosh(x) "2 + b*sinh(x)"2 + 2%a + b)/(cosh(x)”
2 - 2%cosh(x)*sinh(x) + sinh(x)~2))*(cosh(x) + sinh(x)) + 4x(b*cosh(x)~3 +

(4*a + b)*cosh(x))*sinh(x) + b)/(cosh(x)~4 + 4*cosh(x)*sinh(x)~3 + sinh(x)~
4 + 2x(3*cosh(x)"2 + 1)*sinh(x)~2 + 2*cosh(x)"2 + 4*(cosh(x)”3 + cosh(x))*s
inh(x) + 1)) + sqrt(2)*sqrt((b*cosh(x)~2 + b*sinh(x)~2 + 2%a + b)/(cosh(x)”
2 - 2xcosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x) + sinh(x)), 1/2x(2*sqrt(-a)x*(
cosh(x) + sinh(x))*arctan(1/2*sqrt(2)*sqrt(-a)*sqrt((b*cosh(x)~2 + b*sinh(x
)72 + 2%a + b)/(cosh(x)”2 - 2*xcosh(x)*sinh(x) + sinh(x)~2))/(a*cosh(x) + a*
sinh(x))) + sqrt(2)*sqrt((b*cosh(x)~2 + b*sinh(x)"2 + 2%a + b)/(cosh(x)"2 -
2*%cosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x) + sinh(x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

f Na+b cosh? (x) tanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)**2)**(1/2)*tanh(x),x)

[Out] Integral(sqrt(a + b*cosh(x)**2)*tanh(x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/b cosh (x)2 + atanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~2)7(1/2)*tanh(x),x, algorithm="giac")

[Out] integrate(sqrt(b*cosh(x)~2 + a)*tanh(x), x)
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tanh(x)

3.78 dx

\/ a+b coshz(x)

Optimal. Leaf size=26

\/[l

tanh_l [ \a+b coshz(x)]

\/E

[Out] -(ArcTanh[Sqrt[a + b*Cosh[x]~2]/Sqrt[al]/Sqrtlal)

Rubi [A] time = 0.063703, antiderivative size = 26, normalized size of antiderivative =

. . . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 15, e o e

0.2, Rules used = {3194, 63, 208}

integrand size

tanh_l [ \a+b coshz(x)]

\/E

va

Antiderivative was successfully verified.

[In] Int[Tanh([x]/Sqrtl[a + b*Cosh[x]~2],x]
[Out] -(ArcTanh[Sqrt[a + bxCosh[x]~2]/Sqrt[all/Sqrt[al)

Rule 3194

Int[((a_) + (b_.)*sin[(e_.) + (£_)*(x_)]1"2)"(p_.)*tanl[(e_.) + (f_.)*x(x_)]1"
(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m
+ 1)/2)/(2%f), Subst[Int[(x"((m - 1)/2)*(a + bxff*x)"p)/(1 - ff*x)"((m + 1
)/2), x]1, x, Sinl[e + f*x]72/ff], x]] /; FreeQ[{a, b, e, f, p}, x] && Intege
rQ[(m - 1)/2]

Rule 63

Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x"(px(m + 1) - 1)*(c - (axd)/b +
(d*x"p)/b)°n, x1, x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]
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Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rubi steps
h 1 1
f tanh(x) dx = > Subst ( f —dx,x, cosh2(x))
\/a+bcosh2(x) xVa + bx
Subst (f al = dx, x, \a+b coshz(x))
A
- b
h_l \a+b coshz(x)

va

Mathematica [A] time = 0.0164342, size = 26, normalized size = 1.

tanh_l [ \atb coshz(x)]

va

va
Antiderivative was successfully verified.

[In] Integrate[Tanh([x]/Sqrt[a + b*Cosh[x]~2],x]

[Out] -(ArcTanh[Sqrt[a + b*Cosh[x]~2]/Sqrt[al]/Sqrtlal)

Maple [A] time = 0.02, size = 31, normalized size = 1.2

1

2
(211 + 2\/5\/11 + b (cosh (x)) )) N7

| 1
-In

cosh (x)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(at+b*cosh(x)~2)"(1/2),x)
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[Out] -1/a~(1/2)*1n((2*a+2*a”(1/2)*(a+b*cosh(x)~2)~(1/2))/cosh(x))

Maxima [F] time = 0., size = 0, normalized size = 0.

f tanh (x)
\/D cosh (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tanh(x)/(a+b*cosh(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(tanh(x)/sqrt(b*cosh(x)”"2 + a), x)

Fricas [B] time = 2.62175, size = 809, normalized size = 31.12

bcosh(x)2+bsinh(x)2+2 a+b
osh(x)2—2 cosh(x) sinh(x)+sinh(x)

b cosh(x)4+4 b cosh(x) sinh(x)3+b sinh(x)4+2 (4a+b) cosh(x)2+2 (3 b cosh(x)2+4 a+b) sinh(x)2—4 \/5\/5\/ 5 (cosh(x)
C

log

Cosh(x)4+4 cosh(x) sinh(x)3+sinh(x)4+2 (3 cosh(x)2+1) sinh(x)2+2 cosh(x)2+4 (cosh(x)3+cosh(x)) sit

2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+b*cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] [1/2%1log((b*xcosh(x)~4 + 4xb*cosh(x)*sinh(x)~3 + b*sinh(x)~4 + 2%(4*a + b)*c
osh(x) "2 + 2%(3*b*cosh(x)~2 + 4*a + b)*sinh(x)~2 - 4xsqrt(2)*sqrt(a)*sqrt((
b*cosh(x) "2 + b*sinh(x)~2 + 2*a + b)/(cosh(x)~2 - 2*cosh(x)*sinh(x) + sinh(
x)"2))*(cosh(x) + sinh(x)) + 4*(b*cosh(x)~3 + (4*a + b)*cosh(x))*sinh(x) +
b)/(cosh(x)"4 + 4*cosh(x)*sinh(x)~3 + sinh(x)"4 + 2%(3*cosh(x)”2 + 1)*sinh(

x)7"2 + 2xcosh(x)”2 + 4*(cosh(x)~3 + cosh(x))*sinh(x) + 1))/sqrt(a), sqrt(-a
)*arctan(1/2*sqrt(2)*sqrt(-a)*sqrt((b*cosh(x) "2 + b*sinh(x)”"2 + 2xa + b)/(c
osh(x) "2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/(a*cosh(x) + ax*sinh(x)))/al]




389

Sympy [F] time = 0., size = 0, normalized size = 0.

f tanh (x)
\a+b cosh? (x)

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tanh(x)/(atb*cosh(x)**2)**(1/2),x)

[Out] Integral(tanh(x)/sqrt(a + b*xcosh(x)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f tanh (x)
\/bcosh (x)2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tanh(x)/(a+b*cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(tanh(x)/sqrt(b*cosh(x)”2 + a), x)
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tanh(x)

f N 1+cosh2(x)

Optimal. Leaf size=13

3.79 dx

—tanh™" (\/coshz(x) + 1)

[Out] -ArcTanh[Sqrt[1 + Cosh[x]~2]]

Rubi [A] time = 0.0408253, antiderivative size = 13, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 13, e -

0.231, Rules used = {3194, 63, 207}
—tanh™ (\/coshz(x) + 1)

Antiderivative was successfully verified.

integrand size

[In] Int[Tanh[x]/Sqrt[1 + Cosh[x]~2],x]

[Out] -ArcTanh[Sqrt[1 + Cosh[x]~2]]

Rule 3194

Int[((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)172)"(p_.)*tan[(e_.) + (f_.)*(x_)]1"
(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m
+ 1)/2)/(2%f), Subst[Int[(x~((m - 1)/2)*(a + b*xff*x)7p)/(1 - ff*x)"((m + 1
)/2), x], x, Sinle + f*xx]172/ff], x]1] /; FreeQ[{a, b, e, f, p}, x] && Intege
rQl(m - 1)/2]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 207
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (LtQ[a
, 0] |l GtQlb, 01)

Rubi steps

f tanh(x) 1 S bst (

V1+ COShz(X)

dx, x, cosh? (x))

1
fol +x
1
= Subst (f T dx, x, A1+ Coshz(x))
= —tanh™ (\/1 + coshz(x))

Mathematica [A] time = 0.0104219, size = 13, normalized size = 1.
—tanh™ (\lcoshz(x) + 1)

Antiderivative was successfully verified.

[In] Integrate[Tanh([x]/Sqrt[1 + Cosh[x]~2],x]

[Out] -ArcTanh[Sqrt[1 + Cosh[x]~2]]

Maple [A] time = 0.017, size = 12, normalized size = 0.9

1
/1 + (cosh (x))2

Verification of antiderivative is not currently implemented for this CAS.

—Artanh

[In] int(tanh(x)/(1+cosh(x)~2)~(1/2),x)

[Out] -arctanh(1/(1+cosh(x)"2)~(1/2))
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Maxima [F] time = 0., size = 0, normalized size = 0.

f tanh (x)
y/cosh (x)2 +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tanh(x)/(1+cosh(x)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(tanh(x)/sqrt(cosh(x)~2 + 1), x)

Fricas [B] time = 2.33288, size = 224, normalized size = 17.23

2 . 2
V2 \/ cosh(x)”+sinh(x)"+3 — 2 cosh (x) — 2 sinh (x)

cosh(x)2—2 cosh(x) sinh(x)+sinh(x)2

log > . . 5
cosh (x)” + 2 cosh (x) sinh (x) + sinh (x)* +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(1+cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] log((sqrt(2)*sqrt((cosh(x)~2 + sinh(x)”"2 + 3)/(cosh(x)”2 - 2xcosh(x)*sinh(x
) + sinh(x)72)) - 2xcosh(x) - 2*sinh(x))/(cosh(x)”"2 + 2xcosh(x)*sinh(x) + s
inh(x)"2 + 1))

Sympy [F] time = 0., size = 0, normalized size = 0.

f tanh (x)
\/cosh2 (x)+1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tanh(x)/(1+cosh(x)**2)**(1/2),x)

[Out] Integral(tanh(x)/sqrt(cosh(x)**2 + 1), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f tanh (x)
4/ cosh (x)2 +1

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tanh(x)/(1+cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] integrate(tanh(x)/sqrt(cosh(x)"2 + 1), x)
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tanh(x)

f N 1—cosh2(x)

Optimal. Leaf size=13

3.80 dx

—tanh™’ (\/ - sinhz(x))

[Out] -ArcTanh[Sqrt[-Sinh[x]~2]]

Rubi [A] time = 0.0607551, antiderivative size = 13, normalized size of antiderivative
number of rules

1., number of steps used = 4, number of rules used = 4, integrand size = 15,
0.267, Rules used = {3176, 3205, 63, 206}

—tanh™ (\/ - sinhz(x))

Antiderivative was successfully verified.

integrand size

[In] Int[Tanh[x]/Sqrt[1 - Cosh[x]~2],x]

[Out] -ArcTanh[Sqrt[-Sinh[x]~2]]

Rule 3176

Int[(u_.)*x((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]1"2)"(p_), x_Symbol] :> Int[A
ctivateTrig[u*(axcos[e + £xx]172)7pl, x] /; FreeQ[{a, b, e, f, p}, x] && EqQ
[a + b, 0]

Rule 3205

Int[((b_.)*sin[(e_.) + (£_.)*(x_)]1"(n_)) " (p_.)*tanl[(e_.) + (f_.)*(x_)]1"(m_.
), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x]~2, x]}, Dist[ff~((m + 1
)/2)/(2xf), Subst[Int[(x~((m - 1)/2)*(b*ff~(n/2)*x~(n/2))"p)/(1 - ff*x)~((m
+ 1)/2), x]1, x, Sinl[e + f*x]72/ff], x]1] /; FreeQ[{b, e, f, p}, x] && Integ
erQ[(m - 1)/2] && IntegerQ[n/2]

Rule 63

Int[((a_.) + (b_D)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
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(d*x~p)/b)"n, x], x, (a + bxx)"(1/p)], x]]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
f tanh(x) B tanh(x)
\1- coshz(x) \- smhz(x)
_ 1 v .12
=5 Subst (f 1) dx, x, sinh (x))

1 . .0
= —Subst ( -2 dx, x, /- sinh (x))
= —tanh™ (\/— sinhz(x))

Mathematica [A] time = 0.0129443, size = 21, normalized size = 1.62

2 sinh(x) tan™ (tanh (g))

Antiderivative was successfully verified.

[In] Integrate[Tanh([x]/Sqrt[1 - Cosh[x]~2],x]

[Out] (2*ArcTan[Tanh[x/2]]#*Sinh[x])/Sqrt[-Sinh[x]~2]

Maple [A] time = 0.075, size = 12, normalized size = 0.9

1

/- (sinh (x))?

—Artanh



Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(1-cosh(x)~2)"(1/2),x)

[Out] -arctanh(1/(-sinh(x)~2)"(1/2))
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Maxima [C] time = 1.617, size = 9, normalized size = 0.69

—2i arctan (e(‘x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(1-cosh(x)~2)~(1/2),x, algorithm="maxima")

[Out] -2*I*arctan(e”(-x))

Fricas [A] time = 2.21386, size = 4, normalized size = 0.31

0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(1-cosh(x)~2)~(1/2),x, algorithm="fricas")

[Out] O

Sympy [F] time = 0., size = 0, normalized size = 0.

tanh (x)
v/— (cosh (x) — 1) (cosh (x) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(1-cosh(x)**2)**(1/2),x)

[Out] Integral(tanh(x)/sqrt(-(cosh(x) - 1)*(cosh(x) + 1)), x)
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Giac [C] time = 1.31964, size = 51, normalized size = 3.92

log (e* + 1) log (e* — i)
sgn (—6(3") + ex) sgn (—6(3") + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(1-cosh(x)~2)~(1/2),x, algorithm="giac")

[Out] -log(e”x + I)/sgn(-e~(3*x) + e"x) + log(e”x - I)/sgn(-e”(3*x) + e7x)
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381 f tanh3(x)

a+b cosh® (x)

Optimal. Leaf size=153

2/3 -1 %—2 % cosh(x)
b3 log (112/3 — Javlb cosh(x) + b2 Coshz(x)) b3 log (\3/5 + \%cosh(x)) b5 tan ( 33 log (a +b
p— + — p—

6a5/3 3453 \/3a5/3 3

[Out] -((b~(2/3)*ArcTan[(a~(1/3) - 2%b~(1/3)*Cosh[x])/(Sqrt[3]1*a~(1/3))1)/(Sqrt[3
1%¥a~(5/3))) + LoglCosh[x]]/a + (b~(2/3)*Logla”~(1/3) + b~(1/3)*Cosh[x]])/(3x
a~(5/3)) - (b~(2/3)*Logla~(2/3) - a~(1/3)*b~(1/3)*Cosh[x] + b~ (2/3)*Cosh[x]
~2])/(6*a~(5/3)) - Logla + bxCosh[x]~3]/(3*a) + Sech([x]"2/(2*a)

Rubi [A] time = 0.234748, antiderivative size = 153, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 10, integrand size = 15, number of rules

= 0.667, Rules used = {3230, 1834, 1871, 200, 31, 634, 617, 204, 628, 260}

integrand size

2/3 -1 %—2 \3/5 cosh(x)
b3 log (a2/3 — Javlb cosh(x) + b2 coshz(x)) b3 log (\3/5 + \%cosh(x)) b tan ( 33 log (a +b
—_ + — —_

6a°/3 3a5/3 \3a53 3

Antiderivative was successfully verified.

[In] Int[Tanh[x]~3/(a + b*Cosh[x]"3),x]

[Out] -((b~(2/3)*ArcTan[(a~(1/3) - 2%b~(1/3)*Cosh[x])/(Sqrt[3]1*a~(1/3))1)/(Sqrt[3
1*¥a~(5/3))) + LoglCosh[x]]/a + (b~(2/3)*Logla”(1/3) + b~(1/3)*Cosh[x]])/(3x
a~(5/3)) - (b~(2/3)*Logla~(2/3) - a~(1/3)*b~(1/3)*Cosh[x] + b~ (2/3)*Cosh[x]
~2])/(6%a~(5/3)) - Logla + b*Cosh[x]~3]/(3*a) + Sech[x]~2/(2*a)

Rule 3230

Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (f_.)*(x_)1)"(m_))"(p_.)*tan[(e_.) + (
f_)*(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Di
st[ff~(m + 1)/f, Subst[Int[(x"m*(a + b*(cxff*x) n) p)/(1 - ££72%xx"2)"((m +
1/2), x1, x, Sinle + f*x]/ff], x]] /; FreeQ[{a, b, c, e, f, n, p}, x] & I
LtQ[(m - 1)/2, 0]

Rule 1834
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Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[E
xpandIntegrand [((c*x) "m*Pq)/(a + b*x"n), x], x] /; FreeQ[{a, b, c, m}, x] &
& PolyQ[Pq, x] &% IntegerQ[n] && !'IGtQ[m, O]

Rule 1871

Int[(P2_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{A = Coeff[P2, x, 0], B
= Coeff[P2, x, 1], C = Coeff[P2, x, 2]}, Int[(A + Bxx)/(a + b*x"3), x] + Di
st[C, Int[x"2/(a + b*x~3), x], x] /; EqQ[a*B™3 - b*xA~3, 0] || !'RationalQ[a
/v11 /; FreeQ[{a, b}, x] && PolyQ[P2, x, 2]

Rule 200

Int[((a_) + (b_.)*(x_)~3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]72), Int[(2*#Rt[a, 3] - R
t[b, 3]*x)/(Rt[a, 3172 - Rtl[a, 3]*Rt[b, 3]*x + Rt[b, 3]1"2*xx"2), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]11/b, x] /; FreeQl{a, b}, xl]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - bxe)/(2*xc), Int[1/(a + b*x + c*xx"2), x], x] + Distl[e/(2*c), In
t[(b + 2%xcxx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] Il LtQ[b, 01)

Rule 628



Int[((d_) + (e_
imp [(d*Log[RemoveContent [a + b*x + c*x~2,

D*x(x_))/ ((a_
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Dx(x_) + (c_.)*x(x_)"2), x_Symbol] :> S
x]11)/b, x] /; FreeQl{a, b, c, d,

Do+ (b

er, x] && EqQ[2*c*d - bxe, 0]

Rule 260

Int[(x )~ (m_

Rubi steps

f tanh’ (%)

a+b cosh3(x)

Mathematica [C]

_2RootSum [8#13a + #1% + 381 + 3812 + b,

/@) + (b
tla + b*x"n, x]1/(b*n),

O*(x_ )7 (n_)), x_Symbol] :> Simp[Log[RemoveConten
x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

1-x2
dx = —Subst f ——  dx, x, cosh(x)
x3 (a + bx3)

b( 1+x)

(a o )) dx, x, cosh(x))

:—Subst[f[ 13 1

_ log(cosh(x)) sech’ (x) b SUbSt( dx X, COSh(x))
- a 2a
log(cosh(x)) sech®(x) bSubst( ——dx,x, cosh(x)) bSubst( )
B a 2a B E
1

_ log(cosh(x)) log (a+ bcosh3(x)) . sech?(x) . b Subst (f Y Vox dx, x, COSh(x)) ) bSubs
- a 3a 2a 3453

213 _
_ log(cosh(x)) + b*° log (\3/5 + %COSh(X)) log (a + bcosha(X)) N sech’(x) ~ b7 Subst (f ‘

a 3a°/3 B 3a 2a

_ log(cosh(x)) . b*3 log (\3/5 + b cosh(x)) B b*3 log (a2/3 — {fab cosh(x) + b¥3 coshz(x)) 1

a 3453 6253
1— 2 %fbcosh(x)
b3 tan~! S
v log(cosh(x)) b*log(Va+ Vbcosh(x)) % log(a?® - aVb
- \/3a5/3 " a " 3a%3 - €

time = 1.34983, size = 145, normalized size = 0.95

—a#13ax+4#1%0 log(e¥—#1)-3#1*bx+3#1%b log(e¥—#1)+b log(e* —#1)-bx
4#130+#1% 428120+

&]—6x+3:

6a
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Antiderivative was successfully verified.

[In] Integrate[Tanh[x]~3/(a + b*Cosh[x]~3),x]

[Out] (-6*x + 6xLogl[Cosh[x]] - 2+RootSum[b + 3*b*#172 + 8xax#173 + 3*b*#174 + bx#
176 & , (-(b*x) + bxLogl[E"x - #1] - 4*a*xx*#173 + 4xaxLog[E"x - #1]*#17°3 - 3
*xbxx*#174 + 3*%bxLog[E"x - #1]*#174)/(b + 2xbx#172 + 4*a*x#173 + bx#174) & ]

+ 3*Sech[x]~2)/(6%a)

Maple [C] time = 0.043, size = 150, normalized size = 1.

1 _R’a- _R°b-2 Ra-4 _Rb+a+b x\\2
“32 Z Y %2 Ra—2 Rb bln (tanh(i)) - _R|+2-
_R=RootOf((a-b)_7>+(-3a-3b)_Z*+@a-3b) Z-a-b) — = T -+ V- Ra— S RO+ A= a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)~3/(at+b*cosh(x)~3),x)

[Out] -1/3/a*sum((_R"2*a-_R"2%b-2%_R*a-4x_Rxb+a+b)/(_R"2%a-_R™2xb-2*% R*a-2% Rxb+a
-b)*1n(tanh(1/2*x)~2- R), R=Root0f ((a-b)* Z~3+(-3*a-3*b)* Z~2+(3*a-3*b)* Z-
a-b))+2/a/(tanh(1/2%x) ~2+1)"2+1/a*x1n(tanh(1/2*x) "2+1)-2/a/(tanh(1/2*x) ~2+1)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~3/(atb*cosh(x)~3),x, algorithm="maxima")

[Out] Timed out

Fricas [C] time = 13.7488, size = 2763, normalized size = 18.06

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tanh(x)~3/(atb*cosh(x)~3),x, algorithm="fricas")

[Out] -1/12%x(12*sqrt(1/3)*(a*xe”(4*x) + 2xa*xe”(2xx) + a)*sqrt((((1/2)7(1/3)*(I*sqr
t(3) + 1)*(1/a"3 + b"2/a"5 - (2”2 - b~2)/a”5)"(1/3) + 2/a)"2*xa"2 - 4*x((1/2)
“(1/3)*(I*sqrt(3) + 1)x(1/a"3 + b™2/a”56 - (a”2 - b72)/a"5)"(1/3) + 2/a)*a +
4)/a~2)*arctan(-1/8%(2xsqrt (1/3)*sqrt (((1/2)~(1/3)*(I*sqrt(3) + 1)*(1/a"3
+ b72/a”5 - (272 - b72)/a"5)"(1/3) + 2/a) " 2xa"4*xe”(2%x) + b 2*e”(4xx) - 2*a
*xbxe” (3xx) - 2%axbkxe”x + (a"2xb*e”(3*x) - 4*a”3*%e”(2%x) + a"2xb*xe”x)*((1/2)
“(1/3)*(I*sqrt(3) + 1)x(1/a"3 + b™2/a"6 - (2”2 - b72)/a"5)"(1/3) + 2/a) + b
T2+ 2%x(2%a72 + bT2)*xe” (2%x) ) *(((1/2)7(1/3)*x(Ixsqrt(3) + 1)*(1/a"3 + b~2/a"
5 - (a2 - b72)/a"5)"(1/3) + 2/a)*a”3 - 2*a~2)*sqrt ((((1/2)~(1/3)*(I*sqrt(3
) + Dx*(1/a"3 + b"2/a”5 - (2”2 - b72)/a”5)"(1/3) + 2/a)"2*a"2 - 4x((1/2)"(1
/3)*(I*xsqrt(3) + 1)*x(1/a"3 + b"2/a"6 - (2”2 - b72)/a"b5)~(1/3) + 2/a)*a + 4)
/a”2) - sqrt(1/3)*(((1/2)~(1/3)*(I*sqrt(3) + 1)*(1/a"3 + b"2/a”5 - (a2 - b
72)/a”56)"(1/3) + 2/a)"2*%a"bxe"x - 4*a"2xbxe”(2%x) + 4*a”3*%e"x - 4*a”2*b + 2
*x (2" 3xb*xe” (2*x) - 2*a~4*e"x + a"3*xb)*x((1/2)7(1/3)*(Ixsqrt(3) + 1)*(1/a"3 +
b~2/a"5 - (2”2 - b72)/a"5)7(1/3) + 2/a))*sqrt((((1/2)7(1/3)*(I*sqrt(3) + 1)
*(1/a”3 + b"2/a”5 - (a”2 - b72)/a"5)"(1/3) + 2/a)"2%a"2 - 4*((1/2)~(1/3)*(I
xsqrt(3) + 1)x(1/a"3 + b72/a"5 - (a2 - b~2)/a"5)"(1/3) + 2/a)*a + 4)/a~2))
xe~ (-x)/b72) + 2x(axe” (4*x) + 2¥a*xe” (2*x) + a)*((1/2)"(1/3)*(I*sqrt(3) + 1)
x(1/a”3 + b72/a"5 - (2”2 - b72)/a"5)"(1/3) + 2/a)*log(-((1/2)~(1/3)*(I*sqrt
(3) + 1Dx*(1/a"3 + b"2/a"5 - (a”2 - b72)/a"6)"(1/3) + 2/a)*a"2*xe"x + bxe” (2%
X) + 2%axe”x + b) - ((a*xe”(4*xx) + 2*xaxe” (2*x) + a)*((1/2)7(1/3)*(I*sqrt(3)
+ 1)x(1/a”3 + b72/a"5 - (a”2 - b72)/a"5)"(1/3) + 2/a) - 6%xe”(4xx) - 12%xe~(2
*x) — 6)*%Llog(((1/2)7(1/3)*(I*sqrt(3) + 1)*x(1/a”3 + b"2/a”5 - (a2 - b™2)/a"
5)7(1/3) + 2/a)”2xa~4*e” (2*x) + b~2*%e” (4*x) - 2*xaxbxe”(3*x) - 2%a*b*e”x + (
a~2*xbxe” (3*x) - 4xa”3%e”(2%x) + a”2*xbxe”x)*((1/2)7(1/3)*(I*sqrt(3) + 1)*(1/
a”3 + b72/a”5 - (272 - b72)/a"5)7(1/3) + 2/a) + b72 + 2*(2%a”2 + b~2)*e” (2%
x)) - 12x(e”(4xx) + 2xe”(2*x) + 1)xlog(e”(2%x) + 1) - 24xe”(2xx))/(a*xe” (4*x
) + 2k%axe”(2*x) + a)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)**3/(atb*cosh(x)**3),x)

[Out] Timed out
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Giac [A] time = 1.28494, size = 258, normalized size = 1.69
1

—2(—g)§+w#*)+ex)

, \3 (—abZ)é arctan
log (e(_X) + eX) log (|b(€(_x) + ex) + 8 a|)
- + -~ +

Wt

1
7)°

3(-

342 a 3a 342

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)~3/(atb*cosh(x)~3),x, algorithm="giac")

[Out] -1/3x*bx(-a/b)~(1/3)*log(abs(-2*(-a/b)~(1/3) + e~ (-x) + e7x))/a"2 + log(e” (-
x) + e"x)/a - 1/3xlog(abs(b*x(e”(-x) + e7x)73 + 8%a))/a + 1/3*sqrt(3)*(-a*b”
2)~(1/3)*arctan(1/3*sqrt(3)*((-a/b)~(1/3) + e~ (-x) + e7x)/(-a/b)~(1/3))/a"2

+ 1/6%(-a*b~2)~(1/3) *log((e~(-x) + e7x)72 + 2*x(-a/b)~(1/3)*(e"(-x) + e7x)

+ 4x(-a/b)~(2/3))/a"2 - 1/2%(3x(e”(-x) + e"x)72 - 4)/(ax(e”(-x) + e7x)72)
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tanh(x)

3.82 dx

\/ a+b cosh3(x)

Optimal. Leaf size=28

\/E
3Va

[Out] (-2*ArcTanh[Sqrt[a + b*Cosh[x]~3]/Sqrt[all)/(3*Sqrt[al)

2 tanh_l ( \a+b cosh3(x) )

Rubi [A] time = 0.0747128, antiderivative size = 28, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 15, number of rules

0.267, Rules used = {3230, 266, 63, 208}

2 tanh_l ( \a+b cosh3(x) J

integrand size

N

3va

Antiderivative was successfully verified.

[In] Int[Tanh([x]/Sqrtl[a + b*Cosh[x]~3],x]
[Out] (-2*ArcTanh[Sqrt[a + b*Cosh[x]~3]/Sqrt[all)/(3*Sqrt[al)

Rule 3230

Int[((a_) + (b_.)*((c_.)*sinl(e_.) + (£_)*(x_)1)" (@ )) " (p_.)*tan[(e_.) + (
f_Ox(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Di
st[ff~(m + 1)/f, Subst[Int[(x"m*x(a + bx(cxff*x) n) p)/(1 - ££72*x"2)"((m +
1)/2), x], x, Sinle + f*xx]/ff], x]] /; FreeQ[{a, b, c, e, £, n, p}, x] & I
LtQ[(m - 1)/2, 0]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(px(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)]1, x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

tanh(x)

1
dx = Subst( —
f\/a+bcosh3(x) fxm+bx3

1 1 3 )

= — Subst dx, x, cosh”(x
3 (f xvVa+ bx ®
2 Subst [ f

! — dx,x,Ja + bcoshg(x)]

T

dx, x, cosh(x))

_a
b

3b

2 tanh! (_whw )

va

3va

Mathematica [A] time = 0.0202294, size = 28, normalized size = 1.

2 tanh? (_thw )

N

3va

Antiderivative was successfully verified.

[In] Integrate[Tanh[x]/Sqrt[a + b*Cosh[x]~3],x]

[Out] (-2*ArcTanh[Sqrt[a + b*Cosh[x]~3]/Sqrtl[all)/(3*Sqrt[al)
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Maple [A] time = 0.026, size = 21, normalized size = 0.8

—%Artanh (\/a + b (cosh (x))3% %

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(a+b*cosh(x)~3)~(1/2),x)

[Out] -2/3*arctanh((a+b*cosh(x)~3)~(1/2)/a~(1/2))/a~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f tanh (x)
\/b cosh (x)3 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tanh(x)/(atb*cosh(x)~3)~(1/2),x, algorithm="maxima"

[Out] integrate(tanh(x)/sqrt(b*cosh(x)”3 + a), x)

Fricas [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: UnboundLocalError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+b*cosh(x)~3)~(1/2),x, algorithm="fricas")

[Out] Exception raised: UnboundLocalError

Sympy [F] time = 0., size = 0, normalized size = 0.

tanh (x)

f \a+ bcosh® (%)

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+bxcosh(x)**3)*x(1/2),x)

[Out] Integral(tanh(x)/sqrt(a + b*cosh(x)**3), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f tanh (x)
\/bcosh (x)3 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate(tanh(x)/(a+b*cosh(x)~3)~(1/2),x, algorithm="giac")

[Out] integrate(tanh(x)/sqrt(bxcosh(x)”3 + a), x)
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. a+ bcosh (x) tanh(x) dx
3.83 b cosh’(x) tanh(x) d

Optimal. Leaf size=45

/ 3
2 ) ~ a + bcosh”(x)
5\/a + bcoshs(x) - gx/ﬁtanh !

a

\/_

[Out] (-2*Sqrt[al*ArcTanh[Sqrt[a + b*Cosh[x]~3]/Sqrtl[al])/3 + (2xSqrt[a + b*Coshl[
x]731)/3

Rubi [A] time = 0.0818281, antiderivative size = 45, normalized size of antiderivative
number of rules

1., number of steps used = 5, number of rules used = 5, integrand size = 15,
0.333, Rules used = {3230, 266, 50, 63, 208}

2 2 e+ bcosh3(x)
5\111 + bcosh3(x) - gx/ﬁtanh !

\/E

integrand size

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Cosh[x]~3]*Tanh[x],x]

[Out] (-2*Sqrt[al*ArcTanh[Sqrt[a + b*Cosh[x]1~3]/Sqrtl[all)/3 + (2*Sqrt[a + bxCoshl[
x]731)/3

Rule 3230

Int[((a_) + (b_.)*((c_.)*sinl(e_.) + (£_D)*x(x_)1)" (@ ))"(p_.)*tan[(e_.) + (
f Ix(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fx*x], x]}, Di
st[ff~(m + 1)/f, Subst[Int[(x"m*x(a + bx(cxff*x) n) p)/(1 - ££72*x"2)"((m +
1)/2), x], %, Sinle + f*xx]/ff], x]] /; FreeQ[{a, b, c, e, £, n, p}, x] & I
LtQ[(m - 1)/2, 0]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]
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Rule 50

Int[((a_.) + (b_)*(x_)) " (m_)*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a+ b*x)"(m + D*(c + d*x)"n)/(b*x(m + n + 1)), x] + Dist[(n*x(bxc - axd))/
(bx(m + n + 1)), Int[(a + b*x) mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,

c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]))) && !ILtQ[m + n

+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x_)) " (m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

. 3
f \a+b cosh3(x) tanh(x) dx = Subst ( f a Z bx dx, x, cosh(x))

1 b
= 3 Subst ( f a; o dx, x, cosha(x))

2 T 51 1 3
= —4/a + bcosh”(x) + —a Subst ( f dx, x, cosh™(x)
3 3 xVa + bx
(2a) Subst [f ﬁ dx,x,\Ja+Db cosh3(x)]
b

_E+

2
=3 a+ bcosh3(x) + 3

2 \a+ bcosh®(x )
_gx/ﬁtanhl[ ® + 3 a+ bcoshs(x)

\/E
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Mathematica [A] time = 0.0199981, size = 45, normalized size = 1.

2 ) ~ \/a+bcosh3 x)
g\/a + bcosh3(x) - gx/ﬁtanh ! (

va

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + bxCosh[x]~3]*Tanh[x],x]

[Out] (-2*Sqrt[a]l*ArcTanh[Sqrt[a + b*Cosh[x]~3]/Sqrtl[al])/3 + (2xSqrt[a + b*Coshl[
x]~31)/3

Maple [A] time = 0.017, size = 34, normalized size = 0.8

‘% Artanh (\/a +b(cosh (x))3%) Va+ g\/a + b (cosh (x))°

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*cosh(x)~3)~(1/2)*tanh(x),x)

[Out] -2/3*arctanh((a+b*cosh(x)”~3)"(1/2)/a~(1/2))*a~(1/2)+2/3*(a+b*cosh(x)~3)~(1/
2)

Maxima [F] time = 0., size = 0, normalized size = 0.

f \Jbcosh (x)° + atanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~3)~(1/2)*tanh(x),x, algorithm="maxima"

[Out] integrate(sqrt(b*cosh(x)~3 + a)*tanh(x), x)
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Fricas [B] time = 11.1209, size = 5227, normalized size = 116.16

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~3)~(1/2)*tanh(x),x, algorithm="fricas")

[Out] [1/6x*(sqrt(a)*(cosh(x) + sinh(x))*log(-(b~2*cosh(x) 12 + 12%b~2*cosh(x)*sin
h(x)~11 + b™2*sinh(x)~12 + 6%b~2*cosh(x)~10 + 64*a*xbxcosh(x)”9 + 6x(11*b~2%
cosh(x)72 + b™2)*sinh(x)~10 + 15%b~2*cosh(x)~8 + 4*(55%¥b~2*cosh(x)~3 + 15%b
~2%cosh(x) + 16*a*b)*sinh(x)~9 + 192*a*b*cosh(x)”7 + 3*(165%xb~2*cosh(x) "4 +
90*b~2*cosh(x) "2 + 192xaxb*cosh(x) + 5*b~2)*sinh(x)~8 + 24%(33*b~2*cosh(x)
~5 + 30*%b~2*cosh(x)~3 + 96xaxb*cosh(x)~2 + 5*b~2*cosh(x) + 8*ax*b)*sinh(x)”7
+ 192*axb*cosh(x) "5 + 4%(128*a”2 + 5*b~2)*cosh(x)~6 + 4*(231xb~2*cosh(x)~6
+ 315*%b~2*cosh(x) "4 + 1344xa*xb*cosh(x)”3 + 105*b~2*xcosh(x) "2 + 336*a*b*cos
h(x) + 128*a~2 + 5%b~2)*sinh(x)~6 + 15*b"2*cosh(x)~4 + 24*(33*b~2*cosh(x)”7
+ 63*b"2*cosh(x) "5 + 336*a*b*cosh(x)”"4 + 35*%b~2*cosh(x) 3 + 168*a*b*cosh(x
)72 + 8xaxb + (128*a”2 + 5*b~2)*cosh(x))*sinh(x)~5 + 64*a*xbxcosh(x)~3 + 3*(
165*xb~2xcosh(x) "8 + 420*%b~2*cosh(x)~6 + 2688*a*b*cosh(x)”5 + 350*b~2*cosh(x
)~4 + 2240%axb*cosh(x)”3 + 320*axbxcosh(x) + 20%(128*a”2 + 5*b~2)*cosh(x) "2
+ 5xb"2)*sinh(x) "4 + 6%b~2*cosh(x) "2 + 4*x(55*xb~2*xcosh(x)~9 + 180*b~2*cosh(
x)77 + 1344xaxb*cosh(x)”6 + 210*b"2*cosh(x)~5 + 1680*a*b*cosh(x)”~4 + 480xa*
b*cosh(x) "2 + 20%(128*a”2 + 5*b~2)*cosh(x)~3 + 15%b"2*cosh(x) + 16*a*b)*sin
h(x)~3 + 6%(11*b~2xcosh(x)~10 + 45%b~2*cosh(x)~8 + 384xax*b*cosh(x)~7 + 70%b
~“2%cosh(x) 6 + 672xaxbxcosh(x)~5 + 320*a*b*cosh(x)~3 + 10%x(128*a"2 + 5*b~2)
*cosh(x) 4 + 15%b~2*cosh(x)”~2 + 32*axb*cosh(x) + b~2)*sinh(x)"2 + b~2 - 16%
(b*cosh(x) "8 + 8*b*cosh(x)*sinh(x)~7 + b*sinh(x)~8 + 3*b*cosh(x)~6 + (28*b*
cosh(x)"2 + 3*b)*sinh(x)”"6 + 16*axcosh(x)”5 + 2*(28*b*cosh(x)”~3 + 9*b*cosh(
x) + 8*a)*sinh(x)~5 + 3*b*cosh(x)”4 + (70xbxcosh(x)~4 + 45%b*cosh(x)”2 + 80
*a*xcosh(x) + 3*b)*sinh(x)~4 + 4%(14*b*cosh(x)”5 + 15*b*cosh(x)~3 + 40*a*cos
h(x)~"2 + 3*bxcosh(x))*sinh(x)~3 + b*cosh(x)~2 + (28*b*cosh(x)”6 + 45*b*cosh
(x)74 + 160*a*cosh(x)”3 + 18*bxcosh(x)~2 + b)*sinh(x)"2 + 2*x(4xb*cosh(x)"7
+ 9xbxcosh(x) "5 + 40*axcosh(x)~4 + 6*b*cosh(x)~3 + bxcosh(x))*sinh(x))*sqrt
(a)*sqrt ((b*cosh(x) "3 + 3*b*cosh(x)*sinh(x)”~2 + 3*b*cosh(x) + 4*a)/(cosh(x)
~2 - 2%cosh(x)*sinh(x) + sinh(x)~2)) + 12%(b~2*cosh(x)~11 + 5*b~2*cosh(x)~9
+ 48*axb*cosh(x) "8 + 10%¥b~2*xcosh(x)~7 + 112*axb*cosh(x)~6 + 80*a*b*cosh(x)
~4 + 2%(128*%a”2 + b*b"2)*cosh(x)”5 + 5*b"2*cosh(x)~3 + 16*a*b*cosh(x)”2 + b
~2%cosh(x))*sinh(x))/(cosh(x)~12 + 12*cosh(x)*sinh(x)~11 + sinh(x)~12 + 6%*(
11*cosh(x)"2 + 1)*sinh(x)~10 + 6*cosh(x)~10 + 20*(11*cosh(x)~3 + 3*cosh(x))
*sinh(x)~9 + 15*%(33*cosh(x)”4 + 18*cosh(x)”2 + 1)*sinh(x)~8 + 15*cosh(x)”~8
+ 24%(33*cosh(x)~5 + 30*cosh(x)~3 + 5*cosh(x))*sinh(x)~7 + 4*(231*cosh(x)”6
+ 315*%cosh(x)~4 + 105%cosh(x)”2 + 5)*sinh(x)~6 + 20*cosh(x) "6 + 24*(33*cos
h(x)~7 + 63*cosh(x)”5 + 35*cosh(x)~3 + 5*cosh(x))*sinh(x)”5 + 15%(33*cosh(x
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)78 + 84x*cosh(x)”6 + 7O0*cosh(x)~4 + 20*cosh(x)”~2 + 1)*sinh(x)~4 + 15%cosh(x
)74 + 20%(11*cosh(x)~9 + 36*cosh(x)~7 + 42%cosh(x)”5 + 20*cosh(x)~3 + 3*cos
h(x))*sinh(x)~3 + 6*(11*cosh(x)~10 + 45*cosh(x)~8 + 70*cosh(x)~6 + 50*cosh(
x)74 + 15*cosh(x)”2 + 1)*sinh(x)~2 + 6*cosh(x)"2 + 12*(cosh(x)~11 + 5*cosh(
x)79 + 10*cosh(x)~7 + 10*cosh(x)”5 + b*cosh(x)"3 + cosh(x))*sinh(x) + 1)) +
2xsqrt ((b*cosh(x) "3 + 3*b*cosh(x)*sinh(x)~2 + 3*b*cosh(x) + 4*a)/(cosh(x)”
2 - 2xcosh(x)*sinh(x) + sinh(x)~2)))/(cosh(x) + sinh(x)), 1/3*(sqrt(-a)*(co
sh(x) + sinh(x))*arctan(8*(cosh(x)”2 + 2*cosh(x)*sinh(x) + sinh(x)~2)*sqrt(
-a)*sqrt ((b*xcosh(x) "3 + 3*b*cosh(x)*sinh(x)~2 + 3xb*cosh(x) + 4*a)/(cosh(x)
"2 - 2*cosh(x)*sinh(x) + sinh(x)~2))/(b*cosh(x)~"6 + 6*b*xcosh(x)*sinh(x)"5 +
b*sinh(x) "6 + 3*b*cosh(x)~4 + 3*(5xb*cosh(x)”2 + b)*sinh(x)~4 + 16*a*xcosh(
x) 73 + 4x(b*xb*cosh(x)~3 + 3*bxcosh(x) + 4xa)*sinh(x)~3 + 3*b*cosh(x)~2 + 3%
(5%b*cosh(x) "4 + 6*b*cosh(x)”~2 + 16*a*cosh(x) + b)*sinh(x)~2 + 6*(b*cosh(x)
~5 + 2xb*cosh(x) "3 + 8%axcosh(x)~2 + b*cosh(x))*sinh(x) + b)) + sqrt((b*cos
h(x)~"3 + 3*b*cosh(x)*sinh(x) 2 + 3*b*cosh(x) + 4*a)/(cosh(x)”"2 - 2*cosh(x)*
sinh(x) + sinh(x)~2)))/(cosh(x) + sinh(x))]

Sympy [F] time = 0., size = 0, normalized size = 0.

f Na+b cosh® (x) tanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)**3)**(1/2)*tanh(x),x)

[Out] Integral(sqrt(a + b*cosh(x)**3)*tanh(x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f \Jbcosh (x)° + atanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)~3)~(1/2)*tanh(x),x, algorithm="giac")

[Out] integrate(sqrt(b*cosh(x)~3 + a)*tanh(x), x)
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3 84 f \/ tanh(x)

+b cosh” (x)

Optimal. Leaf size=29
Ztanh_l va+bcosh”(x)
va
Jan

[Out] (-2*ArcTanh[Sqrt[a + b*Cosh[x] n]/Sqrtl[all)/(Sqrt[al*n)

Rubi [A] time = 0.0867427, antiderivative size = 29, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 15, e e .

0.267, Rules used = {3230, 266, 63, 208}

) tanh_l (\/a+b cosh"(x))

v
\an

integrand size

Antiderivative was successfully verified.

[In] Int[Tanh([x]/Sqrtl[a + b*Cosh[x] n],x]
[Out] (-2*ArcTanh[Sqrt[a + b*Cosh[x]"n]/Sqrt[all)/(Sqrt[al*n)

Rule 3230

Int[((a_) + (b_.)*((c_.)*sinl[(e_.) + (£_.)*(x_)1)"(n_)) (p_.)*tan[(e_.) + (
f_Ix(x_)]"(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + f*x], x]}, Di
st[ff~(m + 1)/f, Subst[Int[(x"m*(a + b*(cxff*x)™n) p)/(1 - f£72%xx"2)"((m +
1)/2), x1, x, Sin[e + f*xx]/ff], x]] /; FreeQ[{a, b, c, e, f, n, p}, x] && I
LtQ[(m - 1)/2, 0]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl, x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 63
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*(c - (axd)/b +
(d*x~p)/b)°n, x], x, (a + b*xx)~(1/p)], x]1]1 /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc — axd, 0] && LtQ[-1, m, O] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, xJ]

Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
tanh(x) ( 1 )
dx = Subst | | ——=dx, x, cosh(x)
f va + bcosh” (x) xVa + bx"
1 n
_ Subst ( f T dx, x, cosh (x))
n
2 Subst [ il ﬁ dx,x,\a+b cosh"(x))
_ ity
bn
Ztanh_l (\/a+b cosh”(x))
\/E
= T

Mathematica [A] time = 0.0216165, size = 29, normalized size = 1.

\/E
\an

) tanh_l (\/a+b cosh"(x))

Antiderivative was successfully verified.

[In] Integrate[Tanh([x]/Sqrt[a + b*Cosh[x] n],x]

[Out] (-2*ArcTanh[Sqrt[a + b*Cosh[x]"n]/Sqrt[all)/(Sqrt[al*n)
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Maple [A] time = 0.028, size = 24, normalized size = 0.8

\/E

1
-2 ——Artanh
" ran[

Va + b (cosh (x))"]

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tanh(x)/(a+b*cosh(x) "n)~(1/2),x)

[Out] -2*arctanh((a+b*cosh(x)"n)~(1/2)/a~(1/2))/n/a~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

tanh (x)
f dx
vVbcosh (x)" +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(at+b*cosh(x)"n)~(1/2),x, algorithm="maxima")

[Out] integrate(tanh(x)/sqrt(b*cosh(x)™n + a), x)

Fricas [A] time = 2.23934, size = 390, normalized size = 13.45

b cosh(n log(cosh(x)))+b sinh(n log(cosh(x)))—2 /b cosh(n log(cosh(x)))+b sinh (1 log(cosh(x)))+a+/a+2 a /b cosh(n log(c
log ( cosh( log(cosh(x)))+sinh( log(cosh(x))) ) 2 y-aarctan (

Van '

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+b*cosh(x) n)~(1/2),x, algorithm="fricas")

[Out] [log((b*cosh(n*log(cosh(x))) + b*sinh(n*log(cosh(x))) - 2xsqrt(b*cosh(n*log
(cosh(x))) + b*xsinh(n*log(cosh(x))) + a)*sqrt(a) + 2xa)/(cosh(n*log(cosh(x)

)) + sinh(n*log(cosh(x)))))/(sqrt(a)*n), 2xsqrt(-a)*arctan(sqrt(b*cosh(n*lo
g(cosh(x))) + b*sinh(n*log(cosh(x))) + a)*sqrt(-a)/a)/(a*n)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

f tanh (x) i
va + bcosh” (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+bxcosh(x)**n)*x(1/2),%)

[Out] Integral(tanh(x)/sqrt(a + b*cosh(x)**n), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f tanh (x) i

vVbcosh (x)" +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tanh(x)/(a+b*cosh(x) ™n)~(1/2),x, algorithm="giac")

[Out] integrate(tanh(x)/sqrt(b*cosh(x)™n + a), x)



417

3.85 f Va + b cosh” (x) tanh(x) dx

Optimal. Leaf size=47

2\/Etanh_1 (\/a+b Cosh”(x))

2+/a + bcosh” (x) Va

n n

[Out] (-2*Sqrt[al*ArcTanh[Sqrt[a + b*Cosh([x] n]/Sqrtlal])/n + (2*Sqrtl[a + b*Cosh[
x]"n])/n

Rubi [A] time = 0.089022, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 15, LT

integrand size
0.333, Rules used = {3230, 266, 50, 63, 208}

) t h—1 \a+b cosh” (x)
2+/a + bcosh” (x) Vatan ( Va
n n

Antiderivative was successfully verified.

[In] Int[Sqrt[a + b*Cosh[x] "n]*Tanh[x],x]

[Out] (-2*Sqrt[al*ArcTanh[Sqrt[a + b*Cosh[x] n]/Sqrtl[al])/n + (2xSqrt[a + b*Coshl[
x]°n])/n

Rule 3230

Int[((a_) + (b_.)*((c_.)*sin[(e_.) + (£_)*(x_)1)"(n_))"(p_.)*tanl[(e_.) + (
f_ Ix(x_ )] "(m_.), x_Symbol] :> With[{ff = FreeFactors[Sin[e + fxx], x]}, Di
st[f£~(m + 1)/f, Subst[Int[(x"m*(a + b*(cxff*x) n) p)/(1 - ££72%xx"2)"((m +
1/2), x1, x, Sinle + f*x]/ff], x]] /; FreeQ[{a, b, c, e, f, n, p}, x] & I
LtQ[(m - 1)/2, 0]

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)7p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 50
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Int[((a_.) + (b_)*(x_))"(m )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
((a + b*x)"(m + 1)*(c + d*x)"n)/(bx(m + n + 1)), x] + Dist[(n*x(b*c - axd))/
(bx(m + n + 1)), Int[(a + b*x)"mx(c + d*x)"(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && NeQ[bxc - axd, 0] && GtQ[n, 0] && NeQ[m + n + 1, 0] && !(IGtQ
[m, 0] && ( !'IntegerQ[n] || (GtQ[m, O] && LtQ[m - n, 0]1))) && !ILtQ[m + n
+ 2, 0] &% IntLinearQ[a, b, ¢, d, m, n, x]

Rule 63

Int[((a_.) + (b_)*(x)) " (m )*x((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Dist[p/b, Subst[Int[x~(p*x(m + 1) - 1)*x(c - (axd)/b +
(d*x"p)/b)°n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && NeQ
[bxc - axd, 0] && LtQ[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Den
ominator[m]] && IntLinearQ[a, b, ¢, d, m, n, x]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

f\/a + bcosh"(x) tanh(x) dx = Subst [f 1 -; bx dx, x, cosh(x)]

Subst ( Il Varbx dx, x, cosh”(x))

X

n
1

n
2\/a + beosh'(x) . a Subst ( f v dx, x, cosh (x))

n n

(2a) Subst [ il ﬁ dx,x,\Ja+b coshn(x)]

_2Va+ bcosh” (x) s T
n bn
) t h—1 va+bcosh” (x)
Vatan ( Va N 2+/a + bcosh” (x)

n n

Mathematica [A] time = 0.0202512, size = 45, normalized size = 0.96

2y/a+ beosh”(x) - 2a tanh ™ (@)

n



419

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Cosh[x] n]*Tanh[x],x]

[Out] (-2*Sqrt[a]*ArcTanh[Sqrt[a + b*Cosh[x] "n]/Sqrt[al] + 2*Sqrt[a + b*Cosh[x]"n
1D/n

Maple [A] time = 0.014, size = 38, normalized size = 0.8

Va + b(cosh (x))"
Va

l [2 \/a + b(cosh (x))" =2 \/EArtanh(
n

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*cosh(x) n)~(1/2)*tanh(x),x)

[Out] 1/n*(2*(a+b*cosh(x)"n) ~(1/2)-2*a"(1/2)*arctanh((a+b*cosh(x) " n)~(1/2)/a"(1/2
)))

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/b cosh (x)" + atanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x) n)~(1/2)*tanh(x),x, algorithm="maxima"

[Out] integrate(sqrt(b*cosh(x)"n + a)*tanh(x), x)

Fricas [A] time = 2.27796, size = 552, normalized size = 11.74

b cosh(n log(cosh(x)))+b sinh(n log(cosh(x)))—2 /b cosh(n log(cosh(x)))+b sinh (1 log(cosh(x)))+a+/a+2 a T
\/E log ( cosh(n log(cosh(x)))+sinh(n log(cosh(x))) ) +2 \/b cosh (1’1 log (COSh

n

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*cosh(x) n)~(1/2)*tanh(x),x, algorithm="fricas")

[Out] [(sqrt(a)*log((b*cosh(n*log(cosh(x))) + bxsinh(n*log(cosh(x))) - 2*sqrt(bxc
osh(n*log(cosh(x))) + bxsinh(n*log(cosh(x))) + a)xsqrt(a) + 2%a)/(cosh(nxlo
g(cosh(x))) + sinh(n*log(cosh(x))))) + 2xsqrt(b*cosh(n*log(cosh(x))) + bxsi
nh(n*log(cosh(x))) + a))/n, 2*(sqrt(-a)*arctan(sqrt(b*cosh(n*log(cosh(x)))

+ b*sinh(n*log(cosh(x))) + a)*sqrt(-a)/a) + sqrt(b*cosh(n*log(cosh(x))) + b

*sinh(n*log(cosh(x))) + a))/nl]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + bcosh” (x) tanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)**n)**(1/2)*tanh(x),x)

[Out] Integral(sqrt(a + b*cosh(x)**n)*tanh(x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f \/bcosh (x)" + atanh (x) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*cosh(x)"n)~(1/2)*tanh(x),x, algorithm="giac")

[Out] integrate(sqrt(b*cosh(x)"n + a)*tanh(x), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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84
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89
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417
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103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
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132
133
134
135
136
137
138
139
140
141
142
143
144
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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165
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168
169
170
171
172
173
174
175
176
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178
179
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191
192
193
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by )
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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